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Preface

The theory of partial differential equations of mathematical physics has been one of the
most important fields of study in applied mathematics. This is essentially due to the fre-
quent occurrence of partial differential equations in many branches of natural sciences and
engineering.

With much interest and great demand for applications in diverse areas of sciences, sev-
eral excellent books on differential equations of mathematical physics have been published
(see, for example, [1]-[6] and the references therein). The present lecture notes have been
written for the purpose of presenting an approach based mainly on the mathematical prob-
lems and their related solutions. The primary concern, therefore, is not with the general
theory, but to provide students with the fundamental concepts, the underlying principles,
and the techniques and methods of solution of partial differential equations of mathematical
physics. One of our main goal is to present a fairly elementary and complete introduction to
this subject which is suitable for the “first reading” and accessible for students of different
specialities.

The material in these lecture notes has been developed and extended from a set of lec-
tures given at Saratov State University and reflects partially the research interests of the
authors. It is intended for graduate and advanced undergraduate students in applied math-
ematics, computer sciences, physics, engineering, and other specialities. The prerequisites
for its study are a standard basic course in mathematical analysis or advanced calculus,
including elementary ordinary differential equations.

Although various differential equations and problems considered in these lecture notes
are physically motivated, a knowledge of the physics involved is not necessary for under-
standing the mathematical aspects of the solution of these problems.

The book is organized as follows. In Chapter 1 we present the most important examples
of equations of mathematical physics, give their classification and discuss formulations of
problems of mathematical physics. Chapter 2 is devoted to hyperbolic partial differential
equations which usually describe oscillation processes and give a mathematical descrip-
tion of wave propagation. The prototype of the class of hyperbolic equations and one of
the most important differential equations of mathematical physics is the wave equation.
Hyperbolic equations occur in such diverse fields of study as electromagnetic theory, hy-
drodynamics, acoustics, elasticity and quantum theory. In this chapter we study hyperbolic
equations in one-, two- and three-dimensions, and present methods for their solutions. In
Sections 2.1-2.5 we study the main classical problems for hyperbolic equations, namely,
the Cauchy problem, the Goursat problem and the mixed problems. We present the main
methods for their solutions including the method of travelling waves, the method of sep-
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aration of variables, the method of successive approximations, the Riemann method, the
Kirchhoff method. Thus, Sections 2.1-2.5 contain the basic classical theory for hyperbolic
partial differential equations in the form which is suitable for the “first reading”. Sections
2.6-2.9 are devoted to more specific modern problems for differential equations, and can be
ommited for the “first reading”. In Sections 2.6-2.8 we provide an elementary introduction
to the theory of inverse problems. These inverse problems consist in recovering coefficients
of differential equations from characteristics which can be measured. Such problems often
appear in various areas of natural sciences and engineering. Inverse problems also play
an important role in solving nonlinear evolution equations in mathematical physics such as
the Korteweg-de Vries equation. Interest in this subject has been increasing permanently
because of the appearance of new important applications, and nowadays the inverse prob-
lem theory develops intensively all over the world. In Sections 2.6-2.8 we present the main
results and methods on inverse problems and show connections between spectral inverse
problems and inverse problems for the wave equation. In Section 2.9 we provide the solu-
tion of the Cauchy problem for the nonlinear Korteweg-de Vries equation, for this purpose
we use the ideas and results from Sections 2.6-2.8 on the inverse problem theory.

In Chapter 3 we study parabolic partial differential equations which usually describe
various diffusion processes. The most important equation of parabolic type is the heat
equation or diffusion equation. The properties of the solutions of parabolic equations do
not depend essentially on the dimension of the space, and therefore we confine ourselves
to considerations concerning the case of one spatial variable. Chapter 4 is devoted to el-
liptic equations which usually describe stationary fields, for example, gravitational, electro-
statical and temperature fields. The most important equations of elliptic type are the Laplace
and the Poisson equations. In this chapter we study boundary value problems for elliptic
partial differential equations and present methods for their solutions such that the Green’s
function method, the method of upper and lower functions, the method of integral equa-
tions, the variational method. In Chapter 5 we prove the general Cauchy-Kowalevsky theo-
rem which is a fundamental theorem on the existence of the solution of the Cauchy problem
for a wide class of systems of partial differential equations. Chapter 6 contains exercises
for the material covered in Chapters 1-4. The material here reflects all main types of equa-
tions of mathematical physics and represents the main methods for the solution of these
equations.

G. FREILING AND V. YURKO



Chapter 1.

Introduction

1.1. Some Examples of Equations of Mathematical Physics

The theory of partial differential equations arose from investigations of some important
problems in physics and mechanics. Most of the problems lead to second-order differential
equations which will be (mainly) under our consideration.

The relation

Ju ou u —
DX, x,y=—,...,=~—,—=—(,j=1,n) | =0, 1.1.1
( b ox; dx,, Ox;0x; (i.J )> ( )
which connects the real variables x,x3,...,X,, an unknown function
u(xy,...,x,) and its partial derivatives up to the second order, is called a partial differential

equation of the second order.
Equation (1.1.1) is called linear with respect to the second derivatives (or quasi-linear)
if it has the form

n 2
Z aij(xlv"')xn)aiu—'_F (-xlu"'vxna au au) =0. (112)

Uy
Pt ox; 0x; oxy 0x,
Equation (1.1.2) is called linear if it has the form
i u U ou
Z aij(x1,...,xn) 3,9, + Zb[(xl,. .. ,xn)a—xi +Dbo(x1y. .. xn)u

ij=1 i=1

= f(x1,. -, %x). (1.1.3)

Let us give several examples of problems of mathematical physics which lead to partial
differential equations.
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1. Equation of a vibrating string.

Consider a stretched string which lies along the x-axis, and suppose for simplicity that
the oscillations take place in a plane, and that all points of the string move perpendicularly
to the x-axis. Then the oscillation process can be described by a function u(x,¢), which
characterizes the vertical displacement of the string at the moment #. Suppose that the string
is homogeneous, inextensible, its thickness is constant, and it does not resist bending. We
consider only “small” oscillations with (u,)> << 1. Then the function u(x,?) satisfies the
following equation (see [1, p.23], [2, p.56]):

Uyt :azuxx—i—f(x,t), (1.1.4)

where a > 0 is the wave velocity, and f(x,z) represents a known external force. More
general equations for one-dimensional oscillations have the form

P )usy = (k(x)ux)x — q(X)u+ f(x,1), (1.1.5)

where p(x),k(x) and g(x) are specified by properties of the medium. For example, the
equation of longitudinal oscillations of a rod has the form (1.1.5), where u(x,r) is the
displacement of the point x from the equilibrium at the moment 7, p(x) is the density of
the rod, k(x) is the elasticity coefficient, g(x) =0 and f(x,t) is the density of external
forces per unit length [1, p.27].

2. Equation of transverse oscillations of a membrane.

Consider a thin homogeneous inextensible membrane. Suppose that the membrane does not
resist bending, and that all its points move perpendicularly to the (x,y) -plane. Let u(x,y,t)
be the vertical displacement of the membrane at the moment ¢. We consider “small” trans-
verse oscillations with (u,)?+ (uy)> << 1. Then the function u(x,y,t) satisfies the follow-
ing equation (see [1, p.31]):

Uy = az(uxx+"’yy) + f(x,3,1),

where a > 0, and f(x,y,t) represents a known external force.

3. Wave equation.

Multidimensional oscillation processes in the space of n spatial variables

x = (x1,...,%,) are described by the so-called wave equation
uy = a*Au+ f(x,1), (1.1.6)
where
" 9%u
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is the Laplace operator (or Laplacian), a is the speed of wave propagation, and f(x,?)
represents external forces. For n = 1 equation (1.1.6) coincides with the equation of a vi-
brating string (1.1.4). Therefore, equation (1.1.4) is also called the one-dimensional wave
equation. For n =2 equation (1.1.6) describes, for example, two-dimensional oscillations
of a membrane [1, p.31]. Propagation of acoustic waves in the space of three spatial vari-
ables is described by the wave equation for n = 3. More general wave equations have the
form

p(x)uy; = div(k(x)gradu) — g(x)u+ f(x,1), (1.1.7)

where
div(k(x)gradu) : Z 3, ( Bxk)

where the functions p(x),k(x) and g(x) describe the properties of the medium.

4. Telegrapher’s equation.

An important particular case of the one-dimensional wave equation is the so-called telegra-
pher’s equation. Consider the system of differential equations

ix+Cvi+Gv=0,
(1.1.8)

ve+Li, +Ri =0,

which governs the transmission of signals in telegraph lines. Here v denotes the voltage
and i denotes the current; L,C,R and G represent inductance, capacity, resistance and
conductivity, respectively (per unit length) [2, p.88]. After elimination of i (or v) from
(1.1.8) we arrive at the equation

Wy = dowy; + 2bow; + cow, (1.1.9)
where w =i or v (the same equation is obtained for the voltage and the current), and
ag=LC, 2by=RC+GL, co=GR.

Equation (1.1.9) is called the telegrapher’s equation. The replacement

reduces (1.1.9) to the simpler form
Uy = a’uy + Bu, (1.1.10)

where )
1 B bO —apco
Vao a%
We note that B =0 if and only if RC = GL (Heaviside’s condition) which corresponds to
lines without distortion.
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5. Equation of oscillations of a rod.

In a standard course devoted to partial differential equations of mathematical physics we
usually deal with second order equations. However, there are a number of problems of
mathematical physics which lead to equations of higher order. As an example we consider
the problem of free oscillations of a thin rectangular rod when one of its ends is fixed. In
this case the oscillation process is described by the following fourth order equation (see [1,
p-143]):

u 0%

o T
This equation is also used for studying the stability of rotating shafts, vibrations of ships
and for other problems of mathematical physics (see [1, Ch.2]).
Many other equations of science and engineering are of order higher than two. In plane
elasticity one meets the fourth order biharmonic equation V* 1 =0, in shell analysis eight
order equations and in dynamics of three-dimensional travelling strings sixth order equa-
tions - below we shall not study higher order equations in detail.

0.

6. Heat equation.

Consider a long slender homogeneous rod of uniform cross sections which lies along the
x - axis. The lateral surface of the bar is insulated. The propagation of heat along the bar is
described by the equation [1, p.180]

Uy = g+ f(x,1), (1.1.11)

which is called the heat conduction equation or, shorter, heat equation. Here the variable ¢
has the significance of time, x is the spatial variable, u(x,?) is the temperature, a >0 is a
constant which depends on physical properties of the rod, and f(x,z) represents the density
of heat sources. Equation (1.1.11) describes also various diffusion processes, therefore it is
also called the diffusion equation. A more general one-dimensional heat equation has the
form

POy = (k(x)ur)x — q(x)u+ f(x,1).

Propagation of heat in the space of n spatial variables x = (xi,...,x,) is described by the
multidimensional heat conduction equation

u, = a*Au+ f(x,1), (1.1.12)
or, in the more general case,

p(x)u; = div(k(x)gradu) — g(x)u+ f(x,1). (1.1.13)
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7. Diffusion equation.

Consider a medium which is filled non-uniformly by a gas. This leads to a diffusion of the
gas from domains with higher concentrations to domains with less ones. Similar processes
take place in non-homogeneous chemical solutions.

Consider an one-dimensional diffusion process for a gas in a thin tube which lies along
the x-axis, and suppose that the diffusion coefficient is a constant. Denote by u(x,?) the
concentration of the gas at the moment 7. Then the function u(x,r) satisfies the equation
(see [1, p.184]):

Uy = azuxx, a>0.

8. Laplace equation.

Let x = (xq,...,x,) be the spatial variables, and let u(x) be an unknown function. The
equation
Au=0 (1.1.14)

is called the Laplace equation. Many important physical and mathematical problems are
reduced to the solution of the Laplace equation. Usually the Laplace equation describes
stationary fields. For example, suppose we study a temperature distribution in some do-
main of an n -dimensional space of variables x = (xj,...,x,). In the simplest case the heat
propagation is described by the equation u, = Au. A stationary (steady-state) temperature
distribution is a temperature field which is independent of time. Such a state may be real-
ized if a sufficiently long time has elapsed from the start of heat flow. Then u, =0, and the
heat equation u, = Au reduces to the Laplace equation Au = 0.
The non-homogeneous Laplace equation

Au= f(x) (1.1.15)

is called the Poisson equation. For example, the gravitational (electro-statical) potential
u(x), generated by a body with the mass (charge) density p(x), satisfies equation (1.1.15)
for f(x) = —4mp(x). More general partial differential equations, which describe stationary
processes (fields), have the form

div(k(x)gradu) — g(x)u = f(x).

Other examples of problems in physics and mechanics, which lead to partial differential
equations, and the derivation of the main equations of mathematical physics one can find,
for example, in [1]-[3].
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1.2. Classification of Second-Order Partial Differential Equa-
tions

1. Classification of second-order equations with two variables

We consider quasi-linear second-order partial differential equations with two independent
variables x,y of the form:

aiibe +2a12uyy + axottyy + F (X, v, 1y, 1y) = 0. (1.2.1)

Here u(x,y) is an unknown function and ajx = aj(x,y), 1 < j,k <2, are given con-
tinuous functions which are not zero simultaneously. The properties of the solutions of
equation (1.2.1) depend mainly on the terms containing second derivatives, i.e. on the co-
efficients ajx(x,y). Let us give a classification of equations of the form (1.2.1) with respect
to aji(x,y).

Definition 1.2.1.
1) Equation (1.2.1) is called hyperbolic if a%z —ajay >0.
2) Equation (1.2.1) is called parabolic if a%z —ajjan =0.
3) Equation (1.2.1) is called elliptic if a%Z —ajay <0.

The type of equation (1.2.1) is defined point-wise. If equation (1.2.1) has the same type
in all points of a certain domain, then by a suitable change of variables (i.e. by changing the
coordinate system) one can achieve that the equation will be in the ”simplest” (canonical)
form. Let us make the following change of variables:

&Z(P(Xa)’)an:\lf(%)’)a (]22)

where @ and W are twice continuously differentiable functions, and

“px Yl 2o, (1.2.3)

0y Wy

We note that (1.2.3) is the condition for the local invertibility of the transformation (1.2.2).
Then

Uy = UgQx T+ UnWx, Uy = U@y + UnVy,
e = Uz OF + 2uten O Wi + Y + Ue Py + U Wi,
Uxy = Ugg PxPy + g (Qx Wy + @y W) + tnn WYy + Ue Py + n Wiy,
Uyy = Uge @ + 2y Oy Wy + UV + UePyy + tin Wy
Substituting this into (1.2.1) we obtain
ay1uge + 2d12Ugy + @ty +F(Em,u, ug,un) =0, (1.2.4)

where
ain = an@; +2a120:0, + ane;,

din = a1 QxVYyx + an(QeVy + Ye®y) + a2y, (1.2.5)
an = any? +2anyay, +any?.
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Remark 1.2.1. One can easily check that
at, —dnan = (aj, — arjan)Q?,

where Q := @y, — Y@, # 0. This means the invariance of the type with respect to the
replacement (1.2.2).

We choose the replacement (1.2.2) such that equation (1.2.4) takes the ’simplest”
(canonical) form. In (1.2.2) we have two arbitrary functions ¢ and . Let us show that
they can be chosen such that one of the following conditions is fulfilled:

1) @iy =dn=0;

2) day = d1p =0 (or symmetrically dyy =dj;» =0);

3) dn = an,an =0.

Let for definiteness a;; # 0. Otherwise, either a;; # 0 (and then interchanging places of
x and y, we get an equation in which aj; #0), or a1 = a» =0, aj; #0 (and then

equation (1.2.1) already has the desired form). So, let aj; # 0. We consider the following
ordinary differential equation

d 2
a <dy> —2a121+022=0, (1.2.6)
X X

which is called the characteristic equation for (1.2.1). The characteristic equation can be
also written in the symmetrical form:

a1 (dy)? — 2a12dydx + ax(dx)* = 0. (1.2.6)

Solutions of the characteristic equation are called the characteristics (or characteristic
curves) of (1.2.1). Equation (1.2.6) is equivalent to the following two equations

d alZi\/a%z_allaﬂ
o . (1.2.64)

dx app

According to Definition 1.2.1, the sign of the expression a%z —ajiay defines the type of
equation (1.2.1).

Lemma 1.2.1. If ¢(x,y) = C is a general integral (or solution surface) of equation
(1.2.6), then
all(p)%+2a12(px(Py+a22(P§ =0. (1.2.7)

Proof.  Take a point (xo,yo) from our domain. For definiteness let @, (xo,y0) # O,
and let @(xp,y0) = Cp. Consider the integral curve y = y(x,Cy) of equation (1.2.6) passing
through the point (xo,yo). Clearly, y(xo,Co) = yo. Since @(x,y) = C is a general integral,
we have on the integral curve:

dy
(px‘f‘(Py a =0;

hence,
dy _ 9«
dx o
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Then

dy 2 dy
= — | —2ap—
0=an (dx) alzdx +an

2
= | an ((Px) +2a12%+022
0y 0y

In particular, taking x = xo, we get (1.2.7) at the point (xp,yo). By virtue of the arbitrari-
ness of (xo,yo), the lemma is proved. O

y:y(x7c())

Case I: a%z —ayrax > 0- hyperbolic type.
In this case there are two different characteristics of equation (1.2.6) passing through each
point of the domain. Let @(x,y) =C and y(x,y) = C be the general integrals of equations
(1.2.64 ), respectively. These integrals give us two families of characteristics of equation
(1.2.6). We note that (1.2.3) holds, since

/2 2
O« app++4/ap —aan e ajp —4/ajp —aiaxn

) )

(PTy a ar Yy an
and consequently,
o, Vi
¢y Yy

In (1.2.1) we make the substitution (1.2.2), where ¢ and y are taken from the general
integrals of equations ( 1.2.6. ), respectively. It follows from (1.2.5) and Lemma 1.2.1 that
dp1 = dpp = 0. Therefore, equation (1.2.4) is reduced to the form

Ugn :®<§7n7uau§7un)7 (128)

where & = —

This is the canonical form of equation (1.2.1) for the hyperbolic case.

i
There also exists another canonical form of hyperbolic equations. Put

§:a+Bv T]ZOC—|37
1.e.
Then

u(x + MB u(x - MB uaa - uﬁﬁ
ug = 2 y  Um = 2 » o Ugn = 4 ’

and consequently, equation (1.2.8) takes the form

U — g = D1 (0, B, u, ug, up). (1.2.9)
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This is the second canonical form of hyperbolic equations. The simplest examples of
an hyperbolic equation are the equation of a vibrating string u,; = u,, and the more general
equation (1.1.4).

Case 2: a%z —ayax =0 - parabolic type.
In this case equations (64 ) and (6_ ) coincide, and we have only one general integral of
equation (1.2.6): ¢(x,y) = C. We make the substitution (1.2.2), where @(x,y) is a general
integral of equation (1.2.6), and y(x,y) is an arbitrary smooth function satisfying (1.2.3).
By Lemma 1.2.1, d;; = 0. Furthermore, since aj» = \/aj1/az, we have according to
(1.2.5),

an = (Van s +vang,)’,
and consequently,
Vai @+ /ane, =0.

Then
dip = (Va9x +v/ane,) (vVan vy, +anwy,) =0,

and equation (1.2.1) is reduced to the canonical form

Unn :(D(Z}ana%”g,un)’ (1210)

where ® = — The simplest example of a parabolic type equation is the heat equation

an
Up = Uxx.
Case 3: a%z —ajax < 0- elliptic type.

In this case the right-hand sides in ( 1.2.64 ) are complex. Let @(x,y) = C be the complex
general integral of equation (1.2.65 ). Then ¢@(x,y) =C is the general integral of equation
(1.2.6_). We take the complex variables & = @(x,y), N = @(x,y), i.e. make the substitu-
tion (1.2.2), where y = @. Repeating the arguments from Case 1, we deduce that equation
(1.2.1) is reduced to the form ug, = D&M, u, U, uy). But this equation is not canonical for
elliptic equations since &,m are complex variables. We pass on to the real variables (o, f3)
by the replacement £ =a+if, n=a—iB. Then a=(§+n)/2, B=(§—m)/(2i). We
calculate ug = (uq —iug)/2, un = (ug+iug)/2, ugy = (Uga +upg)/4. Therefore, equation
(1.2.1) is reduced to the canonical form

U, + pp = D1 (0, B, u, ug, up). (1.2.11)
The simplest example of an elliptic equation is the two-dimensional Laplace equation

u  u 0
ox? * oy

Remark 1.2.2. Since we used complex variables, our arguments for Case 3 are valid
only if a;j(x,y) are analytic functions. In the general case, the reduction to the canonical
form for elliptic equations is a more complicated problem. For simplicity, we confined
ourselves here to the case of analytic coefficients.
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2. Classification of second-order equations with an arbitrary
number of variables.

We consider the equation

82 ou ou
(XX Flot, o xu, 22 2 —o. 1.2.12
Z aij (1 8x,8x] + <x1 ot ox| axn> 0 ( )

i,j=1

Without loss of generality, let a;; = a;;. We make the substitution

&k:&,.k(xl7-~-7xn)7 k= l,l’l. (1213)
D . ak
enote Ol := e Then
du " du
ox; _;@aik’
o°u no Py u 9%, (1.2.14)

ndx, klzl 9E o, Hik%it T Z . 9E; axox;

Substituting (1.2.14) into (1.2.12) we get

2

L 0°u . du\
kélak1(§17-~-,§n)m +F(§1, RN 735} ’a§n> =0,

where

ay = Z a; jOLr O

i,j=1
Consider the quadratic form
n
Y, dpip;, (1.2.15)
i,j=1
where a?j =a;;(x9,...,x) ata fixed point (x?,...,x9). The replacement
n
pi= Z irqi
k=1

reduces (1.2.15) to the form

n
Z dglqkql, where 5121 = Z a?jocikocﬂ.
k=1 ij=1
Thus, the coefficients of the main part of the differential equation are changed similarly to
the coefficients of the quadratic form. It is known from linear algebra (see [10]) that the
quadratic form (1.2.15) can be reduced to the diagonal form:

Z a;,Psz Z :I:QZ) mSn,
i,j=1 =1
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and the numbers of positive, negative and zero coefficients are invariant with respect to
linear transformations.

Definition 1.2.2. 1) If m =n and all coefficients for q% have the same sign, then
equation (1.2.12) is called elliptic at the point xg.
2) If m=n and all signs except one are the same, then equation (1.2.12) is called hyperbolic
at the point xg.
3) If m =n and there are more than one of each sign ” 4+ and ” — ”, then equation (1.2.12)
is called ultrahyperbolic at the point xg.
4) If m < n, the equation is called parabolic at the point xo.

For example, the Laplace equation Au = 0 is elliptic, the wave equation u;; = Au is
hyperbolic, and the heat conduction equation u, = Au is parabolic in the whole space.

1.3. Formulation of Problems of Mathematical Physics

From the theory of ordinary differential equations it is known that solutions of an ordinary
differential equation are determined non-uniquely. For example, the general solution of an
n -th order equation

YW =F sy )

depends on n arbitrary constants:

y=0(x,Ci,...,Cp).

In order to determine the unique solution of the equation we need additional conditions, for
example, the initial conditions
n—1)
Yix=xo = 00, - - 7y‘(x:X0 = 0Oly—1-
For partial differential equations solutions are also determined non-uniquely, and the
general solution involves arbitrary functions. Consider, for example, the case of two inde-

pendent variables (x,y):

1) the equation
du

— =0
dy
has the general solution
u= f(x),
where f(x) is an arbitrary function of x;
2) the equation
82
Pu_
0xdy

has the general solution
u=fx)+80),

where f(x) and g(y) are arbitrary smooth functions of x and y, respectively.
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In order to determine a solution of a partial differential equation uniquely it is necessary
to specify additional conditions on the unknown function. Therefore, each problem of
mathematical physics is formulated as a problem of the solution of a partial differential
equation under some additional conditions which are dictated by its physical statement. Let
us give several examples of the statement of problems of mathematical physics.

I. Consider the problem of a vibrating string of the length / (0 < x < [), fixed at the
ends x =0 and x = /. In this case one needs to seek the solution of the equation

Uy = aPug + f(x,1) (1.3.1)
in the domain 0 < x < [, > 0 under the conditions
U= = Upp—; = 0. (1.3.2)

Such conditions are called boundary conditions. However, the specification of the behavior
of the string at its ends is not sufficient for the description of the oscillation process. It is
necessary to specify the position of the string and its speed in the initial moment of time
t=0:

Ur=0 = o(x), Us|=0 = W(x). (1.3.3)

Thus, we arrive at the problem (1.3.1)-(1.3.3) which is called the mixed problem for the
equation of of the vibrating string. We note that instead of (1.3.2) one can specify other
types of boundary conditions. For example, if the ends of the string are moving according
to known rules, then the boundary conditions have the form

Ux=0 = y(t), Ux=] = V(t)v

where u(r) and v(¢) are known functions. If, for example, the end x =0 is freely moved,
then the boundary condition at the point x =0 can be written as

Uy|x=0 = 0.
If the end x = 0 is elastically fixed, then the boundary condition has the form
(ux +hu)j—o = 0.

There are other types of boundary conditions.

II. Consider the vibrations of an infinite string ( —eo < x < oo). This is a model of the
case when the length of the string is sufficiently great so that the effect of the ends can
be neglected. In this case boundary conditions are absent, and we arrive at the following
problem:

Find the solution u(x,7) of equation (1.3.1) in the domain —eo < x < oo, ¢ > 0, satisfying
the initial conditions (1.3.3). This problem is called the Cauchy problem for the equation of
the vibrating string.

Similarly one can formulate problems in the multidimensional case and also for
parabolic partial differential equations (see below Chapters 2-3 for more details).
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III. Let us give an example of the statement of problems for elliptic equations. Ellip-
tic equations usually describe stationary fields. For example, the problem of finding the
stationary (steady-state) temperature distribution in a domain D € R® of spatial variables
x = (x1,X2,x3) under the condition that the fixed temperature @(x) is given on the boundary
Y of D, can be written in the form

3
u
Au=0, wus=0o, Au::kg’l@. (1.3.4)

Problem (1.3.4) is called the Dirichlet problem. For other formulations of problems of
mathematical physics see [1]-[3].

Well-posed problems

Problems of mathematical physics are mathematical models of physical problems. The
solution of the corresponding problem depends, as shown above, on some functions
appearing in the equation and the initial and boundary conditions, which are called
prescribed (input) data. In the investigations of problems of mathematical physics the
central role is played by the following questions:

1) the existence of the solution;
2) its uniqueness;
3) the dependence of the solution on ’small” perturbations of the prescribed data.

If ”small” perturbations of the prescribed data lead to ’small” perturbations of the solu-
tion, then we shall say that the solution is stable. Of course, in each concrete situation the
notion of ”small” perturbations should be exactly defined. For example, for the Dirichlet
problem (1.3.4), the solution is called stable if for each € > 0 there exists 8 =(€) >0 such
that if |@(x) —@(x)| <& forall x € X, then |u(x)—ii(x)| <€ forall x& D (here u and i
are the solutions of the Dirichlet problems with boundary values ¢ and @, respectively).

An important class of problems of mathematical physics, which was introduced by
Hadamard, is the class of well-posed problems.

Definition 1.3.1. A problem of mathematical physics is called well-posed (or correctly
set) if its solution exists, is unique and stable.

In the next chapters we study the questions of stability and well-posedness of problems
for each type of equations separately using their specific character. For advanced studies on
the theory of well-posed and ill-posed problems we refer to [3] and the references therein.

Hadamard’s example

Let us give an example of an ill-posed problem, which is due to Hadamard. Consider the
Cauchy problem for the Laplace equation:

Upe +lyy =0, —o0 <x < oo, y>0,} (1.35)

Up=0 =0, uy—0=0
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Problem (1.3.5) has the unique solution # = 0. Together with (1.3.5) we consider the prob-
lem

Uy Uy =0, —o0o<x<oo, y>0, } (1.3.6)

Uy—0 =0, uyy—0= e Visinnx, n>1.

The solution of problem (1.3.6) has the form
1 _ N .
un(x,y) = —e V"sinnxsinhny,
n

where
1

sinhny := 3 (e"y — e*"y) .

Since |sinnx| < 1, one gets

max |e"V"sinnx| — 0
—oox<oo

as n — oo. However, the solution u,(x,y) increases infinitely. Indeed,

| oy
uy(x,y) = %e”) Visinnx(1—e ).

For each fixed y >0,

max |uy(x,y)| — oo
—oox< o0

as n — oo,



Chapter 2.

Hyperbolic Partial Differential
Equations

Hyperbolic partial differential equations usually describe oscillation processes and give a
mathematical description of wave propagation. The prototype of the class of hyperbolic
equations and one of the most important differential equations of mathematical physics
is the wave equation (see Section 1.1). Hyperbolic equations occur in such diverse fields
of study as electromagnetic theory, hydrodynamics, acoustics, elasticity and quantum the-
ory. In this chapter we study hyperbolic equations in one-, two- and three-dimensions, and
present methods for their solutions. We note that in Chapter 6, Section 6.2 one can find
exercises, illustrative example and physical motivations for problems related to hyperbolic
partial differential equations.

2.1. The Cauchy Problem for the Equation of the Vibrating
String

1. Homogeneous equation of the vibrating string
We consider the following Cauchy problem
Uy = APllyy, —o0<x<oo, t>0, (2.1.1)

U=0 = o(x), Us|r=0 = W (x). (2.1.2)

Here x and ¢ are independent variables (x is the spatial variable, and ¢ has the signifi-
cance of time), u(x,t) is an unknown function, and a > 0 is a constant (wave velocity).
The Cauchy problem (2.1.1)-(2.1.2) describes the oscillation process for the infinite string
provided that the initial displacement @(x) and the initial speed y(x) are known. We as-
sume that (x) is continuously differentiable (y € C!), and @(x) is twice continuously
differentiable (¢ € C 2). Denote

D={(x,t): 1t >0, —c0o <x < oo}.
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Definition 2.1.1. A function u(x,¢) is called a solution of the Cauchy problem (2.1.1)-
(2.1.2), if u(x,t) € C*(D) and u(x,t) satisfies (2.1.1) and (2.1.2). Here and below, the
notation u € C™(D) means that the function « has in D continuous partial derivatives up
to the m -th order.

This notion of the solution is called usually classical solution. We mention that in the
literature one can find other solution concepts like weak solutions, viscosity solutions, etc.
(see [3]); such solution concepts are out of the score of this introductory book.

First we construct the general solution of equation (2.1.1). The characteristic equation

for (2.1.1) has the form

dx
=4
dt a4

(see Section 1.2), and consequently, equation (2.1.1) has two families of characteristics:
x+tat = const.

The replacement
E=x+at, N=x—at,

reduces (2.1.1) to the form
ugy = 0.

Since the general solution of this equation is

u=f(&)+gm),

the general solution of equation (2.1.1) has the form
u(x,t) = f(x+at)+g(x—at), (2.1.3)

where f and g are arbitrary twice continuously differentiable functions.

We will seek the solution of the Cauchy problem (2.1.1)-(2.1.2) using the general solu-
tion (2.1.3). Suppose that the solution of problem (2.1.1)-(2.1.2) exists. Then it has the form
(2.1.3) with some f and g. Taking the initial conditions (2.1.2) into account we obtain

£ +2(x) = 9(x), }
af'(x) —ag'(x) =w(x) |

Integrating the second relation we get
f(x) +2(x) = 0(x),
/= ’
10 =50 =2 [ wls)ds

aJx
where xg is arbitrary and fixed. Solving this system with respect to f and g, we calculate

F0) =2 00) + [ w(s)ds,

2a Jx,
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1 |

== - — ds.
g(x) =50 =5, | Vls)ds
Substituting this expressions into (2.1.3) we arrive at the formula
1 1 x+at
Ul 1) = = (Q(x+at) + @(x —at)) + — / w(s)ds. (2.1.4)
2 2a Jx—at

which is called D’Alembert’s formula. Thus, we have proved that if the solution of the
Cauchy problem (2.1.1)-(2.1.2) exists, then it is given by (2.1.4). From this we get the
uniqueness of the solution of problem (2.1.1)-(2.1.2). On the other hand, it is easy to check
by direct verification that the function u(x,t), defined by (2.1.4), is a solution of problem
(2.1.1)-(2.1.2). Indeed, differentiating (2.1.4) twice with respect to ¢ we obtain

1) = 5 (¢ (v+ar) = ¢f (v —ar)) +%(w(x+at) +y(x—ar)),

2
wa(v,1) = %5 (¢ Cean)+0"(x—ar)) + - (W er+an) -/ (x—ar)).
Analogously, differentiating (2.1.4) twice with respect to x we get

Upr(x,1) = %((p”(x—i—at) —Hp”(x—at)) + %(\V’(}H—at) —l|/(x—at)).

Hence, the function u(x,?) is the solution of problem (2.1.1)-(2.1.2). Thus, we have proved
the following assertion.

Theorem 2.1.1. Let ¢(x) € C?, y(x) € C'. Then the solution of the Cauchy problem
(2.1.1) — (2.1.2) exists, is unique and is given by D’Alembert’s formula (2.1.4).

Let us now study the stability of the solution of problem (2.1.1)-(2.1.2).

Definition 2.1.2. The solution of problem (2.1.1)-(2.1.2) is called stable if for any
€>0, T >0 there exists d =0(¢g,T) > 0 such that if

0(x) = B(x)| <8, |y(x) —P(x)[ <3
for all x, then
‘M(X,I) —IZ()C,I)‘ <e
for all (x,7) € D. Here ii(x,t) is the solution of the Cauchy problem with the initial data
3, V.
Let us show that the solution of the Cauchy problem (2.1.1)-(2.1.2) is stable. Indeed,

by virtue of (2.1.4) we have
lu(x,t) —i(x,1)] <

1 3 I .
5 loGetar) =0(x+ar)|+ 5 o(x—ar) — §lx —ar)l

e [ 1)~ W)l s

2a Jx—ar
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€
For € >0, T >0 choose 6 = I and suppose that

+T
[0(x) —9(x)[ <8, |wlx) —Y(x)] <

for all x. Then it follows from (2.1.5) that

. 8 & 9 B
lu(x,t) —i(x,1)] < 2+2+?2 al =(14+T)d=e.

Thus, the Cauchy problem (2.1.1)-(2.1.2) is well-posed.
Below we will use the following assertion.
Lemma 2.1.1. 1) If ¢(x) and y(x) are odd functions, then
u(0,1) = 0.
2) If ©(x) and y(x) are even functions, then

u,(0,1) =0.

Proof. Let
Q) =—0(—x), Y(x)=—y(-x).
Then it follows from (2.1.4) for x =0 that

at

u(0,t) = % (¢(at) +@(—at)) + 2i y(s)ds =0.

a J—at

Analogously one can prove the second assertion of the lemma.

f(x+ar) u=f(x)

AN ALAC

Figure 2.1.1.

Remark 2.1.1. The solutions of the form u = f(x+at) and u = g(x —at) are called
travelling waves, and a is the wave velocity. The wave u = f(x+at) travels to the left,
and the wave u = g(x —ar) travels to the right (see fig. 2.1.1). Thus, the general solution
(2.1.3) of equation (2.1.1) is the superposition of two travelling waves moving in opposite
directions along the x -axis with a common speed.
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2. Non-homogeneous equation of the vibrating string

Consider the Cauchy problem for the non-homogeneous equation of the vibrating string:

2
Uy = QU+ f(x,1), —oco<x<oo t>0,
o = @t f(50) } (2.1.6)

Ui—o = Q(x), t—0 = W(x).
We seek a solution of problem (2.1.6) in the form
u(x,t) = d(x,t) +v(x,1),

where ii(x,t) is the solution of the Cauchy problem for the homogeneous equation

fiy = @Pliy, —o0<Xx<oo, t>0,
(2.1.7)

U= = o(x), U= = y(x),

which can be solved by d’ Alembert’s formula, and v(x,7) is the solution of the problem for
the non-homogeneous equation with zero initial conditions:

2
Vit = AV + f(x,1), —o0o<x<oo t>0,
e } (2.1.8)
V=0 =0,  Vgs=0 =0.
It is easy to see that the solution of problem (2.1.8) has the form
t
\Mﬁ:/w@mﬂn (2.1.9)
0

where the function w(x,z,t) for each fixed T > 0 is the solution of the following auxiliary
problem:

Wit = @*Wyy, —00 < X< oo, >T,
(2.1.10)

Wit=1 = 0, Welt=t = f(xat)'

Indeed, differentiating (2.1.9) with respect to ¢, we obtain
t
ve(x,t) = / w(x,7,T) dT+w(x,t,1).
0
By virtue of (2.1.10) w(x,z,¢) =0, and consequently,
t
vi(x,t) = / wy(x,,7)dT.
0
Analogously we calculate
t
Vi (%x,1) = A wi (x,1,T)dT+ f(x,1).

Since .
vxx(x,t):/o Wi (x,2,7) dT,
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and wy; = a’wy, , we conclude that v(x,) is a solution of problem (2.1.8).
The solution of (2.1.10) is given by the D’ Alembert formula:

1 x+a(t—1)
w(x,1,T) = — s,T)ds.
(ot =g, [ 165
Since the solution of (2.1.7) is also given by the D’Alembert formula, we arrive at the

following assertion.

Theorem 2.1.2. Let f(x,t) € C(D) have a continuous partial derivative f.(x,t), and
let © and  satisfy the conditions of Theorem 2.1.1. Then the solution of the Cauchy
problem (2.1.6) exists, is unique and is given by the formula

1 1 x+at
u(wr) = 5 (o(v+an) +or—an) + 2 [ “y(s)ds
2 2a x—at
1 td x+a(t—1) J 111
-l——/ ’c/ s,T)ds. 1.
2a o x_aU_T).f( ) ( )
T
1 (x,1)
s=x—a(t—1) s=x+a(t—1)
A(x,1)
s
X —at X+ at ]
Figure 2.1.2.

Remark 2.1.2. Tt follows from (2.1.11) that the solution u(x,7) at a fixed point (x,t)
depends on the prescribed data f,@ and y only from the characteristic triangular A(x,¢) =
{(s,7): x—a(t—1) <s<x+a(t—1),0 <t <t} (see fig. 2.1.2). In other words, changing
the functions f,@ and y outside A(x,7) does not change u(x,7) at the given point (x,7) .
Physically this means that the wave speed is finite.

3. The semi-infinite string

Consider now the problem for the semi-infinite string:
Uy = azuxx, x>0,t>0,
U= = 0, (2.1.12)
U—o = Q(X), Uy—o = W(x).
In order to solve this problem we apply the so-called reflection method. Let y(x) € C',
o(x) €C?, ¢(0) = ¢"(0) = y(0) =0. We extend @(x) and y(x) to the whole axis —oo <
x < oo as odd functions, i.e. we consider the functions

_ [ o), x>0,
P(x) = { —@(—x), x <0,
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_ W(x)a x>0,
P) = { —y(—x), x<0.

According to the D’ Alembert formula the function

1 1 x+at
§(<I>(x+at)+cl>(x—at))+— Y(s)ds (2.1.13)

u(x,t) =
( ) 2a Jx—at

is the solution of the Cauchy problem
Uy = aPltyy, —o0<x<oo t>0;

Ur=0 = D(x), Ut|r=0 = ¥(x).

By Lemma 2.1.1 we have uj,—o = 0. We consider the function (2.1.13) for x > 0,7 > 0.

Then
U= = P(x) = @(x), x>0,

Ut|r=0 = ¥(x)=wy(x), x>0.

Thus, formula (2.1.13) gives us the solution of the problem (2.1.12). For x > 0,7 > 0 we
rewrite (2.1.3) in the form

xX+at

(pb+an)+o(—a)+o [ wls)ds,  xzar,
x—at

u(x,t) = (2.1.14)

= N —

x+at
(o(x+at) —@(ar —x)) + 2161/ y(s)ds, x<at.
ar—x

‘We note that in the domain x > at, the influence of the wave reflected from the end x =0
is not present, and the solution has the same form as for the infinite string.

x—at <0

x—at >0

Figure 2.1.3.

Remark 2.1.3. Analogously one can solve the problem with the boundary condition
Uyx=0 = 0. This can be recommended as an exercise. In this case, according to Lemma
2.1.1 we should extend @(x) and y(x) as even functions. Other exercises related to the
topic one can find in Chapter 6, section 6.2.



22 G. Freiling and V. Yurko

2.2. The Mixed Problem for the Equation of the Vibrating
String

This section deals with mixed problems for the equation of the vibrating string
on a finite interval. For studying such problems we use the method of separa-
tion of variables, which is also called the method of standing waves. Subsections
1-3 are related to the standard level for a course of partial differential equations of math-
ematical physics. Subsection 4 describes a general scheme of separation of variables, and
it contains more complicated material. This subsection can be recommended for advanced
studies and can be omitted "in the first reading”.

1. Homogeneous equation

We consider the following mixed problem

Uy = aug, 0<x<I t>0, (2.2.1)
Ujy—0 = U= =0, (2.2.2)
Ujr=0 = 9(x), Up|i=0 = y(x). (2.2.3)

This problem describes the oscillation process for a finite string of the length /, fixed at
the ends x =0 and x = [, provided that the initial displacement @(x) and the initial speed
y(x) are known. Other mixed problems (including physical motivations) can be found in
Section 6.2.

Figure 2.2.1.

Denote D = {(x,t): 0<x<1Il,t>0}.

Definition 2.2.1. A function u(x,?) is called a solution of problem (2.2.1)-(2.2.3) if
u(x,t) € C2(D), and u(x,t) satisfies (2.2.1)-(2.2.3).

First we consider the following auxiliary problem. We will seek nontrivial (i.e. not
identically zero) particular solutions of equation (2.2.1) such that they satisfy the boundary
conditions (2.2.2) and admit separation of variables, i.e. they have the form

u(x,t) =Y (x)T(1). (2.2.4)
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For this purpose we substitute (2.2.4) into (2.2.1) and (2.2.2). By virtue of (2.2.1) we have
Y(x)T' (1) =a®Y"(x)T(¢).

Here and below, ”’” denotes differentiation with respect to x, and - denotes differenti-
ation with respect to ¢. Separating the variables, we obtain

Y'(x) _ 1)
Y(x)  aT()

Since x and ¢ are independent variables, the equality is here valid only if both fractions
are equal to a constant; we denote this constant by —A . Therefore,
Y'(x) _ T()

oo = ot = (2.2.5)

Moreover, the boundary conditions (2.2.2) yield

0=u(0,t) =Y (0)T(z),
0= u((l,ti = YEZ))T((t)). } 2:26)
It follows from (2.2.5) and (2.2.6) that
T(t) +a*AT(t) = 0, (2.2.7)
Y (x) +AY (x) =0, (2.2.8)
Y(0)=Y(l) =0. (2.2.9)

Thus, the function 7'(¢) is a solution of the ordinary differential equation (2.2.7), and the
function Y (x) is a solution of the boundary value problem (2.2.8)-(2.2.9) which is called
the associated Sturm-Liouville problem. We are interested in nontrivial solutions of prob-
lem (2.2.8)-(2.2.9), but it turns out that they exist only for some particular values of the
parameter A.

Definition 2.2.2. The values of the parameter A for which the problem (2.2.8)-(2.2.9)
has nonzero solutions are called eigenvalues, and the corresponding nontrivial solutions are
called eigenfunctions. The set of eigenvalues is called the spectrum of the Sturm-Liouville
problem.

Clearly, the eigenfunctions are defined up to a multiplicative constant, since if Y (x) isa
nontrivial solution of the problem (2.2.8)-(2.2.9) for A = A" (i.e. ¥ (x) is an eigenfunction
corresponding to the eigenvalue A° ), then the function CY (x), C — const, is also a solution
of problem (2.2.8)-(2.2.9) for the same value A = A°.

Let us find the eigenvalues and eigenfunctions of problem (2.2.8)-(2.2.9). Let A = pZ.
The general solution of equation (2.2.8) for each fixed A has the form

Y(x) = A sinpx

+ Bcospx (2.2.10)
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(in particular, for p =0 (2.2.10) yields Y(x) = Ax+ B). Since Y(0) =0, in (2.2.10)
B=0, ie.
sinpx
-
Substituting (2.2.11) into the boundary condition Y (/) =0, we obtain

Y(x)=A (2.2.11)

A sinp!
p

Since we seek nontrivial solutions, A # 0, and we arrive at the following equation for the
eigenvalues:

=0.

sinp!
p

—0. (2.2.12)

The roots of equation (2.2.12) are p, = ? , and consequently, the eigenvalues of problem
(2.2.8)-(2.2.9) have the form

2
xn:<$) S n=12,3,..., (2.2.13)
and the corresponding eigenfunctions, by virtue of (2.2.11), are
Y, (%) :sin?x, n=123,... (2.2.14)

(up to a multiplicative constant). Since nontrivial solutions of problem (2.2.8)-(2.2.9) exist
only for A = A, of the form (2.2.13), it makes sense to consider equation (2.2.7) only for
A=A\,

T,,(t) + a*\ T, (1) = 0.

The general solution of this equation has the form
i i
T,(t) :Ansm%HB,,cos %t, n>1, (2.2.15)

where A, and B, are arbitrary constants. Substituting (2.2.14) and (2.2.15) into (2.2.4) we
obtain all solutions of the auxiliary problem:

T T T
a(x,1) = (Ansin %HBncos %t) sinn7x, n=1,23,... (2.2.16)

The solutions of the form (2.2.16) are called standing waves (normal modes of vibrations).

We will seek the solution of the mixed problem (2.2.1)-(2.2.3) by superposition of
standing waves (2.2.16), i.e. as a formal series solution:

- nm 4

Z <A sin —t+B cos 8 ] t) sin nTx. (2.2.17)
By construction the function u(x,7) satisfies formally equation (2.2.1) and the boundary
conditions (2.2.2) for all A, and B,. Choose A, and B, such that u(x,z) satisfies also
the initial conditions (2.2.3). Substituting (2.2.17) into (2.2.3) we calculate

- o8
X) = Z B, sin nTx,
n=1
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= anm nm
w(x)zz 7 — A, sml

n=1

Using the formulae for the Fourier coefficients [4, Chapter 1], we obtain

2 rl
B, = 7/ @(x) sin ?xdx,

A -
ann/w sin lxdx

Let us now show that the function u(x,?), defined by (2.2.17)-(2.2.18), is the solution of
the mixed problem (2.2.1)-(2.2.3). For this purpose we need some conditions on @(x) and
y(x).

Theorem 2.2.1. Let ¢(x) € C?[0,1], w(x) € C?[0,1], ¢(0) =o(l) = ¢"(0) = ¢"(I) =
y(0) =wy(l) =0. Then the function u(x,t), defined by (2.2.17) —(2.2.18), is the solution
of the mixed problem (2.2.1) —(2.2.3).

(2.2.18)

Proof.  From the theory of the Fourier series [11, Chapter 1] we know the following
facts:

1) The system of functions

is complete and orthogonal in L,(0,/).
2) Let f(x) € L»(0,1), and let

2 rl
oy = f/ f(x)sin @xdx,
1 Jo )

B, = l/f cos—xdx

be the Fourier coefficients for the function f(x). Then

Z(’an’2+|3n|2> < oo (2.2.19)

n

Moreover, we note:

If numbers ¥, are such that ) [Ya|? < oo, then ) % < oo, (2.2.20)
n
n n

This follows from the obvious inequality

i< (i),

oo

Z (JAnl + [Ba]) < (2.2.21)

n=1

Let us show that
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Indeed, integrating by parts the integrals in (2.2.18), we get

2l 2 !
B, = 7/0 o(x) sin?xdx: E/o (p’(x)cos?xdx

2 [
= : / 0" (x)sin ?xdx =
0

2n2

212 ! /1!
33 Jo
Similarly, we calculate
21

Ap=—
" an’n?

I
/ v’ (x) sin ?xdx.
0

(x)cos ?xdx.

Hence, using proposition (2.2.20) and the properties of the Fourier coefficients (2.2.19), we
arrive at (2.2.21). It follows from (2.2.21) that the function u(x,t), defined by (2.2.17)-
(2.2.18), has in D continuous partial derivatives up to the second order (i.e. u(x,t) €
C%(D)), and these derivatives can be calculated by termwise differentiation of the series
(2.2.17). Obviously, u(x,?) is a solution of equation (2.2.1) and satisfies the boundary con-
ditions (2.2.2). Let us show that u(x,7) satisfies also the initial conditions (2.2.3). Indeed,

it follows from (2.2.17) for t =0 that

- T
u(x,0) = Z B, sin nTx,
n=1

— AT T
U (x,0) =Y %An sin n7x,
n=1

and consequently,

2 ! T
B, = f/ u(x,0)sin n—xdx,
1 Jo )
! T
A= — | u(x,0)sin = xdx.
anm Jo [

Comparing these relations with (2.2.18) we obtain forall n > 1:

/ ' (u(6.0) — o(x))sin ?xdx —0,
0

/l(uz()ﬁo) —y(x))sin ?xdx =0.
0

By virtue of the completeness of the system of functions {sin ?x}
conclude that
”(x70) = (p(x)v u,(x,O) = \II(X),

i.e. the function u(x,¢) satisfies the initial conditions (2.2.3).

n>1

in L,(0,1), we
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2. Uniqueness of the solution of the mixed problem
and the energy integral

Theorem 2.2.2. If the solution of the mixed problem (2.2.1) — (2.2.3) exists, then it is
unique.

Proof. Let uj(x,t) and uy(x,t) be solutions of (2.2.1)-(2.2.3). Denote

u(x,t) :=uy(x,1) —up(x,t).
Then u(x,t) € C*(D) and
Uy = a*uyy,
R (2.2.22)
Up=0 = U=1 =0, U= = tyy=0 = 0.

We consider the integral

2/< (1, (x,1)) +(ux(x,t))2>dx,

which is called the energy integral. We calculate

B = /O l <a]2u,(x,t)u,,(x,t) —I—MX(x,t)uxt(x,t)) dx,

where E(t) := %E (¢). Integrating by parts the second term in the last integral we obtain

!
E(t) :/0 u; (x,1) <alzu,,(x,t) —uxx(x,t)> dx+ ‘6(ux(x,t)ut(x,t)) .
By virtue of (2.2.22),

1
i (x,1) — uxc(x,1) =0,

and consequently,
E(t) = (uxut)\x:l - (uxut)\x:O .

According to (2.2.22) u(0,t) =0 and u(l,t) =0. Hence u;—o =0 and u,,—; = 0. This
yields E(¢) =0, and consequently, E(f) = const. Since

2/ ( (ur(x,0)? (ux(x,O)z) dx =0,

we get E(t) =0. This implies
u(x,8) =0, wu(x,t) =0,

i.e. u(x,t) = const. Using (2.2.22) again we obtain u(x,t) =0, and Theorem 2.2.2 is
proved. O



28 G. Freiling and V. Yurko

3. Non-homogeneous equation
We consider the mixed problem for the non-homogeneous equation of the vibrating string:
Uy = aPup+ f(x,1), 0<x<I t>0,
Ujy—0 = Uy—; =0, (2.2.23)
Ur=0 = Q(x), U0 = Y(x).

Let the function f(x,7) be continuous in D, twice continuously differentiable with respect
to x, and f(0,7) = f(I,t) = 0. Let the functions @(x) and y(x) satisfy the conditions of
Theorem 2.2.1. We expand the function f(x,z) into a Fourier series with respect to x:

> . NT
t) = - (¢) sin —x,
ft) = X o) sin x
where

fult) = ?/Olf(x,t)sin ?xdx.

We will seek the solution of the problem (2.2.23) as a series in eigenfunctions of the Sturm-
Liouville problem (2.2.8)-(2.2.9):

Z )sin —x (2.2.24)
Substituting (2.2.24) into (2.2.23) we get

sm—x—— ZZ (nln) un(t)s1n7x+2fn sin ln

HMS

i )sin *x =0(x), i )sin —x =y(x),

and consequently, we obtain the following relations for finding the functions u,(t), n>1:

. amn Zu _
un(t)+( ! ) n(t) fn(t)v (2'2‘25)
1n(0) = By, iin(0) = T A,

l

where the numbers A, and B, are defined by (2.2.18). The Cauchy problem (2.2.25) has a
unique solution which can be found, for example, by the method of variations of constants:

T T
uy(t) = A, sin %t + B, cos %t

amt/f" sm— (t—r1)dr. (2.2.26)

It is easy to check that the function u(x,), defined by (2.2.24) and (2.2.26), is a solution
of problem (2.2.23).
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4. A general scheme of separation of variables

This subsection is recommended for advanced studies, and it can be omitted ’in the first
reading”.

4.1. The method of separation of variables can be used for a wide class of differential
equations of mathematical physics. In this section we apply the method of separation of
variables for studying the equation of a non-homogeneous vibrating string. We consider
the following mixed problem

00Xty = (k(x)ux) — g, 0<x<lI,1>0, (2.2.27)
(hux —hu)c—o =0, (Hyuy+ Hu)—; =0, (2.2.28)
Up—o =D(x), wy—o =¥ (x). (2.2.29)

Here x and ¢ are independent variables, u(x,7) is an unknown function, the functions
p.k,q, D,V are real-valued, and the numbers h,h;,H,H; are real. We assume that
q(x) € Lx(0,1), p(x),k(x),®(x),¥(x) € WF[0,1], p(x) > 0,k(x) >0, and ®,¥ satisfy
the boundary conditions (2.2.28). We remind that the condition f(x) € W2[0,!] means that
f(x) and f'(x) are absolutely continuous on [0,/], and f”(x) € L,(0,1).

First we consider the following auxiliary problem. We will seek nontrivial (i.e. not
identically zero) particular solutions of equation (2.2.27) such that they satisfy the boundary
conditions (2.2.28) and admit separation of variables, i.e. they have the form

u(x,t) =Y (x)T(t). (2.2.30)

For this purpose we substitute (2.2.30) into (2.2.27) and (2.2.28). By virtue of (2.2.27) we
have

pY ()T (1) = (K)Y'()) ~ g)¥ () T(0).

Separating the variables, we obtain

(KooY' @) =gy )
p(X)Y (x) ST

Since x and ¢ are independent variables, the equality is here valid only if both fractions
are equal to a constant; we denote this constant by —A . Therefore,

(KoY =gy @ g

= = —A\. 2.2.31
Y () 70 2230
Moreover, the boundary conditions (2.2.28) yield
<h1Y’(0) - hY(0)> T(t) =0,
(2.2.32)

(HIY’(Z) +HY(1)) T(t)=0.
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It follows from (2.2.31) and (2.2.32) that

() + AT (1) =0, (2.2.33)
- (k(x)y'(x))' L)Y (x) = Ap(0)Y(x), 0<x<I, (2.2.34)
hY'(0)—hY(0)=0, HY'(I)+HY(l)=0. (2.2.35)

Thus, the function 7'(r) is a solution of the ordinary differential equation (2.2.33), and
the function Y (x) is a solution of the boundary value problem (2.2.34)-(2.2.35) which is
called the Sturm-Liouville problem associated to the mixed problem (2.2.27)-(2.2.29). We
are interested in nontrivial solutions of problem (2.2.34)-(2.2.35), but it turns out that they
exist only for some particular values of the parameter A.

Definition 2.2.3. The values of the parameter A for which the problem (2.2.34)-
(2.2.35) has nonzero solutions are called eigenvalues, and the corresponding nontrivial
solutions are called eigenfunctions. The set of eigenvalues is called the spectrum of the
Sturm-Liouville problem.

medskip We note that Definition 2.2.3 is a generalization of Definition 2.2.2, since it is
related to the more general problem (2.2.34)-(2.2.35) than problem (2.2.8)-(2.2.9).

Clearly, the eigenfunctions are defined up to a multiplicative constant, since if ¥ (x)
is a nontrivial solution of the problem (2.2.34)-(2.2.35) for A = A" (i.e. Y(x) is an
eigenfunction corresponding to the eigenvalue A°), then the function CY (x), C — const,
is also a solution of problem (2.2.34)-(2.2.35) for the same value A = A0,

4.2. In this subsection we establish properties of the eigenvalues and the eigenfunctions
of the boundary value problem (2.2.34)-(2.2.35). For definiteness, let below i;H; # 0. The
other cases are considered analogously and can be recommended as exercises.

First we study the particular case when

p(x)=k(x)=1, [=m, (2.2.36)

and then we will show that the general case can be reduced to (2.2.36). In other words,
one can consider (2.2.36) without loss of generality. Thus, we consider the Sturm-Liouville
problem L in the following form:

—"(x) +g@)y(x) =Ay(x), 0<x<m, (2.2.37)
V(0) = hy(0) =0, ¥ (m)+Hy(r) =0, (2.2.38)
where g(x) € L,(0,7), h and H are real. Denote
y(x) = —y"(x) +q(x)y(x),
U(y) :=y'(0) — hy(0),

V(y) =y (m) + Hy(m).
Let ¢(x,A) and y(x,A) be solutions of (2.2.37) under the initial conditions

(P(ka):L (P/(()?}"):hv W(E,?\)Zl, W/(ﬂ:?}\’):_H‘
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For each fixed x, the functions @(x,A) and y(x,A) are entire in A. Clearly,

U(9) = ¢'(0,A) —ho(0,1) =0, } (2.2.39)
V(y) =V (m,A) + Hy(m,A) = 0.
Denote
A(A) = (W(x,A), @(x,A)), (2.2.40)
where

(), 2(x)) == y(0)7'(x) =y (x)z(x)
is the Wronskian of y and z. By virtue of Liouville‘s formula for the Wronskian,

(y(x,A),0(x,A)) does not depend on x. The function A(A) is called the characteristic
function of L. Substituting x =0 and x =7 into (2.2.40), we get

A =V(9) = —U (). (2.2.41)

The function A(A) is entire in A, and consequently, it has an at most countable set of zeros

{M} (see [12]).

Theorem 2.2.3. The zeros {\,} of the characteristic function coincide with the eigen-
values of the boundary value problem L. The functions ¢(x,\,) and y(x,A,) are eigen-
functions, and there exists a sequence {B,} such that

W(X7 7\%) = Bn(p(xa 7\01)7 Bn 7é 0. (2.2.42)

Proof. 1) Let Ay be a zero of A(A). Then, by virtue of (2.2.39)-(2.2.41), y(x,Ao) =
Bo@(x,Ao), and the functions W(x,Ap),®(x,Ag) satisfy the boundary conditions (2.2.38).
Hence, Ay is an eigenvalue, and y(x,Ao),@(x,Ao) are eigenfunctions related to Ag.

2) Let Ap be an eigenvalue of L, and let yy be a corresponding eigenfunction. Then
U(yo) =V (y0) =0. Clearly yo(0) #0 (if yo(0) =0 then y;(0) =0 and, by virtue of the
uniqueness theorem for the equation (2.2.37), yo(x) = 0). Without loss of generality we
put yo(0) = 1. Then y;(0) = h, and consequently yo(x) = @(x,Aq). Therefore, (2.2.41)
yields

A(Ro) = V(0(x,20)) = V(30(x)) = 0,
and Theorem 2.2.3 is proved. O

Note that we have also proved that for each eigenvalue there exists only one (up to a
multiplicative constant) eigenfunction.

Denote -
o, = / 9% (x,\,) dx. (2.2.43)
0

The numbers {o,} are called the weight numbers, and the numbers {A,,q,} are called
the spectral data of L.

Lemma 2.2.1. The following relation holds

Buot, = —A(N,), (2.2.44)
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. d
where the numbers B, are defined by (2.2.42), and A(A) = ﬁA(k).

Proof. Since
—Y'(x, 1) + q()wlx, A) = My (x, ),
=" (x, ) +4(X)0(x, ) = An(x, M),

we get
W M) (e h) = (6, M)@(x, An) = (A= M)W (x, M) @(x, A),

and consequently,

d

dx (w(x,?»),(p(x, )\'n)> = O\‘ - )\'n)\v(xv )\')(p(kan)

After integration we obtain

(=) [ A0 ) dx = w20, 00 2)

and hence with the help of (2.2.41),

(h=2) A "W A)o(x Ay dx

= ¢'(m, M) + HO(m, 1) + ' (0,1) — (0, 1) = —A(R).
For A — A, this yields

A W0t A 006 A ) dx = —A(A).

Using (2.2.42) and (2.2.43) we arrive at (2.2.44). O

Theorem 2.2.4.The eigenvalues \, and the eigenfunctions @(x,A,) and W(x,
M) of L are real. All zeros of A(X) are simple, i.e. A(\,) # 0. Eigenfunctions related to
different eigenvalues are orthogonal in L,(0,T).

Proof. Let A, and Ay (A, # A ) be eigenvalues with eigenfunctions y,(x) and y(x)
respectively. Then integration by parts yields

[ o dx = [Miomaxt [ aboantods

T

= |, 0u(0i(0) =3, (e ()

= [t st [ araentodr

The substitution vanishes since the eigenfunctions y,(x) and y(x) satisfy the boundary
conditions (2.2.38). Therefore,

/ i Ly (x) y(x) dx = / i V(%) lyi(x) dx,
0 0
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and hence i i
o [ 3n (O = [y (o)) .
or

/nyn(x)yk(x) dx=0.
0

This proves that eigenfunctions related to distinct eigenvalues are orthogonal in L, (0, 7).

Further, let A° = u+iv,v # 0 be a non-real eigenvalue with an eigenfunction y°(x) # 0.
Since ¢(x),h and H are real, we get that A0 =y —iv is also the eigenvalue with the
eigenfunction y0(x). Since A° # A9, we derive as before

7
513, = [0 dx =0,

which is impossible. Thus, all eigenvalues {A,} of L are real, and consequently the eigen-
functions @(x,A,) and y(x,A,) are real too. Since o, # 0, B, # 0, we get by virtue of
(2.2.44) that A(A,)) # 0. O

Example. Let g(x) =0, #=0 and H =0, and let A = p>. Then one can check easily
that
(P(X, 7") = cospx, W(X, }\’) = COSp(TE —X),

A(L) = —psinpm, A, =n? (n>0), @(x,A,) = cosnx, B, = (—1)".

Lemma 2.2.2. For |p| — o, the following asymptotic formulae hold

9(x.2) = cospx+ 0 (ﬁ”expurrx)) ,

(2.2.45)
¢'(x,A) = —psinpx+ O(exp(|1]x)),
y(x,A) =cosp(m—x)+ O <W1| exp(|’c(7r,—x))> , (2.2.46)

¥'(x,4) = psinp(n—x) + O(exp(|t|(n —x))),

uniformly with respect to x € [0,7]. Here and in the sequel, A = p2, T = Imp, and o and
O denote the Landau symbols (see [13], §4).

Proof. Let us show that

. ‘o B
o(x,\) = cos px + h% + / Slnp(:t)q(t)(p(t, A)d. (2.2.47)
0
Indeed, the Volterra integral equation
< sinp(x —1)

y(x,A) = cos px—i—hSlr;px —i—/o q(t)y(t,\)dt

P

has a unique solution (see [14]). On the other hand, if a certain function y(x,A) satisfies
this equation, then we get by differentiation

Y (x,1) = —psinpx + hcos px + / cosp(x —1)q(t)y(t,\) dr,
0
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y'(x,A) = —p®cos px — hpsinpx + q(x)y(x, )
~ [ psinpl—r)a(ny(r.2)dr
0

and consequently,
Y'(62) 4 P2y (6 A) = g(x)y(x,b),
)(Oak)zzlv y%oyx)::ha

ie. y(x,A) =@(x,A), and (2.2.47) is valid.
Differentiating (2.2.47) we calculate

o' (x,\) = —psinpx+hcos px—i—/xcosp(x—t)q(t)(p(t,X) dt. (2.2.48)
0

Denote

p(A) = max (|o(x, )] exp(—|1lx)).

0<x<m

Since |sinpx| < exp(|t|x) and |cospx| < exp(|t|x), we have from (2.2.47) that for |p| >
1, x € [0,m],

1 X C
wwmmm—mhn+M0meAmmm&sa+@mm

and consequently

u() <+ Zu)

p|

or

MMSC«}+%>I‘

For sufficiently large |p|, this yields u(A) = O(1), i.e. @(x,A) = O(exp(|t|x)). Substi-
tuting this estimate into the right-hand sides of (2.2.47) and (2.2.48), we arrive at (2.2.45).
Similarly one can derive (2.2.46).

We note that (2.2.46) can be also obtained directly from (2.2.45). Indeed, since

_\V”(x?}\') + Q<x>\|l(xv )‘) = KW(X, ;\‘)7
\P(TC,?\,) =1, Wl(ﬂ:?)") =—H,

the function §(x,A) :=y(m—x,A) satisfies the following differential equation and the ini-
tial conditions

—¢"(x,1) +g(m—x)B(x, L) = AP(x, \),
P0.A) =1, ¢'(0,A)=H.

Therefore, the asymptotic formulae (2.2.45) are also valid for the function §(x,A). From
this we arrive at (2.2.46). O

Theorem 2.2.5. The boundary value problem L has a countable set of eigenvalues
{Mn}n>0. For n— oo,

Pn = \/EZIH—%—F%, {xu} € b, (2.2.49)
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o(x,\,;) = cosnx+ &n(x)’ 1€q(x)] <C, (2.2.50)

n

where

1 I
m:h+H+—/ q(t)dt.
2 Jo

Here and everywhere below one and the same symbol {k,} denotes various sequences
from I, and the symbol C denotes various positive constants which do not depend on x, A
and n. We remind that {x,} € I, means ¥, |k,|> < (seee.g. [13]).

Proof. 1) Substituting the asymptotics for @(x,A) from (2.2.45) into the right-hand
sides of (2.2.47) and (2.2.48), we calculate

B sinpx | 1 ¥ , B exp(|t|x)
©(x,A) = cospx+ ¢ (x) 5 +2p/0q(t)s1np(x 2t)dt+0<7p2 ),

)

1 X
¢ (x,0) = —psinpx—l—ql(x)cospx—i—EA q(t)cosp(x—Zt)dt+O<eXp(pmx))

where |
@ =h+ [Cawar
0
According to (2.2.41), A(A) = ¢'(n,A) + Ho(m,A). Hence,
A(L) = —psinpm+ wcos pr+K(p), (2.2.51)

where
K(p) = ;/O q(t)cosp(n—2t)dt+0(;exp(|‘cn)>.

Denote
Gs={p:|p—k|>98,k=0,£1,£2,...},6>0.

Let us show that
|sinpm| > Csexp(|t|n), p € Gs, (2.2.52)

[AM)| = Cslplexp(|tim), p € Gs,[p| =7, (2.2.53)
for sufficiently large p* = p*(d).

Let p = o +it. Itis sufficient to prove (2.2.52) for the domain

11
=1p: -, = > >0f.
Di={p: 0 |~55] 720,19l 29)

Denote
6(p) = | sinpr| exp(~ ).
Let p€ Dg. For t<1, 6(p)>Cs. Since

exp(ipm) — exp(—ipm)

sinpm =
p 2 )
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we have for t> 1,

1
i
Thus, (2.2.52) is proved. Further, using (2.2.51) we get for p € Gg,

A(A) = —psinpn <1 +0 <:)>> )

and consequently (2.2.53) is valid.

1
0(p) = 3 |1 —exp(2iom) exp(—2tm)| >

3) Denote
O,={A: A= (n+1/2)%}.

By virtue of (2.2.51),

A) =f(A)+g),  f(A) =—psinpm, [g(A)] < Cexp(|t|m).

According to (2.2.52), |f(A)| > |g(A)|, A €T, for sufficiently large n (n > n*). Then
by Rouche‘s theorem, the number of zeros of A(A) inside I',, coincides with the number of
zeros of f(A) = —psinpm, i.e. it equals n+ 1. Thus, in the circle |A| < (n+1/2)? there
exist exactly n+ 1 eigenvalues of L: Ag,...,A,. Applying now Rouché‘s theorem to the
circle ¥,(8) = {p: |p —n| <38}, we conclude that for sufficiently large n, in v,(8) there
is exactly one zero of A(p?), namely p, = v/A,. Since & > 0 is arbitrary, it follows that

Ppn=n+¢€, €, =o0(l),n— oo (2.2.54)
Substituting (2.2.54) into (2.2.51) we get
0=A(p2) = —(n+¢&,)sin(n+¢,) T+ wcos(n+&,)T+ Ky,

and consequently
—nsing, T+ wcosE, T+ K, = 0. (2.2.55)

1
sing, T = O () ,
n
1
€, =0 (> .
n

Using (2.2.55) once more we obtain more precisely

Then

1.e.

O K,
€, = —

T on’

i.e. (2.2.49) is valid. Using (2.2.49) we arrive at (2.2.50), where

Eu(x) = (h—i-;/oxq(t)dt—x?t) —xKn) sinnx

% /qu(z) sinn(x —2r)dt + 0(%).
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Consequently |&,(x)| < C, and Theorem 2.2.5 is proved. O
By virtue of (2.2.42) with x ==

By = (9(m, 1))~
Then, using (2.2.43), (2.2.44) and (2.2.50) one can calculate

T Ky Ky

=2+ = (1)

. 2.2.56
2 n n ( )

Since A(A) has only simple zeros, we have
sign A(A,) = (—1)"!

for n > 0.

Theorem 2.2.6. The specification of the spectrum {A,}n,>0 uniquely determines the
characteristic function A(LN) by the formula

A =1(ho — A ﬁ

(2.2.57)

Proof. Tt follows from (2.2.51) that A(A) is entire in A of order 1/2, and consequently
by Hadamard‘s factorization theorem, A(A) is uniquely determined up to a multiplicative

constant by its zeros:
d A
=C 1—— 2.2.58
ne-2) @25

(the case when A(0) = 0 requires minor modifications). Consider the function

A(L) == —psinpr=—Axn]] (1 — k)
n=1

n2
Then o - s \ s

A N 1 n—n

= =C — 1 .

Ay~ omh ,,Ul%n,[[]< )
Taking (2.2.49) and (2.2.51) into account we calculate

A(Y)
=A())

= Ay —
li 1 =1
)

A
72 .

CZﬂZ?Loﬁ i
n=1"

Substituting this into (2.2.58) we arrive at (2.2.57). O

=1,

and hence
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Now we are going to prove that the system of the eigenfunctions of the Sturm-Liouville
boundary value problem L is complete and forms an orthogonal basis in L, (0, 7). This the-
orem was first proved by Steklov at the end of XIX-th century. We also provide sufficient
conditions under which the Fourier series for the eigenfunctions converges uniformly on
[0,7t]. The completeness and expansion theorems are important for solving various prob-
lems in mathematical physics by the Fourier method, and also for the spectral theory itself.
In order to prove these theorems we apply the contour integral method of integrating the
resolvent along expanding contours in the complex plane of the spectral parameter (since
this method is based on Cauchy ‘s theorem, it sometimes called Cauchy ‘s method).

Theorem 2.2.7. (i) The system of eigenfunctions {Q(x,A,)}n>0 of the boundary value
problem L is complete in L,(0,T).
(ii) Let f(x), x € [0,7] be an absolutely continuous function. Then

. o
10 = L angleh), an= oo /0 £t ) dr, (2.2.59)

and the series converges uniformly on [0,T].
(iil) For f(x) € L»(0,m), the series (2.2.59) converges in L,(0,m), and

oo

T
/ |f(x)]}dx = Z o |an|?  (Parseval‘s equality) . (2.2.60)
0 n=0

Proof. 1) Denote

Geay =L | PEMYER), s
Xt A) = ———
AN o, Mwxn), x>1,

and consider the function

Y(x, ) = /0 " G ) f(t) de

_ ‘A<1>»> (vt [otn 0 +ot) [l @) ar).

The function G(x,t,A) is called Green‘s function for L. G(x,t,A) is the kernel of the in-
verse operator for the Sturm-Liouville operator, i.e. Y (x,A) is the solution of the boundary
value problem

Y =Y + f(x) =0, } (2.2.61)

uy)=v(Yy)=0;
this is easily verified by differentiation. Taking (2.2.42) into account and using Theorem

2.2.4 we calculate

1
Res Yo h) == 2

(weeha) [ o2 s 0)dr

o) [l S0 dr)
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and consequently,

Res ¥ () = - Af;n)w,xn) [ et 1) an

By virtue of (2.2.44),

Y(x, ) = Otn(p(x, An) A " FO)0(t A dr. (2.2.62)

—/n

2) Let f(x) € L»(0,m) be such that

/nf(t)cp(t,kn)dr =0, n>0.
0

Then in view of (2.2.62),
Sas Y(x,A) =0,

and consequently (after extending Y (x,A) continuously to the whole A - plane) for each
fixed x € [0, 7], the function Y (x,A) is entire in A. Furthermore, it follows from (2.2.45),
(2.2.46) and (2.2.53) that for a fixed 8 > 0 and sufficiently large p* > 0

C
|Y<x,>»>|sﬁ, pEGs, |p| > p".

Using the maximum principle and Liouville‘s theorem we conclude that Y (x,A) =0. From
this and (2.2.61) it follows that f(x) =0 a.e. on (0,m). Thus (i) is proved.

3) Let now f € AC[0,7] be an arbitrary absolutely continuous function. Since @(x,A)
and y(x,A) are solutions of (2.2.37), we transform Y (x,A) as follows

() =~ () [ 0700+ a0t 1)1 0 d

o) [ VA v M) F ) ).

Integration of the terms containing second derivatives by parts yields in view of (2.2.40),

Y(x,A) = fgj‘) - % (212 + (e, (2.2.63)

where
215:0) = 75 (W) [ 0000 ar
o) [Cevenar). gl)= )
22(x.0) = 735 (WO ) +H (g 1)

Py [ a2 0) i+ o) [ awn) 7 0)dr).
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Using (2.2.45), (2.2.46) and (2.2.53), we get for a fixed & > 0, and sufficiently large p* >
0:

< — > p*. 2.
Orgjgﬂlzz(x,%)\ SE pEGs |pl>p (2.2.64)
Let us show that
1 = 2.
g e |2 (e A)] = (2263
N

First we assume that g(x) is absolutely continuous on [0,7]. In this case another integra-
tion by parts yields

1
A(A)

ye) [ ¢ 00— o) [ g 0wl har).

X

Z1(0%) = 5o (Wer Mg 0.2+ 96 A)gle)wie, )|

By virtue of (2.2.45), (2.2.46) and (2.2.53), we infer

max |Z;(x,A)] <

0<x<nm lpl’

peGs, |pl[=p"

Let now g(¢) € L(0,m). Fix € > 0 and choose an absolutely continuous function ge()

such that
€
)| dt
/ |8(1) —ge(t)ldr < 5~
where |
C" = max sup —— (ka/@t?t )| dt
0<x<Tpe gy |A(A)] | | | |

T
+Hep(x, 4| / W (e dr).
Then, for p € Gg, |p| > p*, we have

max [Z;(x,1)] < max |7 (x hige)|

0<x<m
e Clg)
o — < -4+ —=.
+0r£3§Xn’ZI(X77\"g ge)‘ ) + |p‘

Hence, there exists p° > 0 such that

max |Z;(x,A)| <€
0<x<m

for |p| > p®. By virtue of the arbitrariness of € > 0, we arrive at (2.2.65).

Consider the contour integral

Y (x,\)d,
I'n
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where Ty = {A: |A| = (N +1/2)?} (with counterclockwise circuit). It follows from
(2.2.63)-(2.2.65) that

In(x) = f(x)+en(x), lim max |ey(x)|=0. (2.2.66)

1
N—oo 0<x<m

On the other hand, we can calculate Iy(x) with the help of the residue theorem. By virtue
of (2.2.62),

N
IN(x) = ;)an(p(x77\‘n)7

where |
= — / F)(t, M) di.
oy, Jo
Comparing this with (2.2.66) we arrive at (2.2.59), where the series converges uniformly on
[0,7], i.e. (ii) is proved.

4) Since the eigenfunctions {@(x,A,;)},>0 are complete and orthogonal in
L,(0,m), they form an orthogonal basis in L,(0,7), and Parseval‘s equality (2.2.60) is
valid. Theorem 2.2.7 is proved. O

We note that the assertions of Theorem 2.2.7 remain valid also if #; =0 and/or H; =0
provided f(0) =0 and/or f(m)=0.

Let us show that the Sturm-Liouville problem (2.2.34)-(2.2.35) can be reduced to the
case (2.2.36).
Step 1. It follows from (2.2.34) that

kY (1) ~ K Q)Y () + g(x)Y (x) = Ap ()Y (x),

and consequently,

—Y"(x)+ p(x)Y'(x) +qo(x)Y (x) = Mr(x)Y (x), O0<x<I, (2.2.67)
where N
P =~ ) =L =55 >0

‘We make the substitution
1 X
Y(x) = exp <2/ p(s) ds> Z(x). (2.2.68)
0

Differentiating (2.2.68) we calculate

v =exe (5 [ poas) (200+ 75 20)

v e (3 [ plo)as)

X <Z”(x) +p(0)Z' (x) + (” © p2(x)> Z(x)> .
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Therefore, equation (2.2.67) is transformed to the following equation with respect to Z(x) :

~Z"(x) +a(x)Y (x) =Ar(x)Z(x), 0<x<I, (2.2.69)
where / )
a(x) = gol) ~ 2 1 .

The boundary conditions (2.2.35) takes the form

hZ'(0) — hoZ(0) =0, } (2270)
H\Z'(I) +HoZ(l) =0,
where hip(0) Hip(l)
ho=h—=C5 Hy =+ =2
Step 2. Denote l
R(x) = /r(x) >0, T= /0 R(t)dx.
We make the replacement
£ A "R)dr, 2(E) = VR@Z(). (2.2.71)
It follows from (2.2.71) that LZ: = R(lx);x Hence
dz 1 , R'(x) .
&~ R Y kiR A
e, RU6)  3RGP
&~ RoVRG . T <2R2(x)\/R(x) 4R (x) R(x)> ).

Therefore, the boundary value problem (2.2.69)-(2.2.70) is transformed to the following
boundary value problem with respect to z(§) :

2
—ddzéf) +PE)z(E) =Az(E), 0<E<T, (2.2.72)
7(0) —az(0) =0, Z(T)+PBz(T)=0, (2.2.73)

where
_RW REP, aw
PO =0~ 4R T R
_ ) 5P () alx)
C42(x) 1683(x) * r(x)’
he  R(0)

%= R0) T 2R2(0)’
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Step 3. We make the substitution

nzﬁ, y(n)=z(Tn>-

T b8

Then the boundary value problem (2.2.72)-(2.2.73) is transformed to the following bound-
ary value problem with respect to y(n) :

_d*y(n)
dn?

Y'(0) = agy(0) =0, ¥ () +Boy(T) =0,

+0M)y(M) =wy(n), 0<n<m,

where
T2

om=1r(5n). u=n

T
oy = —a, —_—
0 Bo ﬂB

Thus, we have reduced the Sturm-Liouville problem (2.2.34)-(2.2.35) to the form
(2.2.36). Using the results obtained above we conclude that the following theorem holds.

Theorem 2.2.8. (1) The boundary value problem (2.2.34) — (2.2.35) has a countable
set of eigenvalues {\, }n>0. They are real and simple (i.e. A, # A for n#k), and

on= Vi=""1 0 <:l> n—s oo (2.2.74)

T

T/ﬁ

For each eigenvalue ), , there exists only one (up to a multiplicative constant ) eigenfunc-
tion Y, (x). For n — oo,

_ ;cos L N0 § .
Yn(x) - (k(x)p(x))l/4 ( T ,/0 k(s) ¢ ) o <n>

uniformly in x € [0,1].
(2) The -eigenfunctions related to different eigenvalues are orthogonal in

Lr,(0,1), ie

where

/OlYn(x)Yk(x)p(x)dx:O for n#k.

The system of eigenfunctions {Y,(x)}n>0 is complete in L ,(0,1).
(3) Let f(x), x€[0,I] be an absolutely continuous function. Then

X) = i anYy(x)
n=0
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where
1 1

! 2
a= o [ TN o= A Y2 (x)p (x) dx.

and the series converges uniformly on [0,1].

4.3. Since nontrivial solutions of problem (2.2.34)-(2.2.35) exist only for the eigen-
values A = A, of the form (2.2.74), it makes sense to consider equation (2.2.33) only for
A=A,

Tu(t) +paTu(t) =0, n>0, X =p;.

The general solution of this equation has the form

sinp,t

T,(t) =A, + B, cosput, n>0,

n
where A, and B,, are arbitrary constants. Thus, the solutions of the auxiliary problem have
the form
inp,t
U (x,1) = <Ansmpp” + B, cos p,,t) Y,(x), n=0,1,2,... (2.2.75)
n
We will seek the solution of the mixed problem (2.2.27)-(2.2.29) by superposition of
standing waves (2.2.75), i.e. as a formal series solution:

ux,)= Y <A,, S0 Pnt +Bncospnt) Y (x). (2.2.76)

n=0 n

By construction the function u(x,?) satisfies formally equation (2.2.27) and the boundary
conditions (2.2.28) for all A, and B,. Choose A, and B, such that u(x,t) satisfies also
the initial conditions (2.2.29). Substituting (2.2.76) into (2.2.29) we calculate

d(x) = f‘anYn(x)7 Y(x) = i)AnYn(x),

and consequently,

1 )
B,=— [ ®(x)Y,(x)p(x)dx,
% /0 (2.2.77)

l
A, = ; /O W ()Y, (x)p(x) dx.

Thus, the solution of the mixed problem (2.2.27)-(2.2.29) has the form (2.2.76), where the
coefficients A,, and B,, is taken from (2.2.77).
We note that the series in (2.2.76) converges uniformly in D := {(x,7): 0<x <[t >
0}. Indeed, let
oY (x) := — (k(x)Y'(x))" + q(x)Y (x).
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Since 4yY,(x) = Ayp(x)Y,(x), it follows from (2.2.77) that

A, =

/ P, () dix

(e }Vn 0

= (xnk "(x)) dx+

/ Y(x)q(x)Y,(x)dx.

Ol Ay

Integrating by parts twice the first integral we get

Au= o (Y (1 () = 7))

'Y, () dx +

1
oc,,lxn /0 P(x)q(x)Y(x) dx.

The substitution vanishes since the functions W(x) and Y,(x) satisfy the boundary condi-

tions (2.2.35). Therefore,
1 I
A, = Yo(x)Y,(x)d
. Otnkn/o 0(x)Y,(x)dx

where Wy (x) := o¥(x). Similarly,

(O 7\,,1 0

" an}\fn 0
where ®p(x) := yP(x). Taking the asymptotics for A, and ¥,(x) into account (see The-
orem 2.2.8) we conclude that the series (2.2.76) converges uniformly in D.

2.3. The Goursat Problem

The Goursat problem is the problem of solving a hyperbolic equation with given data on
characteristics. Therefore, this problem is also called the problem on characteristics. It
is convenient for us to consider the canonical form of hyperbolic equations for which the
characteristics are parallel to the coordinate axes. For simplicity, we confine ourselves to
linear equations. So, we consider the following Goursat problem:

Uy = a(x,y)ux +b(x,y)uy +c(x,y)u+ f(x,y), (x,y) €Il (2.3.1)

Ux=xy = (P(y)7 Uly=y, = Ip(x) (232)

Here x,y are the independent variables, u(x,y) is an unknown function and IT= {(x,y) :
xo <x<xy,y0 <y<yp} is arectangle (see fig. 2.3.1). Equation (2.3.1) has two families
of characteristics x = const and y = const. . Thus, the conditions (2.3.2) are conditions on
the characteristics x = xg and y = yy.
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Y
) J [ T
I1
S | |
V.X
X0 X1
Figure 2.3.1.

Definition 2.3.1. The function u(x,y) is called a solution of problem (2.3.1)-(2.3.2)
if u(x,y) is defined and continuous with its derivatives uy,uy,uy, in the rectangle IT and
satisfies (2.3.1) and (2.3.2).

Theorem 2.3.1. Let the functions a,b,c,f be continuous in 11, and let the functions
¢ and Y be continuously differentiable with ©(yo) = Y(xo). Then the solution of problem
(2.3.1) — (2.3.2) exists and is unique.

Proof. 1) We reduce the Goursat problem (2.3.1)-(2.3.2) to an equivalent system of
integral equations. Suppose that the solution u(x,7) of problem (2.3.1)-(2.3.2) exists. Put

V=Uy, W= Uy
Then

vw=av+bwtcu+f, we=av+bwtcut+f, u,=w. (2.3.3)
Integrating (2.3.3) and taking (2.3.2) into account we obtain

vy =@+ [ (av+bwtcut £)(xn)dn,
Yo

w(x,y) = +/ (av+bw+cu+ f)(&,y)dE, (2.3.4)

x)+ / w(x,m)d
Vs
Thus, if u is a solution of problem (2.3.1)-(2.3.2), then the triple u,v,w is a solution of the
system (2.3.4).

The inverse assertion is also valid. Indeed, let the triple u,v,w define a solution of the
system (2.3.4). Differentiating (2.3.4) we deduce that the equalities (2.3.3) hold. Moreover,

y

ue(x,y) = W' (x) 4+ | wx(x,n)dn

Yo

=W+ [ (@ bwrcut f)xm)dn = vix).
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Thus u, = v. Together with (2.3.3) this yields that the function u(x,) is a solution of
equation (2.3.1). Furthermore, it follows from (2.3.4) for x = xy and y = y¢ that

u(x,y0) = W(x),

me—W&@f@WWMWM—WwwﬁKWmMH—MW

i.e. u(x,y) satisfies the conditions (2.3.2). Thus, the Goursat problem (2.3.1)-(2.3.2) is
equivalent to the system (2.3.4).

2) We will solve the system (2.3.4) by the method of successive approximations. Put

mmw:wm+yﬁwmm,

W) =90+ [ &) de,
uo(x,y) = y(x),

y
Vn+1(x7y):/ (avn +bwn+cun)(x7n)dn7
Yo

Wn+1(xvy) :/ (avn+bwn+cun)(gvy)d§7 (235)

X0
y

un+1(x,y)=/ W'l(x7n)dn'

Yo
Take the constants M >0 and K > 1 such that

luol, [vol, |wo| <M, |a|+|b|+|c| < K.
Using (2.3.5), by induction one gets the estimates:

(x+y—x0—yo0)"
n! '

‘Vn(xvy)‘>’Wn(xay)lvlun()@y)‘ < MK" (236)

Indeed, for n = 0 these estimates are obvious. Fix N > 0 and suppose that estimates
(2.3.6) are valid for n = 0,N. Then, using (2.3.5) and (2.3.6) we obtain

y
hwﬂuyﬂs/"MKqumﬂ+wumn
Yo

(x+M—xo—yo)"
N!

+lelxm)l) dn,

and consequently,

Y (x+M—x0—yo)V

w1 (x, )| < MEN! / = dn
Yo :
— MEN*! (x+n—x0—yo)M'|" < MEN+! (x+y—x0—yo)"*!
(N+1)! o (N+1)!
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For w, and u, arguments are similar.
By virtue of (2.3.6), the series

\

() = ¥ (x),
V(x7y) = iovn(x)y)? (237)

W()C,y) = iown(xvy)

converge absolutely and uniformly in IT (since they are majorized by the convergent nu-
S K" (x1+y1—x0—y0)" ), and

merical series M

!
n—0 n:

v (e )15 [w(e,y), [ulx,y)| < Mexp(K (x1 +y1 = xo0 = yo))- (2.3.8)

Obviously, the triple u,v,w, constructed by (2.3.7), solves system (2.3.4).

3) Let us prove the uniqueness. Let the triples (u,v,w) and (&, 7,w) be solutions
of system (2.3.4). Then the functions u* =u—i, v: =v—7, w* =w—Ww satisfy the
homogeneous system

y
v (x,y) = / (av* +bw" +cu’)(x,n) dn,
0

w*(x,y) = /xx(av* +bw* +cu*)(&,y)dE,

0

wxy)= [ " (e m) dn.

0

Since the functions u*,v*,w* are continuous in II, there exists a constant M; > 0 such
that |u*|, |v*|,|w*| < M;. Repeating the previous arguments, by induction we obtain the
estimate

(x+y—x0—y0)"

|v*(x,y)|,|w*(x,y)\,\u*(x,y)|ngK" !

As n — oo this yields u*(x,y) =v*(x,y) = w*(x,y) = 0. Theorem 2.3.1 is proved. 0
Let us study the stability of the solution of the Goursat problem.

Definition 2.3.2. The solution of the Goursat problem is called stable if for each
£ > 0 there exists &= §(g) > 0 such that if [@™)(y) — 6™ (y)] <8, WM™ (x) —FV (x)| <
8, v=0,1, x € [xo,x1], ¥ € [yo,y1], then [u(x,y) —i(x,y)| <€, |uc(x,y) —dix(x,y)] <
€, |uy(x,y) —iiy(x,y)] <€ forall (x,y) €Il Here i(x,y) is the solution of the Goursat
problem for the data @, .

Let us show that the solution of problem (2.3.1)-(2.3.2) is stable. Indeed, denote u* =
Uu—ad, vi=v—79, wr=w—w, 0" =0—-0, y*=y—J, f*=0. By virtue of (2.3.8),

"}*(xvy)‘v |W*(xay)|a |u*(x,y)| < M exp(K(xl +yl — X0 —)’0)),
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where
M* = max(max [y (x)], max [y’ (x)], max o™ (y)]) < 8.
X X y

Choosing & = eexp(—K(x; +y1 —xo —yo)) and using the relation M* < 9§, we get
| (x,y)|, [v*(x,y)], [w* (x,y)| < €. Thus, the Goursat problem (2.3.1)-(2.3.2) is well-posed.

Now we reformulate the results obtained above for another canonical form of hyperbolic
equations. We consider the following Goursat problem

Upy — Ugr +a(X, )ty +b(x, )ty + c(x,t)u = f(x,1), (2.3.9)

(x,1) € Axo,10),
u(x,x—xo+1t) =@(x), ulx,—x+x0+1)=y(x), (2.3.10)

where
Axo,t0) ={(x,2)) s t—to+x0 <x < —t+1to+x0,0 <1t <tp}

is the characteristic triangular (see fig. 2.4.1). Equation (2.3.9) has two families of charac-
teristics x4+t = const and x —t = const. Thus, the conditions (2.3.10) are conditions on
the characteristics I} : t =x—xo+1ty and I, : t = —x+ xg + ty. Problem (2.3.9)-(2.310)
can be reduced to a problem of the form (2.3.1)-(2.3.2) by the replacement:

x=&-n+n, r1=&+n—x

This yields
r+x xp—1o t—x xp+1t

Indeed, denote
a(&mn) =u€—n+1,5+n—x0) = u(x,1).

Then u, = (ifg — i) /2, w; = (ifg +1iy)/2, Uex — Uy = —ilgy, and consequently, equation
(2.3.9) takes the form

iteq = a(§,n)itg + b(E,M)in + &)+ f(E,m), (2.3.11)
where ) )
d:a; )I;:_a; 75:C7f:_f'

The characteristics I; and I, of equation (2.3.9) are transformed into characteristics of
equation (2.3.11) =1y and & = x¢, respectively, and conditions (2.3.10) become

i(&10) = 9(8), d@(xo,m) =WY(n),

where ®(&) =@(&), ¥(n) = y(—Mm—+xo+1o). Therefore, the following theorem is a corol-
lary of Theorem 2.3.1.

Theorem 2.3.2. Let the functions a,b,c,f be continuous in A(xo,ty), and let the
functions @ and y be continuously differentiable with ¢(xo) = W(xo). Then the solution
of the Goursat problem (2.3.9) —(2.3.10) exists and is unique.
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2.4. The Riemann Method

Riemann’s method is a classical technique for solving the Cauchy problem for hyperbolic
linear equations in two variables; in particular it provides information for domains of
dependence and influence for solutions.

We consider the following Cauchy problem
Uy — Uy +a(X, 1)ty +D(x, )1y 4 c(x,0)u = f(x,1), (2.4.1)
—oo L x < oo, >0,

Ujr=0 = o(x), Us|1=0 = W(x). (2.4.2)

Denote D = {(x,t): —oo < x < oo, t > 0}. Suppose that a,b € C'(D), ¢,f €C(D), ¢ €
C?(R),y € C!(R).

Definition 2.4.1. A function u(x,?) is called a solution of problem (2.4.1)-(2.4.2) if
u(x,t) € C2(D), and u(x,t) satisfies (2.4.1) and (2.4.2).

Derivation of the Riemann formula. Denote

Lu = Uy — Uy + auy + bu; + cu,

LV = vy — vy — (av)x — (bu); +cv.

Fix a point (xo,%)) and consider the characteristic triangular A(xo,%0) = {(x,¢) : t — 19+
xo <x< —t+19+x0,0<t<t} (see fig. 2.4.1) with vertices at the points M = (xo,1) ,
P = (xo—19,0) and Q = (xo+10,0). The boundary dA of A consists of three segments:
JA=1UL UL, where

L =MP:={(x,t): t =x—x0+1p,x0—to <x<xo0},

L =0M:={(x,t): t = —x+x0+to,x0 <x <x0+1o},

L :@:: {(x,t) 1 t=0,x0—19 SXSXO+10}.

M = ()C(),t())

I I
A A(xo,t0) AN

P = (xg—19,0) I3 0 = (x0+10,0)

fig. 2.4.1
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Suppose that the solution u(x,t) of problem (2.4.1)-(2.4.2) exists. Let v(x,t) € C*(D)
be an arbitrary function. Since

vLu—uLl*v = (viy —uvy +auv), — (vuy — uvy — buv),,
it follows from Green’s formula that

/ (vLu—uLl*v)dxdt
A

= L (vuy — uvy — buv) dx + (vuy — uvy + auv) dt (2.4.3)
A

(with counterclockwise orientation of dA). Let us transform the integral along the bound-

ary. We have
ITATATA
oA Jn Jn Jn

1)On I} : t =x—xo+1ty, dt =dx. Denote
o (x) =u(x,x—x0+1), Pi1(x)=v(x,x—x0+1).

Then o) (x) = (ux + 1) jt—x—xo+10> BT(X) = (Vx + V1) j=x—xo41,» and consequently,

A _/A:(v(u,—|—ux)—u(vt+vx)+(a—b)uv) (x,x—x0+19) dx

= [ (B (e () — o OB (o)
+(a—b)(x,x —xo+10)0 (x)B1 (x)) dx.

Integrating by parts the first term we get

= (Biwou ()]
[ = (i),

P
_ /M o (x) (2B (x) — (@ — b) (x,x — 30 +10)B1 (x)) dx.
Impose a first condition on the function v(x,7), namely:
2B (x) — (a— b) (x,x — x0 +10)B1(x) = 0.

Solving this ordinary differential equation we calculate

v(x,x —x0 +1y) = exp <; A:(a —b)(&,E—x0+10) d&) . (2.4.4)

Then
/1 = ulP)(P) —u(M)v(M). (2.4.5)
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2)On I : t = —x+xo+1y, dt = —dx. Denote
o (x) =u(x,—x+x0+1), Pax)=v(x,—x+x0+1).

Then OL/Z (%) = (ux— ut)\l:—x+xo+toa [3/2 (x) = (ve — vt)\t:—x+xo+toa and consequently,

/12: /M (v(uy — uy) —u(vy — vy) — (@+b)uv) (x, —x+x0 +19) dx

0

M
= /Q (—Ba(x)0ts (x) + 0 (x) B (x)

—(a+b)(x,—x+x0+19)0(x)B2(x)) dx

Integration by parts yields
M
| == (Ba0)0a) )|
L Q

M
+ /Q o2 (x) (2B (x) — (a-+b) (x, —x+x0 +10)Ba (x)) dx
Impose a second condition on the function v(x,7), namely:
2[3/2 (x) —(a+b)(x,—x+x0 +10)B2(x) = 0.

Solving this differential equation we calculate

v(x, —x+x0 +1)) = exp (; l:(a—i—b)(é, —&+x0+10) d&) . (2.4.6)

Then
= u()(©) ~uvtyv(on). (2.4.7)

3)On L: t=0,dt =0, and consequently,

xo—‘rlo
/ / (v, 0)W(x) — vy (x, 0)(x) — b(x, 0)w(x, 0)p(x)) . (2.4.8)
I X
Impose a third condition on the function v(x,), namely:
L'v=0, (x,1)€A. (2.4.9)

Since (2.4.9), (2.4.4) and (2.4.6) is a Goursat problem, the function v(x,#) exists and is
unique, it is called the Riemann function. We note that v(x,t) = v(x,t;x0,%), i.e. the
Riemann function depends on the point (xo,%y). Substituting (2.4.5), (2.4.7), (2.4.8) and
(2.4.9) into (2.4.3) and solving this with respect to u(xo,%), we obtain

1

u(xo,10) = > (@(xo +10)v(x0 +10,0) + @(xo — o) v(x0 — 19,0))

1 X0+t
+5 / (v(x; 0)yr(x) = vi (x,0)0(x) — b(x, 0)v(x,0)9(x)) dx

Xo—To



Hyperbolic Partial Differential Equations 53

xXo+to—t
/ / Flxt)dxdt. (2.4.10)
X

0+t—to

Formula (2.4.10) is called the Riemann formula. Thus, we have proved that if the solution
of problem (2.4.1)-(2.4.2) exists, then it is represented by formula (2.4.10). In particular,
this yields the uniqueness of the solution of problem (2.4.1)-(2.4.2). One can verify (see,
for example, [3, Ch.5]) that the function u, represented by (2.4.10), is really a solution of
problem (2.4.1)-(2.4.2). We note that the existence of the solution of problem (2.4.1)-(2.4.2)
can be proved independently by the method described in Section 2.3.

In some particular cases the Riemann function can be constructed explicitly.

Example 2.4.1. Consider the following Cauchy problem for the non-homogeneous
equation of a vibrating string:

Uy — Uy = f(x,1), —oo<x<oo t>0,
e~ e = F (1) } (2.4.11)

Up=0 = ®(x), Ut|r=0 = W(x).

This is the particular case of problem (2.4.1)-(2.4.2) when a = b = ¢ = 0. Clearly, in this
case v(x,t) = 1, and the Riemann formula (2.4.10) takes the form

1 1 X+t
u(e.t) = 5 (@0 +o—0)+5 | wls)ds
X+1— 1:
/ / f(s,7)dsdr. (2.4.12)
X—t+T

Compare (2.4.12) with (2.1.11)!

Example 2.4.2. Consider the Cauchy problem (2.4.1)-(2.4.2) for the case, when the
coefficients a,b and ¢ are constants. Without loss of generality one can assume that a =
b =0 (this can always be achieved by the replacement u(x,7) = ii(x,t) exp(—ax/2+bt/2) ).
Thus, we consider the following Cauchy problem

Uy — Uy Hcu = fx,1), —oco<x<oo, t>0;, c#0,
o ®0) } (2.4.13)
Ur=0 = o(x), Upr=0 = W(x).
For the Riemann function we have the Goursat problem
Vix — Vi +cv =0,
(2.4.14)
Vit=x—xo+tg = L, Vit=—x+xo+tg — L.

We seek a solution of (2.4.14) in the form

v(x,t) =w(z), where z= \/(t —10)% — (x—xp)>2.

Clearly, if the point (x,¢) lies on the characteristics /; or I, then z =0, moreover z > 0
inside the triangular A(xg,#). Since

dz t—ty 0z X—Xp

oz o ox  z
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we have 5 )
Vx:_W/x‘_xO-; Vxxzwllioc_éx()) —W/l—W/‘(x_;CO) ’
Z Z Z Z
t—t t—1o)? 1 t—ty)?
v =w 0 . vn= W ( 20) +w = —w ( 30) )
Z Z Z Z
Substituting this into (2.4.14) we obtain
I W/(Z)
w'(z) + —cew(z) =0, w(0)=1. (2.4.15)
Z

The replacement & = \/—cz, y(§) = w(z) in (2.4.15) yields

Y(E) + y’(f) 1y =0, y0)=1,

and consequently,

-3 oy (§) i ()

is the Bessel function of zero order [1, p.636]. Thus, the Riemann function has the form

where

v(x,t) =Jo <\/—c((t —19)% — (x—x0)2)> .

2.5. The Cauchy Problem for the Wave Equation

We consider the following Cauchy problem
uy =Au, xeR> 1>0, (2.5.1)

=0 = P(X),  Urr=0 = Y(x). (25.2)

Here x = (x1,x2,x3) € R?, t >0 are independent variables, u(x,t) is an unknown function
and X
u
Au = Z —
2
=1 9%
is the Laplace operator. Denote D = {(x,): x € R t >0}.

Definition 2.5.1. A function u(x,7) is called a solution of (2.5.1)-(2.5.2), if u(x,t) €
C%(D), and u(x,t) satisfies (2.5.1)-(2.5.2).
Fix a point ¥ = (x9,x9,x}) € R® and denote by

3

r=lx=2" =4/} (u—xp)?
k=1
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the distance between the points x and xo. Let K(x*,a) := {x € R*: r < a} be the closed
ball of the radius o with center xo, and let here and below 0K (x°,a) := {x e R®: r = o}
be the corresponding sphere (the boundary of the ball K(x°, a)).

r

Lemma 2.5.1. A <1> =0.

Proof. Since
or  xp— x,(z

o, r
we have
Jd (1)  x— xg
oxy \r) 3
2 (1 1 N 3(x —x9)?
ox? \r 3 r ’
1
and consequently, A <> =0. |
r

Derivation of Kirchhoff’s formula. Fix a point (x°,#y) € R*. In the four-dimensional
space of variables (x,z) we consider the cone G with the vertex at the point (x°,#)), the
generator fo—t = r and the base K(x°,tj), in the hyper-plane # = 0 (see fig. 2.5.1). Put

_fo—t

v(x,t) = 1.
r

By virtue of Lemma 2.5.1, the function v(x,7) satisfies equation (2.5.1):
Vit = Av.

Moreover, v(x,t) > 0 inside the cone G, and v(x,7) =0 on the lateral surface of G. On
the axis of the cone we have x = x°, and the function v(x,¢) has a singularity.
Fix & > 0. Denote by

Q(x%,8) = {(x,r) ER*: r <38, >0}

the cylinder with the axis x = x° and of radius 8, and consider the domain Gg = G\
Q(x%,8) which is the cone without the cylinder (see fig. 2.5.1). The boundary S5 of G
consists of three parts:

S5 =S15US5US35,

where

Srs={(x1): to—t=r0<1r<1—3}

is the lateral surface of the cone, and
Sis={(x1): r=380<r<1 -8}

is the lateral surface of the cylinder.
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(XO’IO)
¢ |
1 |
fo—t=r i
25 Sis oo | ] x
* I e an
450 R 450
Si5 %0 ln—l

fig. 2.5.1

Suppose that the solution u(x,#) of problem (2.5.1)-(2.5.2) exists. Since u;; —Au and
— Av, it follows that

/ (u(vyy — Av) —v(uyy — Au)) dxdt =0,
Gs

and consequently,

0 39
/Gs (E)t uvy — viiy) ; o (uvy, —vuxk)> dxdt = 0.

Using the GauB3-Ostrogradskii formula , we calculate

a 39
/G ) at uvt vu, ;a— ”ka—ka) dxdt

3
= ((uvt—vu, )cos(n,t) Z Uvy, — Vily, ) cos(n, xk)> ds,
Ss =1

where n is the outer normal to the surface, and cos(n,t) and cos(n,x;) are the cosines of
the angles between the outer normal and the corresponding coordinate axes. Consequently,

3

/Sa ((vicos(n,r) =Y vy COS(”Jk)) u

k=1

3
—v(ut cos(n,t) — Y uy, cos(n,xk)>> ds =0.
k=1
Choose the direction [ such that

cos(l,t) =cos(n,t), cos(l,xx) = —cos(n,xx).

dv  du
/S5 <ual Bl> ds =0. (2.5.3)

Then
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99
"9l ot

W du\ ENCLINCU B
/Sw “ar S‘/Sw Yo Vo )
:/ ((P(x)+<m—l)\|l(x)>dx.
SLS r r

DOn §;5: n= ds =dx,t =0, and consequently,

As 8 — 0 we get

) dv  du o(x) /to
I ) as= (2-1) dx. 254
5122) Si (u ol val> ’ A(XOJO) < r ’ r W) ) dx ( )
2) On S, 5 the direction [ coincides with the direction of the generator of the cone,
d
hence v = Y 0 on §; 5. This yields

al

ov  du
-/Sz,a (ual - val) ds =0. (2.5.5)

3)On S35: r=39. Then

to—9d _
/ vaua’s:/O M—1 dt/ a—Mds.
s35 Ol 0 d K (x0,3) Ol

’ < C, we have

d
/ v—u ds
S35 ol

u

ol

Since

3

03 (9 —1
< 4n62c/ (0 - 1) dr < 43,
0

and consequently,

lim va—uds =0.

5—0 S35 al
= 0 0 0 9 _dv
Furthermore, on S35: [ = —n =7 := (x| —x],x2 — x3,x3 — x3). Therefore 3= 3 and
r
d 0 fo—t
/ u—vds:/ u—vds:/ <—02 >uds
S35 Ol S5 OF S35 r

[076
=—= to—t dt/ 1)d
82/0 lo=1) aK(XO,a)u(x )ds

tofs
= —47t/ (to — )u(x" 1) dt + J,
0

where
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By virtue of the continuity of u(x,), for each € > 0 there exists & > 0 such that if r <39,
then |u(x,t) —u(x®,t)| <& forall ¢ € [0,ty]. Therefore,

fo

l‘ofs
Js| < t—tdt/ d<47te/ to—1t)dt.
5| < 82/ o —ryae [ ds <ame [Nl

Thus, 5 o
. 1% . fo 0
tim | <ual al)ds _4n / (t0 — )u(x*, 1) dt. (2.5.6)
It follows from (2.5.3)-(2.5.6) that
o ! o) (fo
/O (t0—1)ua®,r)dr = / (xo,t(,)( ‘ +(r 1>\|I(x)) dx. (2.5.7)

Differentiating (2.5.7) twice with respect to #y, we calculate

=L ([, (52 pwo) )

14 o(x) 1 y(x)
(X [()) 4TC 8;0 / x() to) TdS—F E /aK(x0 IO) IO dS. (258)

Formula (2.5.8) is called Kirchhoff’s formula. Thus, we have proved that if the solution of
problem (2.5.1)-(2.5.2) exists, then it is represented by (2.5.8). In particular, this yields the
uniqueness of the solution of problem (2.5.1)-(2.5.2).

Theorem 2.5.1. Let ¢(x) € C*(R?), y(x) € C*(R?). Then the solution of the Cauchy
problem (2.5.1) —(2.5.2) exists, is unique and is represented by formula (2.5.8).

or

Proof. 1t is sufficient to prove that the function u(x,?), defined by (2.5.8), satisfies
(2.5.1)-(2.5.2). For this purpose we consider the following auxiliary function

1
w(x’ 1) = —/ @ds, (2.5.9)
41 Jok(:049) To
where f(x) is a sufficiently smooth function. In (2.5.9) we make the replacement x; =
0
Xk

O+l k=13 (e &= ). If x belongs to the sphere dK(x" 1), then &

10
belongs to the sphere dK(0,1), and ds, =t ds‘:. Consequently,

0,.\_ fo 0
w(x,t0) = - /a o/ 02 s (2.5.10)

It follows from (2.5.10) that the function w(xo,to) has the same smoothness properties as

f(x), and
Wiy—o = 0. (2.5.11)

Differentiating (2.5.10) we get

ow 1 0
871‘0 = 4Jt/aK(O.’l)f(x +t()§) dS
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+£t/ <Z T (0 +10E) - g) (2.5.12)

In particular, (2.5.12) yields

ow
al‘()
We note that in (2.5.12) &, = cos(n,&;). Therefore, applying the GauB-Ostrogradskii for-

= f(x%). (2.5.13)

to=0

mula and using (2.5.10) and the relation we obtain

9 _. 9
o ox’

ow  wxn) 1 30 [(df,
o (Zaa (G+09) )

k=1
W(x07t0) 1 / 3 82f
_ T —=(x) | dx.
to 4Tty K(x%19) kgl axl%( )

Thus, 0

ow  w(x" 1) 1

ow _ B 2.5.14

dto fo " 4t ¢ ( |
where

0 /xom (:lgif )d —/ dr/ o) (ig@)) ds.

Using (2.5.14) we calculate

Bzw_law w 1.8

- _ .7 o+ —
o 1o oy 1 4m2 4ty Oty

1 w 0 1 o
=\ Q ) Q = .3, Q>
o 4TClo ZO 47'5[ 475[0 al() 47ty al()
and consequently,
*w 1 3 92 f
— = — —(x) | ds. 2.5.15
atg 4t /BK(xO,to) (,;1 ax]% (x) ( )
In particular, this yields (as in the proof of (2.5.11)):
*w
hallid =0. 2.5.16
atg to=0 ( )

Differentiating (2.5.10) twice with respect to xg, we calculate

Pw 1 Rf 1 *f
7_7/ (x +108)ds / » —5(x)ds.

axgz 4m Jak(0,1) axk 4m0 0.10) ax,%
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Together with (2.5.15) this yields

Pw & Pw
= an

k=1

(2.5.17)

i.e. the function w satisfies the wave equation. Moreover, using (2.5.1) we deduce

9% [ow 3092 /ow
o <at0> =Y PR <8t0> , (2.5.18)

k=1

: . ow . .
i.e. the function — also satisfies the wave equation.

al‘()
Formula (2.5.8) has the form

u(xo,to) = xo,to) —i—wz(xo,to),

"

where the functions w; and w; have the form (2.5.9) with f = ¢ and f =, respec-
tively. Therefore, it follows from (2.5.11), (2.5.13) and (2.5.16)-(2.5.18) that the function
u, defined by (2.5.8), satisfies (2.5.1) and (2.5.2). Theorem 2.5.1 is proved. O

Let us study the stability of the solution of the problem (2.5.1)-(2.5.2).

Definition 2.5.2. The solution of problem (2.5.1)-(2.5.2) is called stable if for each
€>0 and T >0 there exists 6 =0(g,T') such thatif |@(x)—@(x)| <3, |w(x)—P(x)| <9,
‘aq)(x) — %W | < § forall x<R3, then lu(x,t) —ii(x,t)] <€ forall xe R®, 0<t <T.

oOxy Xy,
Here ii(x,t) is the solution of the Cauchy problem with the initial data ¢ and .

Let us show that the solution of problem (2.5.1)-(2.5.2) is stable. Indeed, we rewrite
(2.5.8) in the form

d [t 7
0, y_ 0 0 0 0
u(x’,19) = T <4n /aK(o,l)(P(x +t0§)ds> i /ak(m)wx +10€) ds

=— +10G)ds+ — +10G)d
in aK(o,l)W(X 0§)ds i aK(o,l)(P(x o) ds

+t—0/ ia—(P(xO+t§)-§ ds

4T JaK(0,1) =4 Oxi 05 TRk

For € >0, T >0 choose § =¢/(4T 4+ 1) and suppose that

Ip(x) _ 99(x)

<
axk E)xk 0

0(x) =9(x)] <3, [w(x) —P(x)| <3,

for all x € R?. Then

1 .
e, 10) =) < 3 [+ 108) — B+ 108) ds
T JOK(0,1)

1

— O+ 108) — p(x"+108)|d
31 Do, (907108 000+ 108) s
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¥ (32-22) (0 rug)

k=1 axk axk

ds <3(4T+1)=¢.

Io
=
4r Jak(0,1)

Thus, the Cauchy problem (2.5.1)-(2.5.2) is well-posed.

Hadamard’s method of descent

1) We consider the Cauchy problem for the two-dimensional wave equation:

uy =Au, xeR> 1>0, (2.5.19)
Ujr=0 = o(x), Urlr=0 = W(x). (2.5.20)
Here x = (x1,x2) € R%, t >0 are independent variables, u(x{,x2,¢) is an unknown function
0? 0?
and Au := a—lg + a—z is the two-dimensional Laplace operator. The solution of problem
Xy X

(2.5.19)-(2.5.20) can be obtained by a method which is similar to the one used above. How-
ever, it is more convenient to obtain the solution of problem (2.5.19)-(2.5.20) directly from
Kirchhoff’s formula (2.5.8) (i.e. consider problem (2.5.19)-(2.5.20) as a particular case of
problem (2.5.1)-(2.5.2)).

For this purpose we consider problem (2.5.1)-(2.5.2) and suppose that the functions @
and v do not depend on x3. Let us show that in this case the function u(x°,y), defined
by (2.5.8), does not depend on xg, i.e. it is a solution of problem (2.5.19)-(2.5.20). Denote
p =1/ —20)2+ (11 —2)2. 6= 0(ad.x8.10) = {(x1.12) : p <1} is the disc of radius

to with center (x9,x9). Since 9K (x°,7)) = ST US~, where S* are the half-spheres x3 =

X +4/15 —p? (see fig. 2.5.2), it follows from (2.5.9) that

X3 4

ds

1 0 [2 5\ dxidxy
= — 15F— _—
47t /cf()q 2TV P )cos(n,x3)

X2
X1
Figure 2.5.2.
1 (%) L )
0
tg) = — ds+— | —=d
W(x,()) 4m Js+ to S+4TE s Iy s
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dx1dxp
2 2
47tto /f X133 =15 = )cos(n x3)

Let f be independent of x3. Since cos(7i,%3) = Oti (see fig. 2.5.3), we have
0

12 2

f(xlaxZ)

1

0

W 1) = - dxidx,.
(", 10) 21 /cs(x?,x(z)JO) tg —p? o

Figure 2.5.3.

In particular, this yields that the function w(x%,#)) does not depend on xJ. Thus, if in
(2.5.1)-(2.5.2) the initial data @ and y do not depend on x3, then the solution also does
not depend on x3, and Kirchhoff’s formula (2.5.8) takes the form

1 0
(x(l),x2at0) / (p(xsz) d)quz
xl 7x27[0)

27E al‘() tg . pz
1
o / VL) 4, (2.5.21)
27 o(x9x9,10) tg _ p2

Formula (2.5.21) is called the Poisson formula. It represents the solution of the Cauchy
problem (2.5.19)-(2.5.20).

2) Let us make one more step in Hadamard’s method of descent. Suppose that in
(2.5.21) the functions ¢ and W do not depend on x,. Then

_ 1 / ),
2T Jo(x0 9 10) tg—pz

1 x] +to x2+h de
/ (P X1 dxl/
X0

275 —to /

where h? =1 — (x; —x9)? (see fig. 2.5.4).
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X1
Figure 2.5.4.
Since .
0 +h
2th diy et A n
. ———— — arcsin——= :f—<—7):7c,
x3—h /tg _ p2 xg—h 2 2
we have
1 X(IJ-H()
J= 5 . (p(xl)dxl.
Xl—l()

Analogously one transforms the second integral in (2.5.21). Thus, (2.5.21) takes the form

1 1 it
u(),0) = 5 (90 +10) + 9 —10)) +5 [ wlw)dxi. (2.5.22)
xi—lo
Formula (2.5.22) is the D’ Alembert formula (see Section 2.1), which gives the solution of
the Cauchy problem for the equation of a vibrating string:

Ut = Uyy, —00 <X <oo, >0,
(2.5.23)

U—o = Q(x), w—o = W(x).

Remark 2.5.1. The wave equations for n=3,n=2 and n=1 are called the equations
of spherical, cylindrical and plane waves, respectively. The formulae (2.5.8), (2.5.21) and
(2.5.22) give us an opportunity to study the physical picture of wave propagation. We note
that for n =3, the solution u(x°,#y) depends on the initial data given only on the boundary
of the characteristic cone (i.e. on the sphere 0K (xo, 1) ). For n=2 and n =1, the solution
u(x" t5) depends on the initial data given on the whole base of the characteristic cone
(i.e. the circle G(x‘l),xg,to) or the segment [x(l) — to,x(l) +10]). In other words, for n =3
initial perturbations localized in the space produce in each point x° perturbations localized
with respect to time (Huygens’s principle), i.e. the wave has front and back wave fronts
(leading edge and trailing edge). For n = 2, initial perturbations localized in the space are
not localized with respect to time (the Huygens principle is not valid), i.e. the wave has a
leading edge and has no trailing edge - the oscillations will continue for infinitely long time.
We note that the problem for n =2 can be considered as a three-dimensional problem with
initial data given in an infinite cylinder which do not depend on the third coordinate.
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2.6. An Inverse Problem for the Wave Equation

Sections 2.6-2.9 contain a material for advanced studies, and they can be omitted “in the
first reading”. These sections are devoted to studying inverse problems for differential
equations. The Inverse problems that we study below consist in recovering coefficients
of differential equations from characteristics which can be measured. Such problems often
appear in various areas of natural sciences and engineering (see [15]-[22] and the references
therein).

In this section we consider an inverse problem for a wave equation with a focused
source of disturbance. In applied problems the data are often functions of compact support
localized within a relative small area of space. It is convenient to model such situations
mathematically as problems with a focused source of disturbance.

Consider the following boundary value problem B(g(x),h) :
Uy =ty —q(x)u, 0<x<rt, (2.6.1)

u(x,x) =1,  (uy —hu)j—o, (2.6.2)

where ¢(x) is a complex-valued locally integrable function (i.e. it is integrable on every
finite interval), and & is a complex number. Denote r(z) := u(0,¢). The function r is
called the trace of the solution. In this section we study the following inverse problem.

Inverse Problem 2.6.1. Given the trace r(z), t > 0, of the solution of B(g(x),h),
construct g(x), x >0, and h.

We prove an uniqueness theorem for Inverse Problem 2.6.1 (Theorem 2.6.3), provide
an algorithm for the solution of this inverse problem (Algorithm 2.6.1) and give necessary
and sufficient conditions for its solvability (Theorem 2.6.4).

Remark 2.6.1. Let us note here that the boundary value problem B(g(x),h) is equiv-
alent to a Cauchy problem with a focused source of disturbance. For simplicity, we assume
here that 7 =0. We define u(x,t) =0 for 0 <7 <x, and u(x,t) = u(—x,t), g(x) = q(—x)
for x < 0. Then, using symmetry, it follows that u(x,) is a solution of the Goursat problem

utt - uxx _C](x)”a O S ‘X‘ S tv

u(x,|x|) =1.

Moreover, it can be shown that this Goursat problem is equivalent to the Cauchy problem
Uy = Uy — q(X)u, —o0 < x<oo >0,

=0 =0, U—0 = 28(x),

where 8(x) is the Dirac delta-function. Similarly, for & # 0, the boundary value problem
(2.6.1)-(2.6.2) also corresponds to a problem with a focused source of disturbance.

Let us return to the boundary value problem (2.6.1)-(2.6.2). Denote

Q(x):Ax|q(t)\dt, Q*(x):AxQ(t)dt, d = max(0,—h).
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Theorem 2.6.1. The boundary value problem (2.6.1) — (2.6.2) has a unique solution

u(x,t), and
t+x

lu(x,1)| < exp(d(t —x)) exp <2Q* <2>) , 0<x<t.

Proof. We transform (2.6.1)-(2.6.2) by means of the replacement

&—né+n>

E=rixn=r—x g =u( 2505

to the boundary value problem

e =30 (557 )oiem. 0<n<g

v(§,0) =1, (v(&m)—w(&M) —hv(§M))e—n = 0.
Since v¢(,0) = 0, integration of (2.6.4) with respect to M gives

ve(Em) = —i an <<§;a> v(€, a)da.

In particular, we have

ve(&:M)je=n = —% /an (t“) v(n, o) do.

It follows from (2.6.6) that

e =4 [ ([a(B52) vpwraa) ap.

Let us calculate v(n,m). Since

;f1<v<n,n>exp<hn>> = (v (&) + v (E1) + AV(EM)) g exp(im).

we get by virtue of (2.6.5) and (2.6.7),

Czl(v(n,n)exp(hn)) — 20 (,1) ey exp(n)

— o

1 mo/n
= —5exp(m) [ (1% ) vin.o)do.
0
This yields (with v(0,0) =1)

B

st —1 =~ [Meso) ("4 (B5%) vp.0ode) ap

(2.6.3)

(2.6.4)

(2.6.5)

(2.6.6)

(2.6.7)

(2.6.8)
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and consequently
v(n,m) = exp(—/m)
B _
_% 0” exp(—h(n—B)) < /0 q <32°°> v(B, ) doc) dp. (2.6.9)

Substituting (2.6.9) into (2.6.8) we deduce that the function v(&,m) satisfies the integral
equation

W& M) = exp(—im)
3 [ewtenn-pn ([[a(B5%) vp.yaa) ap

_% f </an (B;X) v([3,oc)doc> ap. (2.6.10)

Conversely, if v(§,m) is a solution of (2.6.10) then one can verify that v(§,m) satisfies
(2.6.4)-(2.6.5).

We solve the integral equation (2.6.10) by the method of successive approximations.
The calculations are slightly different for 2 >0 and & < 0.
Case 1. Let h > 0. Denote

vo(€,M) = exp(—im),

i) == [eso-hn-) [0 (252 ) up.oac) ap
_% f (/an ('i“) vk(B,a)da) dp. (2.6.11)
Let us show by induction that
|vk(§,n)|§kl!<2Q* <§>>k k>0,0<n<E. (2.6.12)

Indeed, for k=0, (2.6.12) is obvious. Suppose that (2.6.12) is valid for a certain k > 0.
It follows from (2.6.11) that

g <3 [ (o352 nipo

Substituting (2.6.12) into the right-hand side of (2.6.13) we obtain

) < o [ <2Q* <§>)k</o" q(B;“)]doc) ap
< kl,/j <2Q* <§)>k (/()B/z\q(sﬂds) ap
“if (2. (5)) o(3)

doc) dp. (2.6.13)
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_ 1 &/2 k , _ 1 E) k+1 '
[ cewreamya= g (2 (5)
hence (2.6.12) is valid.

It follows from (2.6.12) that the series

=Y w(En)
k=0

converges absolutely and uniformly on compact sets 0 <N <& < T, and

V(EM)] < exp <2Q* @) |

The function v(€,m) is the unique solution of the integral equation (2.6.10). Consequently,
the function u(x,t) = v(t +x,t —x) is the unique solution of the boundary value problem
(2.6.1)-(2.6.2), and (2.6.3) holds.

Case 2. Let h < 0. we transform (2.6.10) by means of the replacement

w(€,m) =v(§,n)exp(/m)

to the integral equation

wem = 1= [ ([Ta(B5%) explhp - cpwip.oacr) ap

L ([a(B52)evtm-apmpoda) s o

By the method of successive approximations we get similarly to Case 1 that the integral
equation (2.6.14) has a unique solution, and that

el <ex (20.(3)),

i.e. Theorem 2.6.1 is proved also for /& < 0. |

Remark 2.6.2. It follows from the proof of Theorem 2.6.1 that the solution u(x,?)
of (2.6.1)-(2.6.2) in the domain Or := {(x,¢): 0 <x<t¢, 0 <x+1r < 2T} is uniquely
determined by the specification of & and g(x) for 0 <x <T, i.. if g(x) =g(x), x€[0,T]
and h = h, then u(x,t) = ii(x,t) for (x,t) € ®p. Therefore, one can also consider the
boundary value problem (2.6.1)-(2.6.2) in the domains ®7 and study the inverse problem
of recovering g(x), 0 <x <T and h from the given trace r(r), t € [0,2T].

Denote by Dy (N > 0) the set of functions f(x), x > 0 such that for each fixed T > 0,
the functions fU)(x), j = 0,N—1 are absolutely continuous on [0,7T], ie. fU)(x) €
L(0,T), j = 0,N. It follows from the proof of Theorem 2.6.1 that r(t) € D,, r(0) =
1, ¥(0) = —h. Moreover, the function r” has the same smoothness properties as the po-
tential g. For example, if g € Dy then r € Dy4.
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In order to solve Inverse Problem 2.6.1 we will use the Riemann formula for the solution
of the Cauchy problem
u — p()u = up — q(x)u+ py(x,1),
—oo < x < oo, t >0, (2.6.15)
Ui—o = r(X), Uy—o = 5(x).
According to the Riemann formula (see Section 2.4) the solution of (2.6.15) has the form

1

u(x,t) = > (r(x+1t)+r(x—t))

1 X+t
E x—t

o " / T RE T & 1) 5,

+1T—t

+ (S(%)R(&,O,x,t) —r(&)Rz(é‘;,O,x,t))dﬁ

oR
where R(E,T,x,1) is the Riemann function, and R, = 3 Note that if g(x) = const, then
R(&,7,x,t) = R(§ — x,7,t). In particular, the solution of the Cauchy problem

Uy = Uxx — 4\ X)U, _°°<t<°°7-x>07
! ® } (2.6.16)
Ux=0 = r(t)v Uylx=0 = hr(t)v
has the form |
u(x,t) = 3 (r(t4+x) +r(t —x))
1 t+x
5/ r(€)(R2(§ —1,0,x) — hR(§ —1,0,x)) dE.
The change of variables T=1r—§& leads to
1 1 rx
(1) = 5 (rl+x) 1t =) + 5 / r(t —1)G(x,7) dr, (2.6.17)

where G(x,T) = —Ry(—7,0,x) +hAR(—1,0,x).
Let us take r(r) = cospr in (2.6.16), and let @(x,A) be the solution of the equation

—¢"(x,}) +q(x)9(x,}) =Ao(x,A), r=p
under the initial conditions @(0,A) = 1, ¢/(0,A) = h. Obviously, the function u(x,z) =
¢(x,A) cospr is a solution of problem (2.6.16). Therefore, (2.6.17) yields for r =0,
1 X
¢(x,A) = cospx+ 3 G(x,T)cosptdr.

—X

Since G(x,—1) = G(x,T), we have

¢(x,A) = cos px—l—/ G(x,T)cosptdr.
0
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Hence x
¢ (x,\) = —psinpx+ G(x,x) cos px + / Gy(x,7)cosptdr,
0

G(0,0) = h,

9" (x,A) = —p?cos px — G(x, x)p sinpx + cos px

dG(x,x)
dx
+G(x,1) |1y COS Px +- / Gyx(x,T)cosptdr,
0
AQ(x,A) = p*cospx+p? / G(x,7)cosptdr.
0

Integration by parts yields

AQ(x,A) = p*cospx+ G(x,x)psinpx + G (x, 1) |1=x COS Px

—Gy(x,1)[—0 — /X Gy (x,T) cosptdr.
0
Since ¢ (x, 1) +Ap(x,1) —¢(x)@(x,1) = 0 and

dG(x,x)
dx

(Gl(x7t) +Gx(x7t))|t:x =

it follows that JG )
X, X
<26(1x - q(x)) cospx — Gy (x7t)|t:0

+ / (Gael, )~ G, 7) — 4(x)G(x,7) ) cos praz =0,
0
and consequently,
dG(x,x
2 c(lx ) ZQ(X), Gt(-xvt)\l:O :07

G (x,7) = Gye(x,7T) — q(x)G(x,7T).

Thus, we have proved that

dG(x,x)
=2 G(0,0)=h
q(x) o 0.0 =nh
hence |
Glx,x) =h+ 3 / q(r)dt. (2.6.18)
0

Let us go on to the solution of Inverse Problem 2.6.1. Let u(x,z) be the solution of
the boundary value problem (2.6.1)-(2.6.2). We define u(x,t) =0 for 0 <r < x, and
u(x,t) = —u(x,—t), r(t) = —r(—t) for t <0. Then u(x,r) is the solution of the Cauchy
problem (2.6.16), and consequently (2.6.17) holds. But u(x,7) =0 for x > [t| (thisis a
connection between ¢(x) and r() ), and hence

X

% (Pt +2) + 7t —x)) + % " -G dT=0, ) <x (2.6.19)



70 G. Freiling and V. Yurko

Denote a(t) = r/(t). Differentiating (2.6.19) with respect to ¢ and using the relations

r(04)=1, r(0-)=—1, (2.6.20)
we obtain .
Glx,1) + F(x,1) + /0 G(x,0O)F(1,1)dt=0, 0<t<x, (2.6.21)
where |
F(x,t) = 3 (a(t+x)+a(t—x)) (2.6.22)

with a(z) = 7/(¢). Equation (2.6.21) is called the Gelfand-Levitan equation for the Inverse
Problem 2.6.1.

Theorem 2.6.2. For each fixed x > 0, equation (2.6.21) has a unique solution.

Proof. Fix x¢ > 0. It is sufficient to prove that the homogeneous equation
X0
() + / gF(t,1)dt=0, 0<1<x (2.6.23)
0

has only the trivial solution g(¢) = 0.

Let g(r), 0 <t < x( be a solution of (2.6.23). Since a(r) =r'(t) € Dy, it follows from
(2.6.22) and (2.6.23) that g(¢) is an absolutely continuous function on [0,xp]. We define
g(—t)=g(t) for t € [0,x0], and furthermore g(z) =0 for |¢| > xo.

Let us show that »

rt—1)g(t)dt=0, 1€ [—xp,x0]. (2.6.24)

—X0

Indeed, by virtue of (2.6.20) and (2.6.23), we have

% ( [ ° r(t —1)g(7) dt)

_ % <[ r(t—‘c)g(*c)dH—/txo r(t—T)g(t)d‘c)

=r(+0)g(t) =r(=0)g(t) + | a(t —1)g(t)dr

—X0

X0
—2 (g(t) + / 2(OF(1,7) d«:) —0.
0
Consequently,

/ Yt —1)g(t)dr = Go.

—Xx0

Taking here + = 0 and using that r(—7)g(t) is an odd function, we calculate Cp =0, i.e.
(2.6.24) is valid.
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A

t
X0 1?
X0 X
Ay
—X0 17/
Figure 2.6.1.
Denote Ag = {(x,2): x—xp <t <xp—x, 0<x<xp} and consider the function

Ww(x,1) = / u(x,i —T)g(t)dT,  (x,1) € Ao, (2.6.25)

where u(x,t) is the solution of the boundary value problem (2.6.1)-(2.6.2). Let us show

that
w(x,r) =0, (x,7) € Ay.

Since u(x,7) =0 for x > |t|, (2.6.25) takes the form

w(x,t) = /t_xu(x,t —1)g(tr)dt+ ) u(x,t —1)g(t)dr.

—oo t+x

Differentiating (2.6.27) and using the relations
ulx,x) =1, ulx,—x)=—1,

we calculate
wy(x,t) = g(t +x) — gt —x)

)

t—x
+ / ue(x,t — Vg dt+ | uer,r —1)g(t)dx,
—oo t+x

we(x,1) =gt +x)+ gt —x)

t—x
—i—/ u(x,t —71)g(t)dt+ u(x,t —1)g(t)dr.
—oo t+x

Since, in view of (2.6.28),

d
(ux(x,t) + u,(x,t)) e au(x, +x) =0,

it follows from (2.6.29)-(2.6.30) that

Wax (X, 1) — wy (x,2) — g(x)w(x,1)

(2.6.26)

(2.6.27)

(2.6.28)

(2.6.29)

(2.6.30)
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= [ e —gul(x.1 —D)g(x)dx,
and consequently
Wit (6,1) = wae(x,1) —q(¥)w(x,1),  (x,1) € Ao, (2.6.31)

Furthermore, (2.6.25) and (2.6.29) yield

w(0,1) = [ ° rt—1)g(t)dx,
w0, =h [ r(t—1)g(t)dt=0, 1€ [—x0.x0].

—X0

Therefore, according to (2.6.24), we have
w(0,1) =w,(0,£) =0, € [—x0,x0]- (2.6.32)

Since the Cauchy problem (2.6.31)-(2.6.32) has only the trivial solution, we arrive at
(2.6.26).

Denote u;(x,t) := u;(x,t). It follows from (2.6.30) that

i (x,0) = 2g(x) + 1 :Cul(x,’t)g(’c)d‘c+ / " (x,7)g(7) dr

=2g0)+ [ me()dn) = 2s0+ [ (x7)s(m) ).

Taking (2.6.26) into account we get
X0
g(x) +/ up(x,7)g(1)dt=0, 0<x<x.
X

This integral equation has only the trivial solution g(x) = 0, and consequently Theorem
2.6.2 is proved. O

Let » and 7 be the traces for the boundary value problems B(g(x),h) and B(g(x),h)
respectively. We agree that if a certain symbol o denotes an object related to B(g(x),h)
then @& will denote the analogous object related to B(§(x),%) .

Theorem 2.6.3. If r(t) = 7(t), t >0, then q(x) = G(x), x>0 and h = h. Thus, the
specification of the trace r uniquely determines the potential q and the coefficient h.

Proof. Since r(t) =F(t), t > 0, we have, by virtue of (2.6.22),

’

F(x,t) = F(x,1).
Therefore, Theorem 2.6.2 gives us

G(x,t) =G(x,t), 0<t<x. (2.6.33)
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By virtue of (2.6.18),

d
q(x) =2--G(x.x), h=G(0,0)=~r(0). (2.6.34)
Together with (2.6.33) this yields ¢(x) = G(x), x>0 and h = h. O

The Gelfand-Levitan equation (2.6.21) and Theorem 2.6.2 yield finally the following
algorithm for the solution of Inverse Problem 2.6.1.

Algorithm 2.6.1. Let r(¢), t > 0 be given. Then
(1) Construct the function F(x,t) using (2.6.22).
(2) Find the function G(x,z) by solving equation (2.6.21).
(3) Calculate g(x) and h by the formulae (2.6.34).

Let us now formulate necessary and sufficient conditions for the solvability of Inverse
Problem 2.6.1.

Theorem 2.6.4. For a function r(t), t > 0 to be the trace for a certain boundary value
problem B(q(x),h) of the form (2.6.1) —(2.6.2) with q € Dy, it is necessary and sufficient
that r(t) € Dyy2, r(0) =1, and that for each fixed x > 0 the integral equation (2.6.21)
is uniquely solvable.

Proof.  The necessity part of Theorem 2.6.4 was proved above, here we prove the
sufficiency. For simplicity let N > 1 (the case N =0 requires small modifications).
Let a function r(t), t > 0, satisfying the hypothesis of Theorem 2.6.4, be given, and let
G(x,t), 0 <t <ux, be the solution of (2.6.21). We define G(x,7) = G(x,—t), r(t) = —r(—t)
for + < 0, and consider the function

X

(r(t—l—x)—l—r(t—x))—i—% / Hi = 1)G(x,7) dr, (2.6.35)

—X

1
u(x,t) ;= 3

—oo <t oo, x> 0.

Furthermore, we construct ¢ and & via (2.6.34) and consider the boundary value problem
(2.6.1)-(2.6.2) with these ¢ and h. Let ii(x,7) be the solution of (2.6.1)-(2.6.2), and let
7(t) :=i(0,7). Our goal is to prove that i =u, 7 =r.

Differentiating (2.6.35) and taking (2.6.20) into account, we get

(1) = %(a(t—i—x) Falt—x) +Glx,1)
% " alt—1)G(x,7) dx, (2.6.36)

—X

(a(t+x)—a(t—x))

N —

uy(x,1) =

+% (r(t =x)G(x,x) + r(t +x)G(x, —x))

1 X
+§ r(t —7)Gy(x,7)d. (2.6.37)
—Xx
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Since a(0+) = a(0—), it follows from (2.6.36) that
1
Uy (x,t) = 5 (d'(t+x)+d (t—x))+Gi(x,1)

41 / " d(t—1)G(x,7)dr. (2.6.38)

2)
Integration by parts yields

s (3, 1) = %(a’(t—i—x) +d(t—x) +Gi(x.1)

—%(a(l DG +alt -G D))

+;/X a(t —1)G;(x,1)dT = %(a'(waX) +d (t—x))+Gi(x,1)

+%<a(r +x)G(x,—x) —a(t —x)G(x,x))

+3 Y (t —1)G,(x,7) dr.

Integrating by parts again and using (2.6.20) we calculate

g (3, 1) = %(a'(r—i—x) td (1)) +Glx1)
5(a(z+x)c( —x)—a(t—x)G(x,x))
T )

+;/ r(t —’E)G,t(x,‘c)d’t:%((l'(l‘—l-x)—l-(l,(l‘—x))

—X

—|— r(t —1)G;(x,7)

*M\

—I—% <a(t +x)G(x, —x) —al(t —x)G(x,x)>

43 (06l ) = rlt )G (x,))

X

1
+§ r(t —1)Gy (x,7) d. (2.6.39)

Differentiating (2.6.37) we obtain
o L/, /
(1) = 5 (a (t+x)+d (1 x))
1
+§ (a(t +x)G(x,—x) —a(t — x)G(x,x))

+% (r(t +x)%G(x, —x)+r(t —x)%G(x,x)>
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T —

1 X
2/
Together with (2.6.35), (2.6.39) and (2.6.34) this yields

+ r(t — )G (x,7) dT.

Upe(x,1) — g(x)u(x,1) — uy (x,1) = ;/x r(t—1)g(x,7)dr, (2.6.40)

—X
—oo <t < oo, x>0,

where
g(x,1) = Gu(x,1) — Gy (x,1) — q(x)G(x,1).
Let us show that
u(x,t) =0, x>|t|. (2.6.41)

Indeed, it follows from (2.6.36) and (2.6.21) that u(x,#) =0 for x > |¢|, and consequently
u(x,t) = Co(x) for x > |t|. Taking # =0 in (2.6.35) we infer like above

1 1 /=
Co(x) = 3 (r(x) +r(—x)) + 3 r(—1)G(x,T)dTt =0,
i.e. (2.6.41) holds.
It follows from (2.6.40) and (2.6.41) that
1 X
3 r(t—1)g(x,7)dt=0, x> [t|. (2.6.42)

Differentiating (2.6.42) with respect to ¢ and taking (2.6.20) into account we deduce

3 (H0+)g(er) = r(0-)gen) +5 [ alt —Dpg(xr)dr =0,

(e, 1)+ /OXF(I,T)g(x,‘c) dt=0.

According to Theorem 2.6.2 this homogeneous equation has only the trivial solution
g(x,1) =0, ie.
Gy =Gyw—qx)G, 0<|t] <ux. (2.6.43)

Furthermore, it follows from (2.6.38) for t = 0 and (2.6.41) that

1 1 [*

0= > (d'(x) +d'(=x)) + G (x,0) + 3 _xa’(—’c)G(x,’c) dr.

Since d'(x) = —d'(—x), G(x,t) = G(x,—t), we infer

dG(x,1)
ot

=0. (2.6.44)
t=0

According to (2.6.34) the function G(x,t) satisfies also (2.6.18).
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It follows from (2.6.40) and (2.6.43) that
g (x,1) = Uy (x,1) — q(x)u(x,1), —o0 <t <oo,x>0.
Moreover, (2.6.35) and (2.6.37) imply (with h=G(0,0))

Ux=0 = r(t)7 Uy|x=0 = hr(t)'

Let us show that
u(x,x) =1, x>0. (2.6.45)

Since the function G(x,t) satisfies (2.6.43), (2.6.44) and (2.6.18), we get according to
(2.6.17),

fi(x,1) = %(F(H—x) +H—x) +% " Ht—1)G(x, 1) d. (2.6.46)

—X
Comparing (2.6.35) with (2.6.46) we get
1 1 rx
a(x,1) = 5 (P(t+x)+7(t—x))+ 3 xf(t —1)G(x,7)dr,
where @i = u—ii, # = r—F. Since the function 7(¢) is continuous for —oo <t < oo, it
follows that the function #(x,t) is also continuous for —eo <t < o, x > 0. On the other
hand, according to (2.6.41), #i(x,t) =0 for x > [t|, and consequently #(x,x) = 0. By
(2.6.2), ii(x,x) =1, and we arrive at (2.6.45).
Thus, the function u(x,?) is a solution of the boundary value problem (2.6.1)-(2.6.2).
By virtue of Theorem 2.6.1 we obtain u(x,7) = ii(x,t), and consequently r(¢) = 7(¢). The-
orem 2.6.4 is proved. O

2.7. Inverse Spectral Problems

1. Inverse problems on a finite interval. Uniqueness theorems
Let us consider the boundary value problem L = L(g(x),h,H):
ly:=—y"+q(x)y=»A, 0<x<m, (2.7.1)

U(y) :=y'(0)=hy(0) =0, V(y):=y'(n)+Hy(rn)=0. (2.7.2)

Here A is the spectral parameter; g(x),h and H are real; g(x) € Ly(0,m). We shall subse-
quently refer to g as the potential. The operator ¢ is called the Sturm-Liouville operator.
In Section 2.2 we established properties of the eigenvalues and the eigenfunctions of L.
In this section we study inverse problems of spectral analysis for the Sturm-Liouville op-
erators. Inverse spectral problems of this type consist in recovering the potential and the
coefficients of the boundary conditions from the given spectral characteristics. Such prob-
lems often appear in mathematics, mechanics, physics, geophysics and other branches of
natural sciences. Inverse problems also play an important role in solving nonlinear evolu-
tion equations of mathematical physics (see Section 2.9). There are close connections of
inverse spectral problems and inverse problems for equations of mathematical physics; this
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is the reason why we study this topic below in further details. We will use the notations and
facts from Section 2.2.

In this subsection we give various formulations of the inverse problems and prove the
corresponding uniqueness theorems. We present several methods for proving these theo-
rems. These methods have a wide area for applications and allow one to study various
classes of inverse spectral problems.

The first result in the inverse problem theory is due to Ambarzumian [23]. Consider the
boundary value problem L(g(x),0,0), i.e.

—"+q(x)y =24y, Y (0)=)(n)=0. (2.7.3)

Clearly, if g(x) =0 a.e. on (0,m), then the eigenvalues of (2.7.3) have the form A, =
nz, n > 0. Ambarzumian proved the inverse assertion:

Theorem 2.7.1. If the eigenvalues of (2.7.3) are A, =n*, n >0, then q(x) =0 a.e.
on (0,m).

I

Proof. 1t follows from (2.2.49) that o =0, i.e. / g(x)dx = 0. Let yp(x) be an
0
eigenfunction for the first eigenvalue Ay = 0. Then
Y0 (%) = q(x)yo(x) =0, ¥(0) =yp(m) =0.

According to Sturm’s oscillation theorem, the function yo(x) has no zeros in the interval
x € [0,m]. Taking into account the relation

26409 _ 0602 4l

yo(x) yo(x) yo(x)
we get @ @
B P B ny// x B P y/ 2\ 2
O—A q(x)dx—A y?)(x) dx—A (yg(x)) dx.
Thus, yy(x) =0, ie. yo(x) = const, g(x) =0 a.e. on (0,m). 0

Remark 2.7.1. Actually we have proved a more general assertion than Theorem 2.7.1,
namely:

Y
If Ao = 711/ q(x)dx, then g(x) = Ay a.e. on (0,T).
0

Ambarzumian‘s result is an exception from the rule. In general, the specification of the
spectrum does not uniquely determine the operator. Below we provide uniqueness theorems
where we point out spectral characteristics which uniquely determine the operator.

Consider the following inverse problem for L = L(q(x),h,H):

Inverse Problem 2.7.1. Given the spectral data {A,,,},>0, construct the potential
q(x) and the coefficients 4 and H of the boundary conditions.

Let us prove the uniqueness theorem for the solution of Inverse Problem 2.7.1. For
this purpose we agree that together with L we consider here and in the sequel a boundary
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value problem L = L(g(x),h,H) of the same form but with different coefficients. If a
certain symbol Y denotes an object related to L, then the corresponding symbol ¥ with
tilde denotes the analogous object related to L, and §:=vy—7.

Theorem 2.7.2. If Ay = A, O = 0y, n >0, then L=1L, i.e. q(x)=g(x) ae. on
(0,7), h="h and H = H. Thus, the specification of the spectral data {\,, 0, } >0 uniquely
determines the potential and the coefficients of the boundary conditions.

We give here two proofs of Theorem 2.7.2. The first proof is due to Marchenko [15]
and uses the transformation operator and Parseval‘s equality (2.2.60). The second proof is
due to Levinson [24] and uses the contour integral method.

Marchenko‘s proof. Let @(x,\) be the solution of (2.7.1) under the initial conditions
¢(0,A) =1, ¢'(0,A) = h. In Section 2.6 we obtained the following representation for the
solution @(x,A):

¢(x,A) = cospx+ /OX G(x,t)cosptdt, (2.7.4)
where A = p?, G(x,t) is areal continuous function, and (2.6.18) holds. Similarly,

(x,A) = cospx+ Ax G(x,t)cosptdt.
In other words,

¢(x,A) = (E+G)cospx, ¢(x,\) = (E+G)cospx,

where

(E+G)f( +/ G(x,t)f

(E+G)f( xX) + / (x,0)f

One can consider the relation (x,A) = (E + G)cospx as a Volterra integral equation (see
[14] for the theory of integral equations) with respect to cospx. Solving this equation we
get

cospx = Q(x,A) —|—/XFI(x,t)¢>(t,7u) dt
0

where H(x,t) is a continuous function which is the kernel of the inverse operator:

Consequently

9(x2) = 9(rA) + [ Q)91 dr. (2.7.5)

where Q(x,t) is a real continuous function.
Let f(x) € Lp(0,m). It follows from (2.7.5) that

[ rendx= [ etatnax
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0+ [ o) 0

:bna

a, = / " 0N dx, Byi= / " (0B (x, M) dx.
0 0

Using Parseval ‘s equality (2.2.60), we calculate

where

Hence, for all n > 0,

[irepar=y Ml — g P 3 S o
0 n=0 Oy n=0 Oy n=0 d" 0 ’
ie.
1F 1l = llgllL.- (2.7.6)
Consider the operator
T
0+ [ euxsa
X

Then Af = g. By virtue of (2.7.6), ||Af||, = ||fllz, for any f(x) € L,(0,x). Conse-
quently, A* = A~!, but this is possible only if Q(x,#) = 0. Thus, @(x,A) = d(x,A), i.e
q(x) = g(x) ae.on (0,%), h=h, H=H.

Levinson ‘s proof. Let f(x), x € [0,7] be an absolutely continuous function. Consider
the function

YOox,A) = ——— (w(x,A) /f Q(t,\)dt +@(x,\) / f(t) t?x.)dt)
and the contour integral
1
0 — 0
Iy(x) = i FNY (x,A) dA.

The idea used here comes from the proof of Theorem 2.2.7 but here the function Y°(x,A)
is constructed from solutions of two boundary value problems.
Repeating the arguments of the proof of Theorem 2.2.7 we calculate
fx) 2\

O _— L
Y(X,}\,)— 7\' 7\’ ’

where
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The asymptotic properties for §(x,A) and J(x,A) are the same as for @(x,A) and y(x,A).
Therefore, by similar arguments as in the proof of Theorem 2.2.7 one can obtain

100 = f()+Eh(x),  Jim max [eh(x)] =0.

On the other hand, we can calculate I{(x) with the help of the residue theorem:

N 1

809 =% (= 53) (wesra) [ o na

n=0

() [ FOw(00)dr).

It follows from Lemma 2.2.1 and Theorem 2.2.6 that under the hypothesis of Theorem 2.7.2
we have B, = P,. Consequently,

B0 =Y Sotwh [ 10000 d
N n:()(x'n o 0 o .

If N — o we get

. -
fx) = ;)a—nw,xn) /O FOB(t, ) dt.

n

Together with (2.2.59) this gives

[ @ 60) ~8(0.30)) dr =0.

Since f(x) is an arbitrary absolutely continuous function we conclude that
¢o(x,A;) = @(x,A,) for all » >0 and x € [0,w]. Consequently, g(x) = g(x) a.e. on
(0,m), h=h, H=H. O

The Weyl function. Let ®(x,A) be the solution of (2.7.1) under the conditions
U®)=1, V(P)=0. We set M(A) := P(0,1). The functions ®(x,A) and M(A) are
called the Weyl solution and the Weyl function (or Weyl-Titchmarsh function) for the bound-
ary value problem L, respectively. The Weyl function was introduced first (for the case of
the half-line) by H. Weyl. For further discussions on the Weyl function see, for example,
[25]. Clearly,

®(x, 1) = —"’A(fiz‘) = S(x,A) + M(MN)o(x, N, (2.7.7)
(@(x,1),P(x,1)) =1, (2.7.8)

where S(x,A) is the solution of (2.7.1) under the initial conditions S(0,A) =0, §'(0,A) = 1.
In particular, for x = 0 this yields

M) = — (2.7.9)

where A°(A) := y(0,A) is the characteristic function of the boundary value problem
L% =L%(g(x),H) for equation (2.7.1) with the boundary conditions y(0) =V (y) = 0. The
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eigenvalues {A%},~¢ of L° are simple and coincide with zeros of A°(X). Moreover, simi-

larly to (2.2.57) one can get
W0y =] h
o (n+ 1/2)%
Thus, the Weyl function is meromorphic with simple poles in {A,},>o and with simple
zeros in {A0},>¢.

Theorem 2.7.3. The following representation holds

- 1
M(A) = —_—. 2.7.10
=Y oo (2:7.10)
Proof. Since A°(A) = w(0,)A), it follows from (2.2.46) that |[A°(L)| <
Cexp(|t|n). Then, using (2.7.9) and (2.2.53), we get for sufficiently large p* > 0,
Cs .
IM(%)ISH, p€Gs, p|>p". (2.7.11)

Further, using (2.7.9) and Lemma 2.2.1, we calculate

A(Ay) Bn 1
Res M(A) = — =—= =—. 2.7.12
ResMM) == ~ a0~ o (27.12)
Consider the contour integral
1 M(u) .
=— | —= Cy.
JNOL) 2mi Jr, 7\,—/.1 du, A€imDy

By virtue of (2.7.11), Al]im Jy(A) = 0. On the other hand, the residue theorem and (2.7.12)
yield

y 1
In(A) = —M(A) +’§O )’
and Theorem 2.7.3 is proved. u
We consider the following inverse problem:
Inverse Problem 2.7.2. Given the Weyl function M(A), construct

L(gq(x),h,H).
Let us prove the uniqueness theorem for Inverse Problem 2.7.2.

Theorem 2.7.4. If M(A) = M()\), then L = L. Thus, the specification of the Weyl
function uniquely determines the operator.

Proof. Let us define the matrix P(x,A) = [Pjx(x,A)];x=1, by the formula

®(x,A)  D(x,A) o(x,A) D(x,A)
P(x,\) & (x,\) Ci)’(x,l)]:{(p’(xﬂu) o'(x ) | (2.7.13)
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Using (2.7.8) and (2.7.13) we calculate

Pji(x,A) = (p(j_l)(x,k)ci’(x, A) —®U-D(x, 1)@ (x,1),
. ' ~ (2.7.14)
Pip(x, %) = DU (x, ) §(x, 1) — 9V~ 1 (x, 1) D(x, 1),
@(x,A) = Pi1(x,M)®(x,A) + P2 (x, 1) 9’ (x, 1),
~ _ (2.7.15)
D(x,L) = Pp1(x,A)P(x,A) + Pia(x,L)D (x,A).
It follows from (2.7.14), (2.7.7) and (2.7.8) that
e e e
P d) =1+ o (WO @ (1)~ 9/ ()
—(e M) (W (6 1) =¥ (x,1)) ).
1 _ -
Pra(h) = 55 (006 W) Wl B ) ).
By virtue of (2.2.45), (2.2.46) and (2.2.53), this yields
Gs Cs *
’Pll(x77“)_1‘ §m7 |P12(x>}“)|§mv peGSa |p| >p, (2716)
C
|P22(x,7\.) — 1| < ﬁ, |P21(x,7\.)‘ < Cs, pe Gs, ’p| > p* (2.7.17)

According to (2.7.7) and (2.7.14),
Pii(x,A) = @(x,A)S (x,A) — S(x,\) @ (x,A)
+HMQ) = MQ)Q(x, )P (x, ),
Pio(x,A) = S(x, A)P(x,A) — o(x,1)S(x,\)
+HM Q) = M(A))9(x, M) P(x,A).

Thus, if M(A) = M(A), then for each fixed x, the functions Pjj(x,A) and Pjp(x,A) are
entire in A. Together with (2.7.16) this yields

Pll(x,k) = 1, P]z(X,?\,) =0.
Substituting into (2.7.15) we get
o(x, ) =d(x,A), D(x,A) = D(x,))

for all x and A, and consequently, L = L. 0

Remark 2.7.2. According to (2.7.10), the specification of the Weyl function M(A)
is equivalent to the specification of the spectral data {A,,a,},>0. On the other hand, by
virtue of (2.7.9) zeros and poles of the Weyl function M(A) coincide with the spectra of
the boundary value problems L and L°, respectively. Consequently, the specification of
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the Weyl function M () is equivalent to the specification of two spectra {A,} and {A0,}.
Thus, the inverse problems of recovering the Sturm-Liouville equation from the spectral
data and from two spectra are particular cases of Inverse Problem 2.7.2 of recovering the
Sturm-Liouville equation from the given Weyl function, and we have several independent
methods for proving the uniqueness theorems. The Weyl function is a very natural and
convenient spectral characteristic in the inverse problem theory. Using the concept of the
Weyl function and its generalizations we can formulate and study inverse problems for
various classes of operators. For example, inverse problems of recovering higher-order
differential operators and systems from the Weyl functions has been studied in [19] and
[26]. We will also use the Weyl function below for the investigation of the Sturm-Liouville
operator on the half-line.

2. Solution of the inverse problem on a finite interval

In this subsection we obtain an algorithm for the solution of Inverse Problem 2.7.1 and
provide necessary and sufficient conditions for its solvability. For this purpose we use the
so-called transformation operator method ([15], [16]). The central role in this method is
played by a linear integral equation with respect to the kernel of the transformation operator
(see Theorem 2.7.5). The main results of this subsection are stated in Theorem 2.7.6.

We first prove several auxiliary assertions.
Lemma 2.7.1. In a Banach space B, consider the equations

(E+A0)y0 = va

(E+A)y=f,
where A and A are linear bounded operators, acting from B to B, and E is the identity

operator. Suppose that there exists the linear bounded operator Ry := (E +Ag)~', this
yields in particular that the equation (E +Ag)yo = fo is uniquely solvable in B. If

1A — Aol < (2IIRol)) 7",

then there exists the linear bounded operator R := (E +A)~! with
R=Ro(E+ Y (40~ A)R0)"),
k=1

and
IR — Rol| < 2{[Ro]> [|A — Aol
Moreover, y and yq satisfy the estimate
1y =yoll < Co(l|A = Aol + ./ = Soll),
where Cy depends only on ||Ryl|| and || fol.
Proof. We have

E+A=(E+Ag)+(A—A) = (E+ (A —AO)RO) (E +Ao).
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Under the assumptions of the lemma it follows that ||(A —Ag)Ry|| < 1/2, and consequently
there exists the linear bounded operator

Ri=(E+A) ' =Ro(E+(A-A)Ry)  =Ro(E+ i (o~ A)R)).

This yields in particular that ||R|| < 2||Rpl||. Using again the assumption on ||A — Ao|| we
infer

[[(A—Ao)Ro| 2
R—Ry|| < ||R <2||R A—Apll.
Furthermore,
y—Yo=Rf—Rofo=(R—Ro)fo+R(f— fo)
Hence

1y = yoll < 2[|RolI*[lfoll 1A = Aoll +2[Rol| | £ — foll-
O

The following lemma is an obvious corollary of Lemma 2.7.1 (applied in a correspond-
ing function space).

Lemma 2.7.2. Consider the integral equation
b
V(00 + / Alt,s,0)y(s,00)ds = f(t,0), a<t<b, (2.7.18)
a

where A(t,s,0) and f(t,0) are continuous functions. Assume that for a fixed o.= 0 the
homogeneous equation

+/ Ao(t,8)z(s)ds =0, Ao(t,s) :=A(t,s,0)

has only the trivial solution. Then in a neighbourhood of the point o = O, equation
(2.7.18) has a unique solution y(t,q), which is continuous with respect to t and o. More-
over, the function y(t,a) has the same smoothness as A(t,s, &) and f(t,a).

Lemma 2.7.3. Let numbers {p,, Oy }n>0 of the form

0 X K
On :n+ﬂ+7”, §+L1 {1, b, {in } € b, oy #0 (2.7.19)
be given. Denote
i (cospnx cosnx)’ (2.7.20)
0
n=0 a’ﬂ
where
X nso0
=4 20 "7
n, n=0.

Then the series (2.7.20) converges absolutely and uniformly on [0,2m], and a(x) €
W, (0,2m).
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Proof. Denote 3, = p, —n. Since

COSPpX  COSNX
oy o)

1 1 1
= — ( cosp,x — cos — — — ) cospyx,
o ( Pn nx) * (oc,, ocg) .

COS Ppx — cosnx = cos(n—+ 9, )x — cosnx

. . . nX
= —sind,xsinnx — 2sin’ > cosnx

. . . . 5 Opx
= —J,xsinnx — (sind,x — J,x) sinnx — 2 sin® —= cosnx
2 )

we have
a(x) = Ay (x) +A(x),
where
_ox > sinnx  Ox T—x
Z —— .=, 0<x<2m,
n=1 T 2
> 71 1 1 = sinnx
n;)(a a—2> CoSPpXx+ — (cospox—l> —x;Kn -
y (sind,x — §,x) sinnx — 2 sin’ 8—cosnx (2.7.21)
n=1 S n=1 2
Since

1 T B
s—o(l), Lo Lm e
" n {m}ekb
the series in (2.7.21) converge absolutely and uniformly on [0,27], and A, (x) € W, (0,27).

Consequently, a(x) € W, (0,2m). O

Now we go on to the solution of the inverse problem. Let us consider the boundary value
problem L = L(q(x),h,H). Let {A,, 0, },>0 be the spectral data of L, p, =+/A,. We
shall solve the inverse problem of recovering L from the given spectral data {A,, o, },>o0.
It was shown in Section 2.2 that the spectral data have the properties:

(O] Kn T Kn1
n=— - ) n— 5 B nJo n 67 2.7.22
Pn=nt_+-" U=t {x.}. {xu} €ts ( )
Uy >0, Ay d (1 % m). (2.7.23)

= t t
Flxr) = Z (cospn;cospn _ cosn;gosn )’ (2.7.24)
n=0 n n
where -
(12 _ 5, n> 0,
n, n=0.

Since F(x,t) = (a(x+1)+a(x—t))/2, then by virtue of Lemma 2.7.3, F(x,t) is continu-
d
ous, and aF(x,x) € L,(0,m).
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Theorem 2.7.5. For each fixed x € (0,n|, the kernel G(x,t) appearing in representa-
tion (2.7.4) the linear integral equation

X
G(x,1)+F(x,t) —I—/ G(x,s)F(s,1)ds =0, 0<t<x. (2.7.25)
0

This equation is the Gelfand-Levitan equation.

Thus, Theorem 2.7.5 allows one to reduce our inverse problem to the solution of the
Gelfand-Levitan equation (2.7.25). We note that (2.7.25) is a Fredholm type integral equa-
tion in which x is a parameter.

Proof. One can consider the relation (2.7.4) as a Volterra integral equation with respect
to cospx. Solving this equation we obtain

cospx = 0(x, A) + / “H(x, )9,V dr, (2.7.26)
0

where H(x,t) is a continuous function. Using (2.7.4) and (2.7.26) we calculate

Z 0(x,\,) cosp,t _ i <cos PpXCOS Pyt | cos Pt /xG(x $oosp sds)
@ A y n )

n=0 W
Q(x,Ay) cos put Cospn _ v (A0 M) | 9l h) !
Z _nZO< o, + o, A H(l‘,S)(P(S,?b,,)dS).
This yields
Dy (x,1) = Int (x,1) + Ina (x,1) + I3 (x,1) + Iva(x, 1),
where

i ( o(t, M) cosnxcosnt)
- )
n=0 O 062

N
IN1 xt = Z
n=0

N
IN2(X,I) = Z
n=0

COSPrXCOSPyl  COSNXCOS nt)
)
o oLy

cosnt

/ G(x,s)cosnsds,

INgxl

COS rcos S cosntcosns

Ina(x,1) = — /H (t,5)9(s,A\,)
0

Let f(x) € AC|0,m]. According to Theorem 2.2.7,

T
lim max / f(&)Py(x,1)dt =0;
0

N—oo 0<x<m
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furthermore, uniformly with respect to x € [0, 7],

lim /Onf(t)INl(x,t)dt = /Onf(t)F(x,t)dt,

N—o

N—oo

lim /0 " () s (e, 1) dt = /O CHOG (1 dt,

lim /Onf(t)INg, (x,2)dt = /Onf(t) (/Ox G(x,5)F (s,1) ds) dt,

N—oo

lim A " (O (x1) de

N—oco

N
oy Q) (7 " __["
= tim YL [Cots b ([ HOs) s ) ds= = [T 0HG D dr
Extend G(x,t) = H(x,t) =0 for x <t. Then, in view of the arbitrariness of f(x), we
derive

X
G(x,t)+F(x,t) —|—/ G(x,s)F(s,t)ds—H(t,x) =0.
0
For t < x, this yields (2.7.25). O

The next theorem, which is the main result of this subsection, gives us an algorithm
for the solution of the inverse problem as well as necessary and sufficient conditions for its
solvability.

Theorem 2.7.6. For real numbers {\,, 0, },>0 to be the spectral data for a certain
boundary value problem L(q(x),h,H) with q(x) € L»(0,), it is necessary and sufficient
that the relations (2.7.22) —(2.7.23) hold. The boundary value problem L(q(x),h,H) can
be constructed by the following algorithm:

Algorithm 2.7.1. (i) From the given numbers {A,, 0,},>0 construct the function
F(x,t) by (2.7.24).

(ii) Find the function G(x,t) by solving equation (2.7.25).

(iii) Calculate q(x), h and H by the formulae

g(x) = Z%G(x,x), h=G(0,0), H=w—h— % /O " gt dr. (2.7.27)

The necessity part of Theorem 2.7.6 was proved above, here we prove the sufficiency.
Let real numbers {A,, o, },>0 of the form (2.7.22)-(2.7.23) be given. We construct the
function F(x,t) by (2.7.24) and consider equation (2.7.25).

Lemma 2.7.4. For each fixed x € (0,n], equation (2.7.25) has a unique solution
G(x,t) in Lp(0,x).

Proof. Since (2.7.25) is a Fredholm equation it is sufficient to prove that the homoge-
neous equation

g(t)+ AXF(s,t)g(s) ds=0 (2.7.28)
0.

has only the trivial solution g(r) =
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Let g(¢) be a solution of (2.7.28). Then

/ox gldi+ /ox /oxF(s’ 1)g(s)g(t)dsdt =0

or

oo

Axgz(t)dt+;otn<Axg(t)cospntdt)2— Z O:O(Axg(t)cosm‘dt)2 =0.

n=0""n

Using Parseval ‘s equality

X ) B hd i X 2
/Og (t)dt_,,z_%)ag(/() g(t)cosntdt) :

for the function g(r), extended by zero for 7 > x, we obtain

i ;(/()xg(t)cospntdt>2 =0.

n=0
Since o, > 0, then
X
/ g(t)cosputdt =0, n>0.
0
The system of functions {cosp,t},>o is complete in L;(0,7) (see Levinson‘s theorem
[27, p.118]). This yields g(r) = 0. O

Let us return to the proof of Theorem 2.7.6. Let G(x,t) be the solution of (2.7.25). The
substitution ¢ — tx, s — sx in (2.7.25) yields

1
F(x,xt)+G(x,xt) —|—x/ G(x,xs)F (xt,xs)ds =0, 0<r<I1. (2.7.29)
0

It follows from (2.7.25), (2.7.29) and Lemma 2.7.2 that the function G(x,#) is continuous,

d
and has the same smoothness as F(x,t). In particular, d—G(x,x) € L,(0,m).
X

We construct @(x,A) by (2.7.4) and the boundary value problem L(g(x),h,H) by
(2.7.27). Then one can verify that @(x,A) satisfies (2.7.1), and the numbers {A,, &, },>0
are the spectral data for the constructed problem L(q(x),h,H) (see [17, Sect.1.6]). Thus,
Theorem 2.7.6 is proved. O

Example 2.7.1. Let A, =n?> (n>0), o, = g (n>1), and let oy > 0 be an arbitrary

1
positive number. Denote a := w Let us use Algorithm 2.7.1:
0
1) By (2.7.24), F(x,t) = a.

2) Solving equation (2.7.25) we get easily

a
14+ax’

G(x,t)=—

3) By (2.7.27),

2a?* _ a aol
h=—a,

q(x) = m,
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By (2.7.4), '
a sinpx

1+ax p

¢(x,A) = cospx —

3. Sturm-Liouville operators on the half-line

In subsections 3-5 we present an introduction to the inverse problem theory for Sturm-
Liouville operators on the half-line. First nonselfadjoint operators with integrable complex-
valued potentials are considered. We introduce and study the Weyl function as the main
spectral characteristic, prove an expansion theorem and solve the inverse problem of recov-
ering the Sturm-Liouville operator from its Weyl function. For this purpose we use ideas of
the contour integral method and the method of spectral mappings presented in [17], [18].
Moreover connections with the transformation operator method are established. Then lo-
cally integrable complex-valued potentials are studied. In this case the generalized Weyl
function is introduced as the main spectral characteristic. We prove an expansion theorem
and solve the inverse problem of recovering the Sturm-Liouville operator from its general-
ized Weyl function.

We consider the differential equation and the linear form L = L(q(x),h):
by:=—y"+q(x)y=2%y, x>0, (2.7.30)

U(y) :==Y'(0) — hy(0), (2.7.31)

where g(x) € L(0,00) is a complex-valued function, and 4 is a complex number. Let
A =p?, p=0c+it, and let for definiteness T:=Imp > 0. Denote by IT the A-plane with
thecut A >0, and IT; = ﬁ\ {0}; notice that here IT and IT; must be considered as subsets
of the Riemann surface of the squareroot-function. Then, under the map p — p> =4, II;
corresponds to the domain Q = {p: Imp >0,p #0}. Put Q5= {p: Imp >0, |p| > d}.
Denote by Wy the set of functions f(x), x >0 such that the functions f)(x), j=0,N — 1
are absolutely continuous on [0, 7] for each fixed T > 0, and f/)(x) € L(0,%0), j=0,N.

Jost and Birkhoff solutions. Let us construct a special fundamental system of solutions
for equation (2.7.30) in Q having asymptotic behavior at infinity like exp(=+ipx).

Theorem 2.7.7. Egquation (2.7.30) has a unique solution y = e(x,p),p € Q,x >0,
satisfying the integral equation

e(2.p) = explips) — 510 [ (explip(x—1)
—exp(ip(t —x)))q(1)e(t,p) dt. (2.7.32)

The function e(x,p) has the following properties:
(i) For x — o0, v=0,1, and each fixed & > 0,

e (x,p) = (ip)Y exp(ipx)(1+0(1)), (2.7.33)
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uniformly in Qg. For Imp >0, e(x,p) € L2(0,00). Moreover, e(x,p) is the unique solution
of (2.7.30)( up to a multiplicative constant ) having this property.
(i) For |p| — oo, peQ,v=0,1,
1 1 7
M (x,p) = (ip)" exp(ipx) (1 n "’l(px) +o(5)), o(x) i=—3 / g()dt,  (2.7.34)

uniformly for x > 0.

(i3) Foreach fixed x>0, and v=0,1, the functions e)(x,p) are analytic for Imp >0,
and are continuous for p € Q.

(iy) For real p # 0, the functions e(x,p) and e(x,—p) form a fundamental system of
solutions for (2.7.30), and

<e(x7p)7e(x7_p)> = —2ip, (2.7.35)

where (y,z) :=y7 —y'z is the Wronskian.
The function e(x,p) is called the Jost solution for (2.7.30).

Proof. We transform (2.7.32) by means of the replacement

e(x,p) = exp(ipx)z(x,p) (2.7.36)

to the equation

2(x,p)=1— ;p / (1 —exp(2ip(t —x))) q(t)z(t,p) dt, > 0,p € Q. (2.7.37)

The method of successive approximations gives

20(x,p) =1, Zes1(x,p) = le.p/: (1 —exp(2ip(r —x))) q(t)z(t,p)dr,  (2.7.38)

2(x,p) =Y wu(x.p). (2.7.39)
k=0
Let us show by induction that
k
|2 (x, p)| < %’ pPeEQ, x>0, (2.7.40)

where .
0o(x) = / Iq(1)|dr.

Indeed, for k=0, (2.7.40) is obvious. Suppose that (2.7.40) is valid for a certain fixed
k> 0. Since |1 —exp(2ip(r —x))| <2, (2.7.38) implies

o (ep) < o [ a0z teplar 2.7.41)

Substituting (2.7.40) into the right-hand side of (2.7.41) we calculate

. . O0(1))+!
e 09)1 < g 0000 = RV
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It follows from (2.7.40) that the series (2.7.39) converges absolutely for x > 0, p € Q,

and the function z(x,p) is the unique solution of the integral equation (2.7.37). Moreover,
by virtue of (2.7.39) and (2.7.40),

|2(x,p)| < exp(Qo(x)/[p), [2(x,;p) — 1] < (Qo(x)/|p]) exp(Qo(x)/[pI)- (2.7.42)
In particular, (2.7.42) yields for each fixed & > 0,

z2(x,p) =1+40(1), x— oo, (2.7.43)
uniformly in Qg, and
1
Z(x,p)=1+0<5>, Ip| — o, peEQ, (2.7.44)

uniformly for x > 0. Substituting (2.7.44) into the right-hand side of (2.7.37) we obtain

2(x, p)—l——/ (1 —exp(ip(t —x)))q ()dt—i—O(p ) lpl = (2745)

uniformly for x > 0.

Lemma 2.7.5. Let g(x) € L(0,00), and denote

Jo(x,p) == / gt expip(i —x))di, peQ. (2.7.46)
Then
lim sup|J,(x,p)| = (2.7.47)
Ipl—=° x>0

Proof. 1) First we assume that g(x) € W;. Then integration by parts in (2.7.46) yields

X 1 bl .
gy =~ = o [ wexp(aiptr ),
and consequently
G

sule (x,p)] < ol

2) Let now g(x) € L(0,20). Fix € > 0 and choose g¢(x) € W such that
)|dt <£
/ l(t) = ge(t)ldr < 5.

Cy €
|Jq(x’p)’ < |JlIg(x7p)| + |Jq7qS(X,p)| < |;‘ ‘|‘§

Then

Hence, there exists p° > 0 such that sup|J,(x,p)| <& for |p| > p°, p € Q. By virtue of
x>0
arbitrariness of € > 0 we arrive at (2.7.47). O
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Let us return to the proof of Theorem 2.7.7. It follows from (2.7.45) and Lemma 2.7.5

that ) |
W(x
z(x,p)=1+i(p+o(p), pl =, peQ, (2.7.48)
uniformly for x > 0. From (2.7.36), (2.7.38)-(2.7.40), (2.7.43) and (2.7.48) we derive
(i1) — (i3) for v =0. Furthermore, (2.7.32) and (2.7.36) imply

l oo
¢ (x,p) = (ip) explip) (1 50 +exp<zip<r—x>>>q<r>z<r,p>dr) L 2749)
X
Using (2.7.49) we get (i1) — (i3) for v = 1. It is easy to verify by differentiation that
the function e(x,p) is a solution of (2.7.30). For real p # 0, the functions e(x,p) and
e(x,—p) satisfy (2.7.30), and by virtue of (2.7.33), lim (e(x,p),e(x,—p)) = —2ip. Since
X—00
the Wronskian (e(x,p),e(x,—p)) does not depend on x, we arrive at (2.7.35). Lemma
2.7.5 is proved. U

Remark 2.7.3. If g(x) € Wy, then there exist functions @ (x) such that for p —
OO’ p GQ’ V:O’1727

v iV . gAR Oy (x) 1 .
e (x,p) = (ip) exp(sz)(l—l—s_zi o5 +0(pN+1>), o) =ok).  (2.7.50)

Indeed, let g(x) € W;. Substituting (2.7.48) into the right-hand side of (2.7.37) we get
1= .
()= 1= g [ (1 —exp(2ip(t—0)a()ds
s [ —expl2ipl—x) g di+o(55), Il —
2607 /. p(2ip(t —x)))q o(52) Ipl=o

Integrating by parts and using Lemma 2.7.5, we obtain

o(x)  (x) 1
-1 — oo Q 2.7.51
dp) =145 24 o( ), Ipl— e, (2.751)
where

o) = —at)+5 [ a0( [ ats)as) ar

= —%q(x) + % (lmq(t)dty.

By virtue of (2.7.36) and (2.7.51), we arrive at (2.7.50) for N =1, v = 0. Using induction
one can prove (2.7.50) for all N.

If we additionally assume that xg(x) € L(0,o0), then the Jost solution e(x,p) exists
also for p = 0. More precisely, the following theorem is valid.

Theorem 2.7.8. Let (14 x)g(x) € L(0,00). Then the functions ¢™ (x,p), v="0,1 are
continuous for Imp >0, x > 0, and

le(x,p) exp(—ipx)| < exp(Qi(x)), (2.7.52)
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e(x.p)exp(—ipx) ~ 1] < (21(x) ~ 1 (x+ 1 ) ) exp(01 (1)) (2.7.53)
Pl

€ (x,p) exp(—ipx) — ip| < Qo(x) exp(Q1(x)), (2.7.54)

where

01(x) = KQO(z)dt:K(z—x)\q(z)mz.

First we prove an auxiliary assertion.

Lemma 2.7.6. Assume that ¢y > 0, u(x) >0, v(x) >0, (a <x < T <o), u(x) is

bounded, and (x—a)v(x) € L(a,T). If

u(x) <1+ / "= ow(ue)ar,

then

u(x) <cjexp (AT(I —x)v(t) dt).

Proof. Denote
Ex)=c1+ T(t —x)v(t)u(t)dt.
Then ’
81 =c. E0)=— [ viudr, & =vxu(),

and (2.7.55) yields

0<&"(x) <E(x)v(x)
Let ¢; > 0. Then &(x) > 0, and
&' (x)
g =0
Hence
<§’(x))’ <v(x)— (&’(x))z <)
g(x)/ — §x)/ — 77

Integrating this inequality twice we get

g _ (7 §(x) g
i g/x v(r)dr, ln& s/x (t —x)v(t)dt,

and consequently,
T
&) < erexp ( / ol
According to (2.7.55), u(x) < &(x), and we arrive at (2.7.56).

(2.7.55)

(2.7.56)

If ¢; =0, then &(x) = 0. Indeed, suppose on the contrary that §(x) # 0. Since &(x) >
0, &'(x) <0, there exists Tp < T such that §(x) >0 for x < Ty, and §(x) =0 for x €
[To, T]. Repeating these arguments we get for x < Ty and sufficiently small € > 0,

&(x)
&(To—e)

In

< /T“(z —x)v(t)dr < /To(z —xv(e)dr,
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which is impossible. Thus, &(x) =0, and (2.7.56) becomes obvious. O
Proof of Theorem 2.7.8. For Imp > 0 we have

‘%exp(ip)‘ <1. (2.7.57)
Indeed, (2.7.57) is obvious for real p and for |p| > 1, Imp > 0. Then, by the maximum

principle [14, p.128], (2.7.57) is also valid for |p| <1, Imp > 0.
It follows from (2.7.57) that

‘ 1 —exp(2ipx)

o ’ < x for Imp >0, x > 0. (2.7.58)

Using (2.7.38) and (2.7.58) we infer
(P < [ rla@altpldr, k=0, mp >0, x>0,

and consequently by induction

k
2, p)|_k’</ tla(0)dr), k>0, Imp >0, x>0.

Then, the series (2.7.39) converges absolutely and uniformly for Imp > 0, x > 0, and the
function z(x,p) is continuous for Imp >0, x > 0. Moreover,

12(x,p)| < exp (/wt\q(t)\dt), Imp >0, x>0. (2.7.59)

Using (2.7.36) and (2.7.49) we conclude that the functions e¥) (x,p), v=0,1 are continu-
ous for Imp >0, x > 0.
Furthermore, it follows from (2.7.37) and (2.7.58) that

2Pl <1+ [ G=la:pldr. Imp =0, x>0
By virtue of Lemma 2.7.6, this implies
|2(x,p)| <exp(Qi(x)), Imp=0,x>0, (2.7.60)

i.e. (2.7.52) is valid. We note that (2.7.60) is more precise than (2.7.59).
Using (2.7.37), (2.7.58) and (2.7.60) we calculate

ep)=11< [ (r=la(0]exp(@i(r))

<exp(Q1() [ (= lqlo)]a,

and consequently,

lz(x,p) — 1| < O01(x)exp(Q1(x)), Imp >0, x> 0. (2.7.61)
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More precisely,

x+ﬁ 1
IZ(x,P)—llé/x (t—X)Iq(t)leXP(Ql(t))dt+H | (1) exp(Q (1)) dt

oo

<exp(@i0)( [ =lawlar— [ (rfxf |;|)|q<r>|dr)

pl

= (Ql (x) — O (x+ |pl‘>> exp(Q1(x)),

1.e. (2.7.53) is valid. At last, from (2.7.49) and (2.7.60) we obtain

/() exp(—ipx) —ipl < [ la(o)|exp(Qa(1))dr < exp(@i(x)) [ la(o)la,

and we arrive at (2.7.54). Theorem 2.7.8 is proved. O
Remark 2.7.4. Consider the function

24>

q(x) = m’

where a is a complex number such that a ¢ (—o,0]. Then g(x) € L(0,e0), but xg(x) ¢
L(0,00). The Jost solution has in this case the form (see Example 2.7.3)

ep) = exp(ipx) (1= 775 ).

i.e. e(x,p) has a singularity at p = 0, hence we cannot omit the integrability condition in
Theorem 2.7.8.

Theorem 2.7.9. Let (1+x)g(x) € L(0,00). Then the Jost solution e(x,p) can be
represented in the form

e(x,p) = exp(ipx) + / A(x.1)explipt)dr, Imp >0, x>0, (2.7.62)

where A(x,t) is a continuous function for 0 < x <t < e, and
1 oo
A = 5 / g(1)di. (2.7.63)
X

[A(x,1)| < lQo()%) exp (Ql(x)—Q1<xT+t)>, (2.7.64)

1+/ IA(x,1)|dt < exp(Qs (x / A(e,0)|df < O (x)exp(Q1(x).  (2.7.65)

Moreover, the function A(x1,x2) has first derivatives i=1,2; the functions

8x,- ’

0A(x1,x2) 1 /x1+x2
ax,- * Zq( 2 >
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are absolutely continuous with respect to x; and x,, and satisfy the estimates

)BA(xl,xz) N lq()q —i—xz)‘

axi Z 2

1+x2

Qo(xl)Qo(

) exp (Q1 (x1) — O (xl “2)), i=1,2. (2.7.66)
Proof. According to (2.7.36) and (2.7.39) we have
Zsk x,p), &(x,p)=z(x,p)exp(ipx). (2.7.67)
Let us show by induction that the following representation is valid

e1(x,p) = / a0 explipr)dr, k> 1, (2.7.68)

where the functions a,(x,#) do not depend on p.
First we calculate €;(x,p). By virtue of (2.7.38) and (2.7.67),

er(p) = [P0 explips)als) ds

= ;lwq(s) (Azs_xexp(ipt)dt> ds.

Interchanging the order of integration we obtain that (2.7.68) holds for k =1, where
1 [=5)

t
axt) = 2 (t+x)/2

q(s)ds.

Suppose now that (2.7.68) is valid for a certain k > 1. Then

ccrlep) = [ = gl s, p) s

= /w Sillp)(s_)oq(s)(/swak(s,u)exp(ipu) du) ds

P
2/ / ai(s u)(/:ii;exp(ipt) dt) du) ds.

We extend ai(s,u) by zero for u <s. For s > x this yields

oo S+u—x © t+s—x
1 ak(s,u)(/_Yﬂﬂexp(ipt)dt) du:A exp(ipt)(l_gﬂ ak(s,u)du> dt.

Therefore

eca(p) = 5 [ explipn) ([Ta)( [ ants) ) as)
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2/ a1 (x, 1) exp(ipt) dt
where
1 oo t+s—x
Qg1 (x,1) = 5/ q(s)(/ ak(s,u)du> ds, t>x.
X t—s+x

Changing the variables according to u+s = 2a, u—s = 23, we obtain

aaten= [ (] " gl Ba(o— B+ BB do

Taking Hi(o,B) = ax(oe—B,a+B), t +x=2u, t —x = 2v, we calculate for 0 <v < u,

Hy(u,v) = % / " g(s)ds, Hipr (u,v) = / ) ( /0 vq(oc—B)Hk(oc,B)dB> do.  (2.7.69)
It can be shown by induction that
(Q1(u—v) = 01 (u)*
k! ’

Indeed, for k =0, (2.7.70) is obvious. Suppose that (2.7.70) is valid for Hy(u,v). Then
(2.7.69) implies

k1
[Hir1 (u,v)| < 5 / Qo(a /’610C B)l (Q1(0c (i)_l) 1(@)) d[3>d0‘-

1
|Hyp1(u,v)| < EQo(u) k>0,0<v<u. (2.7.70)

Since the functions Qy(x) and Q;(x) are monotonic, we get

)] < 5 20 [ (@@~ 01(@)* ! (@ofa—) - Qufod) e

(Q1(u—v) — 01 ()
k! '

1
= EQO(M)
i.e. (2.7.70) is proved. Therefore, the series

v) = i Hi(u,v)
k=1

converges absolutely and uniformly for 0 <v <u, and

(1,) 2/ ds+/ / )H(0B)dp) o, (2.7.71)

H(u,v)| < %Qo(u) exp <Q1 (u—v)— 0 (u)) . (2.7.72)
Put
Alx,f) = H(HTX t%) (2.7.73)
Then

x,t) = iak(x,t),
k=1
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the series converges absolutely and uniformly for 0 < x <t, and (2.7.62)-(2.7.64) are valid.
Using (2.7.64) we calculate

[ )l < exp(@1(0) [ QulE)exp(~01(E)

—exp(@1(v)) [ Gz (xp(-01(8) d& = exp(@1 () -

and we arrive at (2.7.65).
Furthermore, it follows from (2.7.71) that

aHéZ’v) - _%q(”) _[JV‘I(”—B)H(%BM& (2.7.74)
aHMv / q(o.—v)H(a,v) (2.7.75)

It follows from (2.7.74)—(2.7.75) and (2.7.72) that

202 L gtw)] < 2 [ atu— )00 () exp(1 e~ )~ 01 1) .

‘ang:,v) < ;/w la(a—v)[Qo(ar) exp(Q1 (e —v) — Q@) dox

[ latu=plap= [ las)lds < Qo(u—)

Ql(OL—V)—Ql(OC): Qo(l‘)dl‘

o—v

Since

<[ aldr=0iw—v)-@i(w). u<a.

we get

< 3 0u(u)exp(@1 (=)~ Q1(w) [ lqu—B)|B

Qo(u—v)Qo(u)exp(Qi(u—v)— 01 (u)), (2.7.76)

Qo(wexp(1(u=v) = 1(w) [ lg(a—v) o

< —Qo(u—v)Qo(u)exp(Q1(u—v)— Q0 (u)). (2.7.77)

By virtue of (2.7.73),

0A(x, o0H(u,v) 0H(u,v
AE()xt)Zl( Ha(u - Hév )>’

0A(x,t) 1 (aH(u,v) +8H(u,v))’

o 2\ ou ov

9 |
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where
_tx o tex
u=—=, v=—
T ) OH(u.v) o (u.v)
A(x,t 1 /x—+t _l H(u,v 1 _l H(u,v
ox +Zq(7> _2( Ju +2qw)) 2 ov
0A(x,t) 1 /x+t\ 1/0H(uv) 1 1 0H (u,v)
o t3( ) =2 (Ta )+ 35
Taking (2.7.76) and (2.7.77) into account we arrive at (2.7.66). O

Theorem 2.7.10. For each & > 0, there exists a = ag > 0 such that equation (2.7.30)
has a unique solution y = E(x,p), p € Qg, satisfying the integral equation

E(x,p) = exp(—ipx) + ;p [ expliptr—1)a(E(rp)dr

+2lp / “explip(t —x))q(E(t,p) dt. (2.7.78)

The function E(x,p), called the Birkhoff solution for (2.7.30), has the following proper-
ties:
(i1) EW(x,p) = (—ip)Yexp(—ipx)(1 4 o(1)), x — o v = 0,1, uniformly for |p| >
S, Imp > a, for each fixed o> 0,
() EM(x,p) = (=ip)"exp(—ipx)(1+0(p™")), [p| = = p € Q, uniformly for x > a;
(i3) for each fixed x>0, the functions EV)(x,p) are analytic for Imp >0, |p| > 8, and
are continuous for p € Qs;
(i) the functions e(x,p) and E(x,p) form a fundamental system of solutions for
(2.7.30), and {(e(x,p),E(x,p)) = —2ip.
(is) If 8 > Q0(0), then one can take above a = 0.

Proof. For fixed 8 > 0 choose a =ag >0 such that Qp(a) < 8. We transform (2.7.78)
by means of the replacement E(x,p) = exp(—ipx)E(x,p) to the equation

E(x,p) —1+f/ exp(2ip(x —1))q(D)E(1, p) dt

1 oo
— . 2.7.
tai [ aE(ep)a (27.79)
The method of successive approximations gives
Solx,p) =1,
1 [~ )
Gua(p) = 5 [ exp@iple—n)a(p)dr+ 5 [ ailrp)d

5p)= ¥ Eulxp).
k=0
This yields .
Eenep)l < 500 [ laou(ep)lar
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and hence

i)l < (5)"

Thus for x > a, |p| > Qo(a), we get

Qo(a)

It follows from (2.7.78) that
E'(x,p) = exp(—ipx)

L . L=
. (—zp+ [ it atosiepya - [ q<z>&<z,p>dt) S (@780)
Since |&(x,p)| <2 for x > a, p € Qg, it follows from (2.7.79) and (2.7.80) that

[EY) (x,p)(—ip) ™ exp(ipx) — 1|

< ([ exn=2ete—)ig)lar+ [ la(o1ar)

|F1)|<exp(—’cx) /:/2 ’C](t)|dt+/x; "1@|dt)’

and consequently (i) — (i) are proved.
The other assertions of Theorem 2.7.10 are obvious. O

<

Properties of the spectrum. Denote
A(p) = €'(0,p) —he(0,p). (2.7.81)

By virtue of Theorem 2.7.7, the function A(p) is analytic for Imp > 0, and continuous for
p € Q. It follows from (2.7.34) that for |p| — o, p € Q,

e(0,p) =1+ % +o<;), Alp) = (ip) (1 n %‘ —I—o(;)), (2.7.82)

where ®; = ®(0), ®1; = ®(0) — h. Using (2.7.36), (2.7.45) and (2.7.49) one can obtain
more precisely

e(O,p):1+g+ 1 ) (t)exp(2ipt)dt+ O 1 ,
i lel/o Z P <p21) (2.7.83)
Alp) = (ip)(l +%1 3 /O q(t)exp(Zipt)dtvLO(@)).

Denote
A={L=p’:peQ, Alp) =0},

N={L=p*: Imp>0,A(p) =0},
AN'={h=p*: Imp=0,p#0,A(p) = 0}.
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Obviously, A = A’UA" is a bounded set, and A’ is a bounded and at most countable set.
Denote

®(x,)) = ef?p ‘;). (2.7.84)

The function ®(x,A) satisfies (2.7.30) and on account of (2.7.81) and Theorem 2.7.7 also
the conditions

U(®) =1, (2.7.85)

®(x,A) = O(exp(ipx)), x— oo, p€EQ, (2.7.86)

where U is defined by (2.7.31). The function ®(x,A) is called the Weyl solution for L.
Note that (2.7.30), (2.7.85) and (2.7.86) uniquely determine the Weyl solution.

Denote M(A) := ®(0,A). The function M(A) is called the Weyl function for L. It
follows from (2.7.84) that

M) = "’i(z;)‘?. (2.7.87)
Clearly,
®(x,A) = S(x,A) + M(A)@(x, ), (2.7.88)

where the functions @(x,A) and S(x,A) are solutions of (2.7.30) under the initial conditions
o(0,A) =1,¢'(0,A) =h, S(0,A)=0,5(0,1)=1.

We recall that the Weyl function plays an important role in the spectral theory of Sturm-
Liouville operators (see [19] for more details).

By virtue of Liouville‘s formula for the Wronskian [13, p.83], (¢(x,A),®(x,A)) does
not depend on x. Since for x =0,

<(P(X, }\'>7(D(x7 )\')>\x:0 - U((D) =1,

we infer

(@(x, 1), &(x, 1)) = 1. (2.7.89)

Theorem 2.7.11. The Weyl function M(\N) is analytic in TI\ A’ and continuous in
I1; \ A. The set of singularities of M(A) (as an analytic function) coincides with the set
Ag:={A: L>0}UA.

Theorem 2.7.11 follows from (2.7.81), (2.7.87) and Theorem 2.7.7. By virtue of
(2.7.88), the set of singularities of the Weyl solution ®(x,A) coincides with Aq for all
x >0, since the functions @(x,A) and S(x,A) are entire in A for each fixed x > 0.

Definition 2.7.1. The set of singularities of the Weyl function M(A) is called the
spectrum of L. The values of the parameter A, for which equation (2.7.30) has nontrivial
solutions satisfying the conditions U(y) =0, y(e0) =0 (i.e. limy_y(x) =0), are called
eigenvalues of L, and the corresponding solutions are called eigenfunctions.

Remark 2.7.5. One can introduce the operator

L°: D(L°) — L(0,%0), y — —y" 4+ q(x)y
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with the domain of definition D(L°) = {y: y € Ly(I) NACioc(I),y" € ACjoc(I), L%y €
L,(I),U(y) = 0}, where I :=[0,c0). It is easy to verify that the spectrum of L° coin-
cides with Ag. For the Sturm-Liouville equation there is no difference between working
either with the operator L° or with the pair L. However, for generalizations for many other
classes of inverse problems, from methodical point of view it is more natural to consider
the pair L (see, for example, [19] ).

Theorem 2.7.12. L has no eigenvalues A > 0.

Proof.  Suppose that Ay = pj > 0 is an eigenvalue, and let yo(x) be a correspond-
ing eigenfunction. Since the functions {e(x,po),e(x,—po)} form a fundamental system
of solutions of (2.7.30), we have yy(x) = Ae(x,po) + Be(x,—po). For x — oo, yp(x) ~
0, e(x,£po) ~ exp(=£ipox). But this is possible only if A =B =0. O

Theorem 2.7.13.If (1+x)g(x) € L(0,0), then A =0 is not an eigenvalue of L.

Proof. The function e(x) := e(x,0) is a solution of (2.7.30) for A =0, and according
to Theorem 2.7.8,

lime(x) = 1.
X—00
Take a > 0 such that .
e(x) > 3 for x > a,

and consider the function

It is easy to check that

and
e(x)7 (x) — €' (x)z(x) = 1.

Suppose that A =0 is an eigenvalue, and let yo(x) be a corresponding eigenfunction. Since
the functions {e(x),z(x)} form a fundamental system of solutions of (2.7.30) for A =0,
we have

yo(x) = Ce(x) + CYz(x).
It follows from above that this is possible only if C{ =CY = 0. O

Remark 2.7.6. Let )
2a
= — //l = —
where a is a complex number such that a ¢ (—,0]. Then g(x) € L(0,), but xg(x) ¢
L(0,00). In this case A =0 is an eigenvalue, and by differentiation one verifies that

B 1
 l4ax

y(x)

is the corresponding eigenfunction.

Theorem 2.7.14. Let A ¢ [0,0). For Ay to be an eigenvalue, it is necessary and
sufficient that A(pg) = 0. In other words, the set of nonzero eigenvalues coincides with
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A. For each eigenvalue Ao € A’ there exists only one (up to a multiplicative constant)
eigenfunction, namely,

@(x,20) = Boe(x,po); Po # 0. (2.7.90)

Proof.  Let Ay € A'. Then U(e(x,po)) = A(po) = 0 and, by virtue of (2.7.33),
lim e(x,po) = 0. Thus, e(x,po) is an eigenfunction, and A9 = p3 is an eigenvalue. More-
X—r00

over, it follows from (2.7.84) and (2.7.89) that (@(x,)),e(x,p)) = A(p), and consequently
(2.7.90) is valid.

Conversely, let Ay = p(z)7 Impo > 0 be an eigenvalue, and let yo(x) be a correspond-
ing eigenfunction. Clearly, yo(0) # 0. Without loss of generality we put yo(0) = 1.
Then y;(0) = h, and hence yo(x) = @(x,A). Since the functions E(x,po) and e(x,po)
form a fundamental system of solutions of equation (2.7.30), we get yo(x) = 0E (x,po) +
Boe(x,po). As x — oo, we calculate 0 =0, i.e. yo(x) = Boe(x,po). This yields (2.7.90).
Consequently, A(pg) =U(e(x,po)) =0, and @(x,Ay) and e(x,po) are eigenfunctions. O

Thus, the spectrum of L consists of the positive half-line {A: A >0}, and the discrete
set A=A’UA". Eachelement of A’ is an eigenvalue of L. According to Theorem 2.7.12,
the points of A” are not eigenvalues of L, they are called spectral singularities of L.

Example 2.7.2. Let g(x) =0, h=i0, where 0 is a real number. Then A(p) =ip —h,
and A’ =0, A” = {06}, i.e. L has no eigenvalues, and the point pp = 0 is a spectral
singularity for L.

It follows from (2.7.34), (2.7.82), (2.7.84) and (2.7.87) that for |p| — oo, p € Q,

M) :;)(H'Z;lw(;)), (2.7.91)
@V (x,A) = (ip)" " exp(ipx) (1 + Bl_(:) +o (;)) , (2.7.92)

uniformly for x > 0; here

1 X
my = h, B(x)zh%—EA q(s)ds.

Taking (2.7.83) into account one can derive more precisely
M) = - <1+”“+1/°° (1) exp(2i t)dt+0<1)> (2.7.93)
=— —+— exp(2i —= 11, 7.
ip\ ip ip Jo TP p?
Pl =, peQ.
Moreover, if g(x) € Wy, then by virtue of (2.7.50) we get

1 N+1 mg 1
M(\) 1+) (ip)s+0<pzv+1> . lpl =, peQ, (2.7.94)

p s—1

1
where my =h, mp= _EQ(O) + K.
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Denote

VL) = zim (M- (\)—M* (1), A0,

where

M*(\) = lim M(A=+iz).
z—0,Rez>0

It follows from (2.7.91) and (2.7.95) that for p > 0, p — oo,

V= (o) S (o)

and consequently

1 1
V(k):np<l~l—o<p>>, p>0,p— +oo.

In view of (2.7.93), we calculate more precisely

1 1 [~ 1
V(M) = — 1+—/ t '2tdt+0<>>, >0, p— +oo.
() np< poq()smp > p p

Moreover, if g(x) € Wy, then (2.7.94) implies

(}\1) 1 N+1 V, < 1 )
VM) =— 11+ —4o|l—==1]], p>0,p— +oo,
Tcp e pS pN+1

where Vo3 = (—1)°myy, Va1 =0.

(2.7.95)

(2.7.96)

(2.7.97)

(2.7.98)

An expansion theorem. In the A - plane we consider the contour Y=Y Uy’ (with
counterclockwise circuit), where ¥ is a bounded closed contour encircling the set AU{0},

and Y’ is the two-sided cut along the arc {A: A >0, A & inry'}.

Y

Figure 2.7.1.
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Theorem 2.7.15. Let f(x) € W,. Then, uniformly for x > 0,

_ % /Y O(x, NF(WM(X)dA, (2.7.99)

- [ om0

Proof.  We will use the contour integral method. For this purpose we consider the
function

where

xk/(ptk dt—&—(px?u/ ®(1,\) f(1) dr (2.7.100)

Since the functions @(x,A) and ®(x,A) satisfy (2.7.30) we transform Y (x,A) as follows
1 X
V() = 7 2(e) [ (=0 (1) + (00 2) (1)

) [T g0 dr

Two-fold integration by parts of terms with second derivatives yields in view of (2.7.89)

Y(x,A) = %( 1) +2(x1). (2.7.101)
where
2(50) = (£'(0) = W)@ 1) + @) [ 9(e.1)er (1) de
+o(x, ) / B(1,\)0f (1) dt. (2.7.102)
Similarly,
F(k):—%(f() hf(0 x/ ot M (e)dt, A > 0. (2.7.103)

The function @(x,A) satisfies the integral equation (2.2.47). Denote
pr(A) = max (|lo(x,A)[exp(—|tlx)), T:=Imp.

0<x<T

Then (2.2.47) gives for |p| > 1, x € [0, 7],

|0(x, M) exp(—|tlx) <

u® [Mawlar,

and consequently

ur() 7 ur() [
pr() < c+ | lawlar<c+ o | lawlar
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From this we get |ur(A)| < C for |p| > p*. Together with (2.2.48) this yields for v =
0.1, [p| = p7,
0™ (x, 1) < Clp|Y exp(|]x), (2.7.104)

uniformly for x > 0. Furthermore, it follows from (2.7.92) that for v=0,1, |p| > p*,
) (x,1)| < Clp|"~" exp(—|t]x), (2.7.105)

uniformly for x > 0. By virtue of (2.7.102), (2.7.104) and (2.7.105) we get

Z(x,\) = 0(;), IA| = oo,

uniformly for x > 0. Hence, (2.7.101) implies

1

F) = — /M_Rm, 2) dk‘ —0, (2.7.106)

lim sup i
l

R—o >0

where the contour in the integral is used with counterclockwise circuit. Consider the contour
Y= (yn{A: |A| <R})U{A: |A| =R} (with clockwise circuit).

/
k R

Y

g/

Figure 2.7.2.

By Cauchy ‘s theorem [14, p.85]
1
— [ Y(x,A)dA=0.
— /YO (x.1)
Taking (2.7.106) into account we obtain

lim sup
R—oo x>0

1
—— [ Y(x,A)dA| =0,
109 55 [ vsm)
where Yg = YN {A: |A] <R} (with counterclockwise circuit). From this, using (2.7.100)
and (2.7.88), we arrive at (2.7.99), since the terms with S(x,A) vanish by Cauchy‘s theo-
rem. We note that according to (2.7.97), (2.7.103) and (2.7.104),

1

F(\) = 0(1)’ M) = 0(;), e, A) =0(1), x>0, A>0, A — oo,
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and consequently the integral in (2.7.99) converges absolutely and uniformly for x > 0.
Theorem 2.7.15 is proved. O

Remark 2.7.7. If g(x) and h are real, and (1+x)g(x) € L(0,0), then (see [27, Sec.
2.3]) A"=0, N C (—,0) is a finite set of simple eigenvalues, V(L) >0 for A>0 (V(A)
is defined by (2.7.95)), and M(A) = O(p~!) as p — 0. Then (2.7.99) takes the form

10 = [ MOV M+ ¥ 9 A)F()Q) ©0;:= ResM(M).
Y =Aj
or .
10 = [ el F()do(h).
where G(A) is the spectral function of L (see [19]). For A <0, o() is a step-function;
for A >0, o(A) is an absolutely continuous function, and ¢’(A) =V (A).

Remark 2.7.8. It follows from the proof that Theorem 2.7.15 remains valid also for
f(x) e wi.

4. Recovery of the differential equation from the Weyl function

In this subsection we study the inverse problem of recovering the pair L = L(g(x),h)
of the form (2.7.30)-(2.7.31) from the given Weyl function M(). For this purpose we will
use the method of spectral mappings (see [17], [18]). First, let us prove the uniqueness
theorem for the solution of the inverse problem.

Theorem 2.7.16. If M(A) = M(A), then L= L. Thus, the specification of the Weyl
Sfunction uniquely determines q(x) and h.

Proof. Let us define the matrix P(x,A) = [Pjx(x,A)];x=1, by the formula

px,n)  d(x,)) o(x,h)  @(x,))
P(x, 1) @ (x,0) é'(x,x)]:[d(x,x) Y (xA) |

By virtue of (2.7.89), this yields

Pit(x,h) = @V~ (x, 1)@/ (x, ) — U™ (2, 1)/ (x,1)

| | ) , (2.7.107)
Pja(x, 1) = @D (x, ) §(x, 4) — 9l (x, 1) D(x, 1)
@(x,A) = Pi1(x, L)(x, 1) + Pra(x, 1)@’ (x, 1)
i ] . (2.7.108)
B(x,\) = Pri (6, M) (x, 1) + Pria(x, )@ (x, 1)
Using (2.7.107), (2.7.104)-(2.7.105) we get for || — oo, & = p,
ij(xak)_sijO(pil)a .]Sk, PZI('X?}\’):O(I) (27109)

If M(X)=M (L), then in view of (2.7.107) and (2.7.88), for each fixed x, the functions
Pjr(x,\) are entire in A. Together with (2.7.109) this yields Pi;(x,A) =1, Pi2(x,A) =0.
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Substituting into (2.7.108) we get @(x,A) = ®(x,L), P(x,A) = ®(x,A) for all x and A,
and consequently, L = L. O

Let us now start to construct the solution of the inverse problem. We shall say that
L € Vy if g(x) € Wy. We shall subsequently solve the inverse problem in the classes Vy.
Let a model pair L = L(g(x),h) be chosen such that

/wp4]‘7(k)|2dp<oo, Vi=vV-V (2.7.110)
p*

for sufficiently large p* > 0. The condition (2.7.110) is needed for technical reasons. In
principal, one could take any L (for example, with §(x) = 7 = 0) but generally speaking
proofs would become more complicated. On the other hand, (2.7.110) is not a very strong
restriction, since by virtue of (2.7.97),

N 1 /= 1
P2V (L) = —/ c}(t)sin2ptdt—|—0(f).
TJo P
In particular, if g(x) € L, then (2.7.110) is fulfilled automatically for any G(x) € L,.

Hence, for N > 1, the condition (2.7.110) is fulfilled for any model LeVy.
It follows from (2.7.110) that

Am|V(K)\dk:2/wp|V(k)|dp oo, A= (p)2, A= pn. (2.7.111)
.
Denote
Do) = LI [0 s,
A—p
Blr ) = (P(x,A), p(x /(p”L (2.7.112)
A—p

r(x, Mo p) = D(x, A )M (), F(x, hopt) = D(x, A )M ().

Lemma 2.7.7. The following estimate holds

Crexp(|[Imp|x)

D(x,\ D(x,\u)| <
‘ (X, ,‘Ll)‘,’ (X, ,‘U)’_ |p:':e|—|-1

, (2.7.113)

A=p> u=06>>0, £0Rep > 0.
Proof. Let p=oc+it. For definiteness, let 6 >0 and ¢ > 0. All other cases can be treated

in the same way. Take a fixed §p > 0. For |p —6| > §; we have by virtue of (2.7.112) and
(2.7.104),

o(x, A
]D(x,k,y)]—‘< ”L ‘<Cexp(|‘c]x)“p2’ H’ (2.7.114)

Since
pl+168] _ Vol+T+6 _ VOP4+T 46
p+6l  \/(c+6)2+12  Vor+1i4+02
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(here we use that (a+b)? < 2(a®+b?) for all real a,b), (2.7.114) implies

C
D )| < SR, (2.7.115)
P -6
For |p—0] > 3y, we get
— 1 1
Ip—6| do
and consequently
1 & +1
< S i =2
P—6] ~ [p—6[+1 8o
Substituting this estimate into the right-hand side of (2.7.115) we obtain
Cexp(|t|x)
D X, 7\'7 < T~ al i 1
Dl <
and (2.7.113) is proved for |p—8| > .
For |p — 0| <&y, we have by virtue of (2.7.112) and (2.7.104),
X
D) < [ ot Mp(r )] dr < Cuexp([el)
i.e. (2.7.113) is also valid for |p — 8| < . O
Lemma 2.7.8. The following estimates hold
° do InR
7:0(—), R— o, 2.7.116
A 0(R—6[+1) R - ( )
0 doe 1
—:0(7)7 R — oo, 27117
ﬁ 02(JR— 6|+ 1) R - ( )

Proof. Since

_l’_

1 1 (1 1 >
O(R—6+1) R+1\6 R—0+1/

1 1 ( 1 _1)
8(06—R+1) R—-1\6—R+1 0/’

we calculate for R > 1,

/w de B /R o . [w de
1 O(R—0|]+1) Ji 8(R—6+1) ' Jr 8(6—R+1)

| R | e |
_ a0 ( —f)de
R+1A (6+R—9+1> +1?-1[? o_R+1 ©
2InR InR
— + ,
R+l TR-1
ie. (2.7.116) is valid. Similarly, for R > 1,

/w de _/R de +/°° de
1 02(|R—8|+1)2  Ji 02(R—6+1)2  Jg 02(0—R+1)2
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1 R 1 1 1 r= do
< R -
_(R+1)2ﬁ <9+R—9+1) 9+ R2/ O—R+1)?

R 40 do 1 [~de 1
R—|—1 / % O(R— e+1))+ﬁ | ?‘0(1?)’

i.e. (2.7.116) is valid. O

In the A - plane we consider the contour Y=y UY"’ (with counterclockwise circuit),
where Y is a bounded closed contour encircling the set AUAU {0}, and " is the two-
sided cut along the arc {A: A >0, A & inty'} (see fig. 2.7.1).

Theorem 2.7.17. The following relations hold

H(x.A) = o(x, X) +7/ (o, hot) 95, 1) g, (2.7.118)

r(x, A, u) — F(x, A, u) +—/ Flx, A, E)r(x, &, 1) dE = 0. (2.7.119)

Equation (2.7.118) is called the main equation of the inverse problem.
Proof. It follows from (2.7.91), (2.7.104), (2.7.112) and (2.7.113) that

. Cy
lr(e, Ay, [7(x, A )| < PICETESE lo(x,A)| <C, (2.7.120)

Aucy, =£RepRe6>0.

In view of (2.7.116), it follows from (2.7.120) that the integrals in (2.7.118) and (2.7.119)
converge absolutely and uniformly on ¥ for each fixed x > 0.

Denote Jy={A: A ¢ yUinry'}. Consider the contour Yz =yN{A: |A| <R} with coun-
terclockwise circuit, and also consider the contour ¥y =yrU{A: |A| = R} with clockwise
circuit (see fig 2.7.2). By Cauchy‘s integral formula [12, p.84],

1 Pri(x,u) — 1x

Pie(x,A) =8 = - T A—n du, M€ inty,
Paleh)—Palo) 1 [ Pa(d) .
" A )
T m g e

Using (2.7.109) we get

m Pr(x,p) —du i Pji(x,&)
I%Hoo lu|=R A—u du =0, Igﬂm/é =R (A=8)(E—u)

and consequently

d§ =0,

P]k(xuu)
21 Y 7\,—/1

P]k(x, 7\4) Slk d,u, A€ Jy, (2.7.121)

Pj(x,A) = Poe,p) 1 / ( Pil®8) ey e Jy (2.7.122)

w2l (-8)E—p)
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Here (and everywhere below, where necessary) the integral is understood in the principal

value sense: / = lim / .
Y RooJy

By virtue of (2.7.108) and (2.7.121),

- 190 A)P (xp) + @ (x, A) Pra(x, )
(x, 1) = (x, 1) +2m/ - du, \ely
Taking (2.7.107) into account we get
05:2) = 9 )+ 51 [ (B2 (0L (1) — D) .0) +
~, N ~ du
¢ (X, }”) (CD(x,y)(p(x,,u) - (p(x,,u)CI)(x,y))f_‘u.

In view of (2.7.88), this yields (2.7.118), since the terms with S(x,u) vanish by Cauchy‘s
theorem. Using (2.7.122), (2.7.107)-(2.7.109) and (2.7.112), we arrive at

D(xa 7“7:“) —D(X, 7"7:“) =
1/(<¢(x,7»)7‘i>(x,§)><<P(x7§),<P(x,u)>
2mi Jy A=8)(E-n
_ {9 1),0(x,8)) {(P(x,5), 9(x, 1))

dE.
—5)E—n) )
In view of (2.7.88) and (2.7.112), this yields (2.7.119). O

Analogously one can obtain the relation

B(x,h) = D(x, 1) + Zim / (b, ;“)_"z(x’”»my)(p(x,y) dphed,  (27.123)

Let us consider the Banach space C(y) of continuous bounded functions z(A), A €,
with the norm ||z|| = sup|z(})|.
A€y

Theorem 2.7.18. For each fixed x > 0, the main equation (2.7.118) has a unique
solution @(x,\) € C(y).

Proof. For a fixed x > 0, we consider the following linear bounded operators in C(Y) :

Az(\) / x, A, 1) z(u) du,
mm:mw;%mmmww

Then
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:Z(x)_zlm,/< (o6, A1) — / Fx, A, 8)r( é,u)d§>2(ﬂ)dy

By virtue of (2.7.119) this yields

AAz(M) =z(A), z(A) € C(y).

Interchanging places for L and L, we obtain analogously AAz(?u) z(A). Thus, AA =
AA = E, where E is the identity operator. Hence the operator A has a bounded inverse
operator, and the main equation (2.7.118) is uniquely solvable for each fixed x > 0. ]

Denote

g(x) = 30 /(p x,1)Q(x, )M (1) du,  €(x) = —2¢4(x). (2.7.124)

Theorem 2.7.19. The following relations hold
q(x) = g(x) +£(x), (2.7.125)
h=h—¢gy(0). (2.7.126)

Proof.  Differentiating (2.7.118) twice with respect to x and using (2.7.112) and
(2.7.124) we get

(6, 0) —e0(D)D(x,A) = ¢ (x, 1) +7 / XA t) @' (6, 0) i, (2.7.127)
§'(r0) = o(x, 1) + 2; /Y 7,2 )0 (3,12) di
/ 25, (e, )M (1)@ (x.11)
i / (B0 ). 1)) M (1)@, 11) . (2.7.128)

In (2.7.128) we replace the second derivatives using equation (2.7.30), and then we replace
¢(x,A) using (2.7.118). This yields

1

G0, 1) = q(x)P(x,A) + 5 /Y<<P(xa ), @(x, 1)) M (1) (x, 1) dps

g 200D )0 )

1

o (0L MO0 W) ) .

After canceling terms with ¢’(x,A) we arrive at (2.7.125). Taking x =0 in (2.7.127) we
get (2.7.126). O

Thus, we obtain the following algorithm for the solution of the inverse problem.
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Algorithm 2.7.2. Let the function M(L) be given. Then
(1) Choose L € Vy such that (2.7.110) holds.
(2) Find @(x,A) by solving equation (2.7.118).
(3) Construct q(x) and h via (2.7.124) — (2.7.126).

Let us now formulate necessary and sufficient conditions for the solvability of the in-
verse problem. Denote in the sequel by W the set of functions M(A) such that
(i) the functions M(A) are analytic in IT with the exception of an at most countable
bounded set A’ of poles, and are continuous in IT; with the exception of bounded set
A (in general, A and A’ are different for each function M (L) );
(ii) for |A| — oo, (2.7.91) holds.

Theorem 2.7.20. For a function M(A) € W to be the Weyl function for a certain
L € Vy, it is necessary and sufficient that the following conditions hold:
1) (Asymptotics) There exists L € Vi such that (2.7.110) holds;
2) (Condition S) For each fixed x > 0, equation (2.7.118) has a unique solution
o(x,A) € C(7);
3) €(x) € Wy, where the function €(x) is defined by (2.7.124).
Under these conditions q(x) and h are constructed via (2.7.125) —(2.7.126).

As it is shown in Example 2.7.3, conditions 2) and 3) are essential and cannot be omit-
ted. On the other hand, in [27, Sec. 2.3] we provide classes of operators for which the
unique solvability of the main equation can be proved.

The necessity part of Theorem 2.7.20 was proved above. We prove now the sufficiency.
Let a function M (L) € W, satisfying the hypothesis of Theorem 2.7.20, be given, and let
¢(x,A) be the solution of the main equation (2.7.118). Then (2.7.118) gives us the analytic
continuation of @(x,A) to the whole A- plane, and for each fixed x > 0, the function
¢(x,A) is entire in A of order 1/2. Using Lemma 2.7.1 one can show that the functions
o™ (x,A), v=0,1, are absolutely continuous with respect to x on compact sets, and

0™ (x, 1) < Clp[Y exp(|tlx). (2.7.129)

We construct the function ®(x,A) via (2.7.123), and L = L(g(x),h) via (2.7.125)-
(2.7.126). Obviously, L € Vy.

Lemma 2.7.9. The following relations hold

2o(x,A) = o(x,X), LD(x,A) =AdD(x,A).

Proof. For simplicity, let

oo

[ ol lan <=

(the general case requires minor modifications). Then (2.7.129) is valid for v =0,1,2.
Differentiating (2.7.118) twice with respect to x we obtain (2.7.127) and (2.7.128). It
follows from (2.7.128) and (2.7.118) that

~0'(61) +a(0P0A) = (D) + 1 [ e kol d
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g [OLER). 0 1)) d

—2<~P(x77v)27tl. /Y (@0, M) (o, 1)) M ()9 (ex, 1) dpe

Taking (2.7.125) into account we get

_ 1 [
(1) = 0(r1) + 3 | 7w host) (s
LJy

7 J(0052). 000 )01 .

Using (2.7.123) we calculate similarly
ci)/(x7 }\’) - So(X)Ci)()C, }\’) = q)/(xa 7\')

B0, 90)
“ari)

- M ()@ (x,u) du,

‘:

E&)(x,?u)zﬂcb(x,?»)—kﬁ /Y (@, )‘i(x ) i ) o e, 1)

5 (@), D) ()0

It follows from (2.7.130) that
- L.
M) = (96 M) + 2 | e Ao g d

21: / (A — p)F(x, A, ) @ (x, ) d.

Taking (2.7.118) into account we deduce for a fixed x > 0,

1
e+ o [Tl pn(eadu=0, Aev.
LJy

where M(x,A) := £@(x,A) —A@(x,A). According to (2.7.129) we have
|n(-x77\')|§CX|p’27 7LE'Y

By virtue of (2.7.133), (2.7.112) and (2.7.113),
= V()
x, A <C<1—|— ————n(x, d),
M) < G104 [t
AEY, 0>0,Rep > 0.
Substituting (2.7.134) into the right-hand side of (2.7.135) we get

2|V (W)

dy), Ac7y, 08>0, Rep > 0.

(2.7.130)

(2.7.131)

(2.7.132)

(2.7.133)

(2.7.134)

(2.7.135)
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Since 0
———F— <1 for 6,p > 1,
p(p—6[+1) P
this yields
MxA)| <Cilpl, Aew. (2.7.136)

Using (2.7.136) instead of (2.7.134) and repeating the preceding arguments we infer
MEAM[<C, Aey.

According to Condition S of Theorem 2.7.20, the homogeneous equation (2.7.133) has only
the trivial solution 1 (x,A) = 0. Consequently,

Lo(x,A) = Ao(x,A). (2.7.137)

It follows from (2.7.132) and (2.7.137) that

AD(x,A) = (D(x, x)+% / @(x’;)_’(p( ) yy M (u)up(x, ) dpa

+/YO‘ ’“’)< (x&)ii(x’”»M(u)cp(x,u)dy.

Together with (2.7.123) this yields ¢P(x,A) = AD(x,A). O
Lemma 2.7.10. The following relations hold

@(0,A) =1, ¢/(0,1) = h. (2.7.138)
U(®)=1, @&0,A)=M(N), (2.7.139)
®(x,A) = O(exp(ipx)), x — oo. (2.7.140)

Proof. Taking x =0 in (2.7.118) and (2.7.127) and using (2.7.126) we get

¢(0,A) =®(0,A) =1,
©'(0,%) = '(0,1) —e0(0)§(0,A) =h+h—h=h,
i.e. (2.7.138) is valid. Using (2.7.123) and (2.7.131) we calculate

®(0,1) = B(0,1) +2Ta/x . (2.7.141)

®'(0,1) = &'(0, %) — (0, L)eo (0) + % /Y m du

Consequently,
U(®) = ®'(0,A) — hdP(0,A) = ®'(0,A) — (g0(0) +1)D(0,1) =

@' (0,1) —hd(0,1) =U(P) = 1.
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Furthermore, since (y,z) =yz' —y'z, we rewrite (2.7.123) in the form
d(x,A) = P(x,A)

zim' /Yq)/(x’mb(x’“;)b:f(x’ MVCH) g e, ) d (2.7.142)

where A € Jy. The function @(x,A) is the solution of the Cauchy problem (2.7.137)-
(2.7.138). Therefore, according to (2.7.104),

lo™M (x,u)] <ClO)Y, u=06*cy, x>0, v=0,1. (2.7.143)

Moreover, the estimates (2.7.104)-(2.7.105) are valid for (x,A) and ®(x,7), i.e

8V (x| <ClO)Y, u=6"€y,x>0,v=0,1, (2.7.144)
1M (x,M)| < Clp|Y ' exp(—|Implx), x>0,peQ. (2.7.145)
By virtue of (2.7.91),
N 1
M(x):()(x), Ip| — o0, pEQ. (2.7.146)

Fix A € Jy. Taking (2.7.143)-(2.7.146) into account we get from (2.7.142) that

= 40
—7 < — <
|P(x, ) exp(—ipx)| _C(1+/p* 9P~—M> <(y,

i.e. (2.7.140) is valid.
Furthermore, it follows from (2.7.141) that

08 =110+ [

By Cauchy ‘s integral formula

M) = —— /WM( L —y

2mi
Since R
1 M
lim —; / (u )d =0,
R—e0 2700 J|y|=R A — 1
we get
. 1 M)
A)=— / S g ey
) =omi f o™ AN
Consequently, ®(0,A) = M (L) +M(X) = M()), i.e. (2.7.139) is valid. O
Thus, ®(x,A) is the Weyl solution, and M(A) is the Weyl function for the constructed
pair L(g(x),h), and Theorem 2.7.20 is proved. O

- - 1
Example 2.7.3. Let G(x) =0 and 2 =0. Then M(A) = o Consider the function
i
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where a and Ay are complex numbers. Then the main equation (2.7.118) becomes

Px,h0) = F(x)@(x, ho),

where "
®(x,Ao) =cospox, F(x)= 1+a/ cos*potdt, ko = pj.
0

The solvability condition for the main equation takes the form
F(x)#0 forall x>0,
and the function €(x) can be found by the formula

_ 2apgsin2pox  2a’cos* pox

e(x) Flx) F2(x)

Case 1. Let Ao = 0. Then
F(x) =1+ax,

and the solvability condition is equivalent to the condition
a ¢ (—e,0).
If this is fulfilled then M(A) is the Weyl function for L of the form (2.7.30)-(2.7.31) with

2a?
q(x)_ (1+ax)27 h——a,
B __a  sinpx _ . a
962) = cospr— = = elp) = explipn) (1 - 175 ).
_ 1 1
Alp)=ip, V=10, 9x0)=1r.

If a <0, then the solvability condition is not fulfilled, and the function M() is not a Weyl
function.

Case 2. Let Ay # 0 be areal number, and let @ > 0. Then F(x) > 1, and the solvability
condition is fulfilled. But in this case €(x) ¢ L(0,00), i.e. €(x) ¢ Wy forany N > 0.

The Gelfand-Levitan method. For Sturm-Liouville operators on a finite interval, the
Gelfand-Levitan method was presented in subsection 2. For the case of the half-line there
are similar results. Therefore here we confine ourselves to the derivation of the Gelfand-
Levitan equation. For further discussion see [15], [16] and [25].

Consider the differential equation and the linear form L = L(g(x),h) of the form
(2.7.30)-(2.7.31). Let g(x) =0, h = 0. Denote

1 A
Fxn) =5 /Y cos prcos prM (L) dA, (2.7.147)
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where 7 is the contour defined above (see fig. 2.7.1). We note that by virtue of (2.7.111)
and (2.7.111),

2;l/cospxcosptM( dh = /cospxcosptV(X)d%<oo
Y

Let G(x,7) be taken from (2.7.4), and let H(x,7) be the kernel of the operator E + H :=
(E4+G)7!, ie.
X
cospx = @(x, 1) + / H(x,1)o(t, 1) dr. (2.7.148)
0

Theorem 2.7.21. For each fixed x, the function G(x,) satisfies the following linear
integral equation

G(x,t) +F(x,t) +/ G(x,8)F(s,t)ds =0, 0<t<nx. (2.7.149)
0

Equation (2.7.149) is the Gelfand-Levitan equation.
Proof. Using (2.7.4) and (1.7.148) we calculate

[ ol cospri(3)dn = L / cos prcos ptM (L) d\

2mi 270y,
+2m/YR </ G(x,s cospsds) cosptM(A)dA,
- (p(x A)cosptM (L) d\ = - (p(x No(t, ) M(L)d\

+2m/yR (/ H(t,5)0(s, x)ds)cp(x MM(N)d,
where Yg =YN{A: |A| <R}. This yields

(I)R(X,l) = IR1()C,I) +IR2(X,I) +IR3(X,Z‘) +IR4(X,Z),
where

Pu(61) = gz | @R MO~ 5 / cos prcos pEN (L) dA,

21 YR

Igi (x,1) = cos pxcos ptM(N)dA,

L
2mi
1 «
Iga(x,1) / G(x,s ( / cosptcospsM(k)dl) ds
2mi TR
1 -
I3 (x,1) = —/ cospt (/ G(x,s)cos psds> M(\)dA,
2751 Yr 0

Ina(x,1) = —2%_ [ o) ( A "H(t,5)0(s, 1) ds) M) d.
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Let &(r), t > 0 be a twice continuously differentiable function with compact support. By
Theorem 2.7.15,

lim / (1) Dr(x,1)dt = 0, lim A () (x, )t = A () F (x,1)dt

R—oo [

lim A () o (x,1)dt = A ") ( /0 xG(x,s)F(s,t)ds) dar,
I%EEO/MQ(I)IR3(x,t)dt:/xﬁ(t)Gxtdt
I%LHL/& (t)Iga(x,1)dt = /§

Put G(x,1) = H(x,1) =0 for x <. In view of the arbitrariness of &(¢), we derive
X
G(x,1)+F(x,1) + / Glx,$)F(s,1)ds — H(t,x) = 0.
0

For t < x, this gives (2.7.149). O

Thus, in order to solve the inverse problem of recovering L from the Weyl function
M(M) one can calculate F(x,t) by (2.7.147), find G(x,t) by solving the Gelfand-Levitan
equation (2.7.149) and construct q(x) and h by (2.7.27).

Remark 2.7.9. We show the connection between the Gelfand-Levitan equation and the
main equation of inverse problem (2.7.118). For this purpose we use the cosine Fourier
transform. Let §(x) = h =0. Then @(x,\) = cos/Ax. Multiplying (2.7.149) by cos/At
and integrating with respect to ¢, we obtain

/ G(x,t) cosftdt—k/ Cosft( /cos\/ﬁxcos\ftM( )d,u)dt

+/ Cosft/ G(x,s) ( /cos\ftcos\/ﬁsM( )d,u>ds:0.
Using (2.7.4) we arrive at (2.7.118).

Remark 2.7.10. If g(x) and A arereal, and (1+x)g(x) € L(0,0) , then (2.7.147) takes
the form

F(x,1) = /oo cospxcosptdG(A),

where 6 =6 — &, and ¢ and & are the spectral functions of L and L respectively.

5. The generalized Weyl function
Let us consider the differential equation and the linear form L = L(g(x),h):
ly:==y"+q(x)y=M~y, x>0,

U(y) :=y'(0) = hy(0).
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In this subsection we study the inverse spectral problem for L in the case when ¢(x) is a
locally integrable complex-valued function, and % is a complex number. We introduce the
so-called generalized Weyl function as a main spectral characteristic.

For this purpose we define a space of generalized functions (distributions). Let D be
the set of all integrable and bounded on the real line entire functions of exponential type
with ordinary operations of addition and multiplication by complex numbers and with the
following convergence: zx(p) is said to converge to z(p) if the types oy of the functions
z(p) are bounded (supcy < o), and ||zx(p) — 2(P)||1(—coe) — O as k — co. The linear
manifold D with this convergence is our space of test functions.

Definition 2.7.2. All linear and continuous functionals

R: D — C, z(p) = R(z(p)) = (z(p); R);

are called generalized functions (GF). The set of these GF is denoted by D’. A sequence of
GF Ry € D' converges to R € D', if lim(z(p),Rx) = (z(p),R), k — o for any z(p) € D.
A GF R e D' is called regular if it is determined by R(p) € L., via

p).R) = [ (p)R(p)dp.

Definition 2.7.3. Let a function f(r) be locally integrable for # > 0 (i.e. itis integrable
on every finite segment [0,7]). The GF Ly(p) € D' defined by the equality

P)LiP):= [ 1) [ _=p)explipr)dp) dr. =(p) € . (27.150)

is called the generalized Fourier-Laplace transform for the function f(z).

Since z(p) € D, we have

[ E@Fap< sup [z(p)l- [ [¢(p)ldp,

—cop<oo

i.e. z(p) € Ly(—oo,00). Therefore, by virtue of the Paley-Wiener theorem [4], the function

— [ clp)explior)dp

~ 21
is continuous and has compact support, i.e. there exists a d > 0 such that B(t) =0 for
|t| >d, and

B(1) :

z2(p) = /28(:) exp(—ipt)dt. (2.7.151)

Consequently, the integral in (2.7.150) exists. We note that f(r) € L(0,e) implies

0)Ly(p)) = [ o) [ r0rexpipr)ar) ap.

)

i.e. Ly(p) is aregular GF (defined by / f(t)exp(ipt)dt ) and coincides with the ordinary
0
Fourier-Laplace transform for the function f(¢). Since

I [~ 1—cospx . xX—t, t <x,
%[m p? eXp(lpt)dp_{ 0, t>x,
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the following inversion formula is valid:

X 1 1—cospx
/ (x—1)f()dt = <.2, Lf(p)>. (2.7.152)
0 T p
Let now u(x,t) be the solution of (2.6.1)-(2.6.2) with a locally integrable complex-
valued function ¢(x). Define u(x,t) =0 for 0 <t < x, and denote (with A = p?)
D(x,A) :=—L,(p), ie.

(z(p), P(x, 1)) = —/xwu(x,t)(/_Zz(p)exp(ipt)dp) dr. (2.7.153)
For z(p) € D, p?z(p) € L(—o0,0), v= 1,2, we put
(z(p), (ip)"@(x,)) := ((ip)"z(p), @(x, 1)),

(2(p). @) (1)) =

(z(p), @(x,4)).
Theorem 2.7.22. The following relations hold

(D(x,A) = AD(x,A), U(P)=1.

Proof. We calculate

(z(p), (@(x, 1)) = (z(p), —@"(x, 1) +q(x)D(x, 1))

= —[Z(ip)z(p)exp(ipx)dpfux(%x)/ 2(p) exp(ipx)dp

—oo

—i—/xw (uxx(x,t) —Q(x)u(x,t)) </_°;z(p)exp(ipt)dp) dr,

(z2(p),AP(x,A)) = — / (ip)z(p) exp(ipx)dp — us (x,x) / z(p) exp(ipx)dp

+ [ unten) ([ =(p)explipr)dp) ar.
Using u;(x,x) + uy(x,x) = iu(x,x) =0, we infer (z(p),¢P(x,A) —AdD(x,1)) = 0. Fur-

; dx
thermore, since

)

(2(p). 9 (1)) = [ z(p)explipx)dp

—o0

_/: Uy (x,1) </:°Z(p)exp(ipt)dp) dt,

we get

0o

(z(p), U(®)) = (z(p), ®'(0,A) — hP(0,1)) = / z(p)dp.

—o0

|

Definition 2.7.4. The GF ®(x,A) is called the generalized Weyl solution, and the GF
M (M) :=®(0,A) is called the generalized Weyl function (GWF) for L(q(x),h).
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Note that if g(x) € L(0,0), then |u(x,7)| < Cjexp(Cat), and ®(x,A) and M(A) coin-
cide with the ordinary Weyl solution and Weyl function (see [17, Ch.2]).

The inverse problem considered here is formulated as follows:
Inverse Problem 2.7.3. Given the GWF M(A), construct the potential g(x) and the

coefficient h.

Denote r(t) := u(0,7). It follows from (2.7.153) that

(). M) == [ ([ z(prexplior)dp) ar.
ie. M(A) = —L,(p). In view of (2.7.152), we get by differentiation

d? <1 1 —cospt

i) =-—5 {1 o2 ,M(M), (2.7.154)

and Inverse Problem 2.7.3 has been reduced to Inverse Problem 2.6.1 from the trace r
considered in Section 2.6. Thus, the following theorems hold.

Theorem 2.7.23. Let M(L) and M()\) be the GWF's for L = L(q(x),h) and L =
L(G(x),h) respectively. If M(X) = M()\), then L = L. Thus, the specification of the GWF
uniquely determines the potential q and the coefficient h.

Theorem 2.7.24. Let ©(x,\) be the solution of the differential equation (@ =A@ under
the initial conditions ©(0,1) = 1, ¢/(0,A) = h. Then the following representation holds

X
¢(x,A) = cos px+/ G(x,t)cosptdt,
0
and the function G(x,t) satisfies the integral equation
X
G(x,1) + F(x,1) +/ G(x,0)F(1,1)dt=0, 0<t<x, (2.7.155)
0

where
Flx,t) = %(r’(t—i—x) +(-x).

The function r is defined via (2.7.154), and r € D,. If q € Dy then r € Dya. Moreover,
for each fixed x > 0, the integral equation (2.7.155) is uniquely solvable.

Theorem 2.7.25. For a generalized function M € D' to be the GWF for a certain
L(gq(x),h) with q € Dy, it is necessary and sufficient that
1) r € Dyya, r(0) =1, where r is defined via (2.7.154) ;
2) for each x >0, the integral equation (2.7.155) is uniquely solvable.

The potential g and the coefficient /4 can be constructed by the following algorithm.

Algorithm 2.7.3. Let the GWF M(L) be given. Then
(1) Construct the function r(r) by (2.7.154).
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(2) Find the function G(x,t) by solving the integral equation (2.7.155).
(3) Calculate g(x) and i by

2dG(x,x)

h=G(0,0).
29 h=6(0,0)

q(x) =

Let us now prove an expansion theorem for the case of locally integrable complex-
valued potentials gq.

Theorem 2.7.26. Let f(x) € W,. Then, uniformly on compact sets,

70 = = (0lx F () ip). ML), (2.7.156)

T

where

_ /0 " R\ dr. (2.7.157)

Proof.  First we assume that g(x) € L(0,0). Let f(x) € O, where Q = {f € W :

U(f)=0, £f € L,(0,00)} (the general case when f € W, requires small modifications).

Let DJr ={z(p) E D: pz(p) € Ly(—o0,0)}. Clearly, z(p) € DT if and only if B(f) €
W, [—d,d] in (2.7.151). For z(p) € D!, integration by parts in (2.7.151) yields

/B )exp(—ipt)d p/ B'(t)exp(—ipt)dt
i

Using (2.7.157) we calculate

=2 [[ro(=¢"en+awewn)d =5 [ ot

and consequently F(A)(ip) € DT. According to Theorem 2.7.15 we have

1 1 .
- o /Y O PO A=~ [ o ) pMM)dp.  (27158)

where the contour y; in the p - plane is the image of ¥ under the mapping p — A = p?.
In view of Remark 2.6.4,

ML) = — A o) explipt)dt, |F(t)] < Crexp(Cat). (2.7.159)

Take b > C,. Then, by virtue of Cauchy ‘s theorem, (2.7.158)-(2.7.159) imply

10 =2 [ g aio)(~ [ o) explion ar) do

T J—ootib

_ ! A ") ( / T o F (V) (ip) exp(ipt) dp) dr.

T —oo+ib
Using Cauchy ‘s theorem again we get

1@ == [ ([ et mF () ip)explip)dp) dr
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1

= (oleMF()ip), M (1)),

i.e. (2.7.156) is valid.
Let now ¢(x) be a locally integrable complex-valued function. Denote

x), 0<x<R,
qR(x):{ g( ) x>R.

Let rg(t) be the trace for the potential gg. According to Remark 2.6.2,
rg(t) = r(t) for t <2R. (2.7.160)

Since gg(x) € L(0,00) we have by virtue of (2.7.156),

70 == [“re)( [ ol MF Q) ip)explipr) dp) dr.

1
T
Let x € [0,7] for acertain 7 > 0. Then there exists a d > 0 such that

76 =+ [ ([ ot 2F ) o) explipryap) ar, 0 < v T.

1
T
For sufficiently large R (R > d/2) we have in view of (2.7.160),

1) =1 ["ro( [ ot 2)r ) o) explipr) )

_ ! /O ) ( [ @0 MF(A)(ip)explipr)dp ) dr

T

1 .
= — (o MF (W) (ip). M(2) ).
i.e. (2.7.156) is valid, and Theorem 2.7.26 is proved. O

2.8. Inverse Scattering on the Line

In this section the inverse scattering problem for the Sturm-Liouville operator on the line is
considered. In subsection 1 we introduce the scattering data and study their properties. In
subsection 2, using the transformation operator method, we give a derivation of the corre-
sponding main equation and prove its unique solvability. We also provide an algorithm for
the solution of the inverse scattering problem along with necessary and sufficient conditions
for its solvability. In subsection 3 a class of reflectionless potentials, which is important for
applications, is studied, and an explicit formula for constructing such potentials is given.
We note that the inverse scattering problem for the Sturm-Liouville operator on the line
was considered in the monographs [15]-[17].
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1. Scattering data
Let us consider the differential equation
ly:=—y"+q(x)y=MAy, —o0<x<oo. (2.8.1)

Everywhere below in this section we will assume that the function g(x) is real, and that

[ (1+ [x])|g(x)|dx < oo. (2.8.2)
Let A= p?, p =6+ i1, and let for definiteness T := Imp > 0. Denote Q, = {p: Imp >
0},
0= [Tawldr, ofw= [ efwa=["a-xgwlar
0 (v) = /%\ Oldr. 0 (x / 05 (i = [ (1=l dr
Clearly,
lim Q7 (x) =

The following theorem introduces the Jost solutions e(x,p) and g(x,p) with prescribed
behavior in =ee.

Theorem 2.8.1. Equation (2.8.1) has unique solutions y = e(x,p) and y = g(x,p),
satisfying the integral equations

s1np (t—x)

e(x.p) = explipn) + [ g(t)e(t,p)ds

(x—1)

P = exp(—ipe) + [ Si“ppqa)g(t,p)dr.

The functions e(x,p) and g(x,p) have the following properties:

1) For each fixed x, the functions ¢™ (x,p) and g (x,p) (v =0,1) are analytic in
Q. and continuous in Q. .

2) For v=0,1,

eM(x,p) = (ip)¥ exp(ipx) (1 +0(1)), x— oo,
(2.8.3)
gV (x,p) = (—ip)Y exp(—ipx) (1 +0(1)), x— —oo,

uniformly in Q. Moreover, for p € Q..
le(x,p) exp(—ipx)| < exp(Qy (x)),
le(x,p)exp(—ipx) — 1| < O (x)exp(Qy (), (2.8.4)
l€'(x,p) exp(—ipx) —ip| < O (x)exp(Q7 (x)),
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|g(x,p) exp(ipx)| < exp(Q; (x)),
|g(x,p)exp(ipx) — 1| < Oy (x) exp(Q7 (x)), (2.8.5)

)
&' (x, p) exp(ipx) +ip| < Oy (x) exp(Qy (x)).

3) For each fixed p € Q. and each real o, e(x,p) € Ly(at,), g(x,p) € Lr(—oo,t).
Moreover, e(x,p) and g(x,p) are the unique solutions of (2.8.1) (up to a multiplicative
constant ) having this property.

4) For |p| =, peQy, v=0,1,

ctcp) = a1+ % o)

gV (x,p) = (—ip)" exp(—ipx) (1 + wiéx) *0(1»’

) = —;/qu(t)dt, o (x) = —% _);q(t)dt,

uniformly for x > o and x < o respectivrly.

5) For real p # 0, the functions {e(x,p),e(x,—p)} and {g(x,p),g(x,—p)} form
fundamental systems of solutions for (2.8.1), and

<e(x,p),e(x, _p)> = _<g(x7p)7g(x7_p)> = _Zip7 (2'8'7)

where (y,z) :=y7 —Y'z.
6) The functions e(x,p) and g(x,p) have the representations

e(x,p) = exp(ipx) +/:7A+(x,t) exp(ipt)dt

. (2.8.8)
g(x,p) = exp(—ipx) + [ A™(x.1)exp(—ipr) .
where A*(x,t) are real continuous functions, and
n | _ 1=
A () = 5 / gle)dr, A (xx) =3 / g(1)dt, (2.8.9)
1 X+t x+t
A=)l < 505 (557 ) exp (05 (0 - 0F (f)). (2.8.10)
The functions AT (x,t) have first derivatives AjE aAi AjE = at ; the functions
1 /x+1t
+
A, t)i4q( 2 )

are absolutely continuous with respect to x and t, and

1 /x4t

Ao+ pa(50)| < 5o wos () ewlor W), =12 @81)
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For the function e(x,p), Theorem 2.8.1 was proved in Section 2.7 (see Theorems 2.7.7-
2.7.9). For g(x,p) the arguments are the same. Moreover, all assertions of Theorem 2.8.1
for g(x,p) can be obtained from the corresponding assertions for e(x,p) by the replace-
ment x — —Xx.

In the next lemma we describe properties of the Jost solutions e;(x,p) and g;(x,p)
related to the potentials ¢g;, which approximate ¢.

Lemma 2.8.1. If (1+|x|)|q(x)| € L(a,0), a > —co, and

=S}

lim [ (1+x])lg;(x) —gq(x)|dx =0, (2.8.12)
J—7>Ja
then
lim sup sup| (el (x,p) — e (x,p))exp(—ipx)| =0, v=0,1. (2.8.13)
J—)oopeg—erZa

If (14 |x])|g(x)| € L(—e0,a), a < oo, and
tim [ (14 ) la;() — g()] dx = O
Jj—o ) oo

then
lim sup sup| (g} (x.p) = g™ (x.p)) exp(ipx)| =0, v=0,1. (28.14)

J—»oopem x<a
Here ej(x,p) and g;(x,p) are the Jost solutions for the potentials q;.

Proof. Denote
zj(x,p) = ej(x,p)exp(—ipx), z(x,p) = e(x,p)exp(—ipx),
uj(x,p) = |zj(x,p) —z(x,p)|-

Then, it follows from (2.7.37) that

£y(0.p) =5:p) = 5 [ (1 =exp(iple =) (q(0)2(.) —g,(0)z,0.p)) .

From this, taking (2.7.58) into account, we infer
wix,p) < [ =)la)=a)z(e.p)ldr+ [ =la; Ol p)
According to (2.8.4),
[2(x,p)| < exp(Qy (x)) < exp(Q (a), x>a, (2.8.15)

and consequently

ui(x,p) < exp(Q} (@) [ =a)lal) =g, 0)|di+ [ (t=0la)0lu¢.p)r.
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By virtue of Lemma 2.7.6 this yields
() < exp(Q (@) | (1=ala(t)—q;0) drexp ([ (1 =x)lg;(0)|dr)

<exp(©; (@) [ (=a)la)—q;0)ldrexp [ =a)lg;(0)lar).

a

Hence -
up) <G, [ (1=a)lg(0) —q;0)l . (2.8.16)
a
In particular, (2.8.16) and (2.8.12) imply

lim sup supu;(x,p) =0,
j—»wpemxza

and we arrive at (2.8.13) for v =0.
Denote

vi(x,p) = [(¢}(x,p) — €' (x,p)) exp(—ipx)|.
It follows from (2.7.49) that

vi(p) < [ lal0)z(e,) = a,0)35(0,p) i,

and consequently,

jp) < [ lfa J<(t.p)ldr+ [ laj(0lu(r.p) (28.17)

By virtue of (2.8.15)-(2.8.17) we obtain

v <G [l —aq0ldr+ [ =g —q0ldr- [ g 0]ar).
Together with (2.8.12) this yields

lim sup supv;(x,p) =0,

and we arrive at (2.8.13) for v = 1. The relations (2.8.14) is proved analogously. O

For real p # 0, the functions {e(x,p),e(x,—p)} and {g(x,p),g(x,—p)} form funda-
mental systems of solutions for (2.8.1). Therefore, we have for real p #0:

e(x,p) = a(p)g(x,—p) +b(p)g(x,p), g(x,p) = c(ple(x,p) +d(ple(x,—p).  (2.8.18)
Let us study the properties of the coefficients a(p), b(p), c(p) and d(p).
Lemma 2.8.2. For real p # 0, the following relations hold

c(p) =—b(—p), d(p)=alp), (2.8.19)

a(p) :a(—p), m:b(_p)’ (2'8‘20)
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a(p) = 1+1b(p)P. (28.21)
alp) =~ (elx.P)og(xP)). b(P) = 5 el p)os(x. —p)) (28.22)

Proof.  Since e(x,p) = e(x,—p), g(x,p) = g(x,—p), then (2.8.20) follows from
(2.8.18). Using (2.8.18) we also calculate

(e(x,p),8(x,p)) = (a(p)g(x,—p) +b(p)g(x,p), g(x,p)) = —2ipa(p),

(e(x,p),8(x,—p)) = (a(p)g(x, —p) +b(p)g(x,p), g(x,—p)) = 2ipb(p),
(e(x,p),8(x,p)) = (e(x,p), c(p)e(x,p) +d(p)e(x,—p)) = 2ipd(p),
(e(x,—p),8(x,p)) = e(x,—p), c(p)e(x,p) +d(p)e(x,—p)) = 2ipc(p),
i.e. (2.8.19) and (2.8.22) are valid. Furthermore,

—2ip = {e(x,p),e(x,—p))

= (a(p)g(x, —p) +b(p)g(x,p), a(—p)g(x,p) +b(—p)g(x,—p))
= a(p)a(—p){(g(x,—p),8(x,p)) +b(p)b(—p){g(x,p),8(x, —p))

= ~2ip(Ja(p) >~ b(p) ),
and we arrive at (2.8.21). O

We note that (2.8.22) gives the analytic continuation for a(i)) to Q.. Hence, the func-
tion a(p) is analytic in Q, and pa(p) is continuous in Q. The function pb(p) is
continuous for real p. Moreover, it follows from (2.8.22) and (2.8.6) that

alp) =1— 2;)/_°;q(r)dz+o (;) b(p) =0 (;) Pl = oo (2.8.23)

(in the domains of definition), and consequently the function p(a(p) —1) is bounded in
Q..
Using (2.8.22) and (2.8.8) one can calculate more precisely

/ q(t dt—i——/ A(t)exp(ipt)dt
(2.8.24)

() = 5= | BOexplipr)

2lp —oo

where A(t) € L(0,c0) and B(t) € L(—oo,00) are real functions.
Indeed,

2ipa(p) = £(0,p)e’(0,p) —e(0,p)g’(0,p)

=(1+ /_ (;A(O,t)exp(—ipt)dt) (ip—A(0,0)+ /O AT (0,1)explipr) dr )

+(1 + /0 °°A+(o,z)exp(ipt)dz) (ip —A7(0,0)— /_ OooAl(O,t)exp(—ipt)dt).
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Integration by parts yields
0 0
i / A(0,1) exp(—ipt) dt = —A—(0,0) + / A5 (0,1)exp(—ipt) dt

ip / AT(0,1)explipt) di = —A™(0,0) — / A3 (0,1) explipt) d.
0 0
Furthermore,

. .
/_ _AT(O,1)exp(—ipr) ds /0 AF(0,5) exp(ips) ds
= [ a0n( [ i 0 nexliog)a) a
_/ / ~(0,0)A7 (0, §+t)dt) exp(ip§) dt.

Analogously,
0 oo
/ A7 (0,1) exp(—ipt) dt / AT(0,5) exp(ips) ds
oo 0

-[(/ (;AI(O,t)AJr(O@JrI) dr ) exp(ip) d&.

Since
2(A7(0,0)+A~ / q(t

we arrive at (2.8.24) for a(p), where
A(t) =AT(0,t) —A[(0,—1) +A; (0,—1) — A (0,2)
—A*(0,0)A7(0,—1) —A~(0,0)A*(0,1)
A7 (0,E)AT (0,6 +1)dE / A7 (0,E)AT (0, +1)dE.

It follows from (2.8.10)—(2.8.1 1) that A(¢) € L(0,c0). For the function b(p) the arguments
are similar.

Denote ( ) ( )
_ € x’p X — 8 x7p

60(x7p) - a(p) ) g()( 7p) a(p) } (2825)
TR G ) SR ()

st (p) = ap) (P)=~ o) (2.8.26)

The functions s*(p) and s~ (p) are called the reflection coefficients (right and left, respec-
tively). It follows from (2.8.18), (2.8.25) and (2.8.26) that

eo(x,p) = g(x,—p) +s (P)g(x,p), go(x,p) =e(x,—p)+s"(p)e(x,p).  (2.8.27)
Using (2.8.25), (2.8.27) and (2.8.3) we get

eo(x,p) ~ exp(ipx) +s~ (p) exp(—ipx) (x — —e),
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eo(x,p) ~t(p)exp(ipx) (x — o),
go(x,p) ~1(p)exp(ipx) (x — —oo),
8o(x,p) ~ exp(—ipx) +s5" (p) exp(ipx) (x — =),
where 7(p) = (a(p)) ™'

is called the transmission coefficient.

We point out the main properties of the functions s*(p). By virtue of (2.8.20)-(2.8.22)
and (2.8.26), the functions s*(p) are continuous for real p # 0, and

s5(p) =57 (—p)-
Moreover, (2.8.21) implies
1
sT(P))?P=1— _—
s*(p)] POl

and consequently,
|s¥(p)| < 1 forreal p # 0.

Furthermore, according to (2.8.23) and (2.8.26),
n 1
st(p)=o o) Ip| — oo

Denote by R*(x) the Fourier transform for s*(p) :

Ri(x) . 1

=5 /_ Zsi(p)exp(iipx) dp. (2.8.28)

Then R*(x) € Ly(—oo,0) are real, and

sT(p) = /O;Ri(x) exp(Fipx)dx. (2.8.29)

It follows from (2.8.25) and (2.8.27) that
pe(x,p) = pa(p) (s~ (p) + g(x.p) +8(x,~p) —8(x.p) )

pe(x,p) = pa(p) ((s™(p) + 1)e(x,p) +e(x, —p) —e(x,p) )
and consequently,

lim pa(p)(s*(p) + 1) = 0.
p—0

Let us now study the properties of the discrete spectrum.

Definition 2.8.1.  The values of the parameter A, for which equation (2.8.1) has
nonzero solutions y(x) € Ly(—eo,0), are called eigenvalues of (2.8.1), and the correspond-
ing solutions are called eigenfunctions.

The properties of the eigenvalues are similar to the properties of the discrete spectrum
of the Sturm-Liouville operator on the half-line (see Section 2.7).
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Theorem 2.8.2. There are no eigenvalues for A > 0.
Proof. Repeat the arguments in the proof of Theorems 2.7.12 and 2.7.13. ]

Let Ap :={A A=p% pcQ,: a(p) =0} be the set of zeros of a(p) in the upper
half-plane Q. Since the function a(p) is analytic in Q. and, by virtue of (2.8.23),

1
alp)=1+0( ). Ipl == Imp =0,
we get that A is an at most countable bounded set.

Theorem 2.8.3. The set of eigenvalues coincides with A. The eigenvalues {A\y} are
real and negative (i.e. A, C (—,0)). For each eigenvalue . = p3, there exists only
one (up to a multiplicative constant ) eigenfunction, namely

g(x,px) = die(x,px), di #O0. (2.8.30)
The eigenfunctions e(x,px) and g(x,py) are real. Eigenfunctions related to different eigen-
values are orthogonal in Ly(—oo,00).

Proof. Let A = p? € A;. By virtue of (2.8.22),

(e(x,px),8(x,px)) =0, (2.8.31)

ie. (2.8.30) is valid. According to Theorem 2.8.1, e(x,px) € La(a, ), g(x,px) €
Ly(—oo,a) for each real a. Therefore, (2.8.30) implies

e(x,px), g(x,px) € La(—oo,00).

Thus, e(x,px) and g(x,px) are eigenfunctions, and Ay = p? is an eigenvalue.
Conversly, let A = p7, px € Q4 be an eigenvalue, and let yi(x) be a corresponding
eigenfunction. Since yi(x) € Ly(—o0,00), we have

Yi(x) = crre(x, pr), ye(x) = cag(x,Px), cxrscra # 0,

and consequently, (2.8.31) holds. Using (2.8.22) we obtain a(py) =0, i.e. Ay € AL.
Let A, and A; (A, # Ay) be eigenvalues with eigenfunctions y,(x) = e(x,p,) and
yi(x) = e(x,px) respectively. Then integration by parts yields

oo

[ Zéyn(x)yk(x) dx = /7 wyn(x)fyk(x) dx,
and hence . )
}Mn/_ooyn(-x)yk(X)dX:kkﬁmyn(x)yk(x)dx

or

/:,y" (x)yk(x)dx = 0.
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Furthermore, let A = u+iv,v # 0 be a non-real eigenvalue with an eigenfunction
W (x) # 0. Since g(x) is real, we get that A" = u—iv is also the eigenvalue with the
eigenfunction y°(x). Since A £ A0, we derive as before

YOI, = / WO dx = 0,

which is impossible. Thus, all eigenvalues {A;} are real, and consequently the eigen-
functions e(x,px) and g(x,px) are real too. Together with Theorem 2.8.2 this yields
A4 C (—o0,0). Theorem 2.8.3 is proved. O

For M = p7 € A, we denote

o = (/_282(x,pk)dx>_1, o = (/_Zgz(x,pk)dx)_l.

Theorem 2.8.4. A is a finite set, i.e. in Q. the function a(p) has at most a finite
number of zeros. All zeros of a(p) in Q. are simple, i.e. aj(px) # 0, where a;(p) :=
dd—pa(p). Moreover,

dy _ 1
—F = 2.8.32
ial(pk) k ( )

~ idear (pi)’
where the numbers dy are defined by (2.8.30).

Proof. 1) Let us show that

+
o

X

29 [ e(t.pgle.p)dr = (et.p).8(1.0)] .

) (2.8.33)

A
2 [ ele.p)alt.p)dr = (¢(e.p).5(1.p)

)
X

where in this subsection

1.p) = jpea,p), §(1.p) = jpgo,p).

Indeed,
%@(x, P),&(x,p)) = e(x,p)g" (x,p) — " (x,p)g(x,p).
Since
—€"(x,p) +q(x)e(x,p) = p’e(x,p),
—¢"(x,p) +q(x)g(x,p) = p*&(x,p) +2pg(x,p),
we get
%<e(x,p),g(x,p)> = —2pe(x,p)g(x,p)-

Similarly,

%(é(x, p),8(x,p)) = 2pe(x,p)g(x,p),
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and we arrive at (2.8.33).
It follows from (2.8.33) that

29 [ elp)gltp) = ~(l5,p)05) — {elwsp). 1)

+(e(x,p),g(x,p))|  +({e(x,p),&(x,p))

x=A x=—A

On the other hand, differentiating (2.8.22) with respect to p, we obtain

2ipal (p) +21a(p) = _<é(x7p)7g(x7p)> - <e(x,p),g(x,p)).

For p = pi this yields with the preceding formula

A
iay (py) = 1 L elt.p0)g(1,p) di + 8i(4), (2.8.34)
where 1
3 (A) = _Tm<<é(x’ Pi),8(X, Pr)) a7 (e(x.pe). & (x, pu)) — >

Since px = iTk, Txr > 0, we have by virtue of (2.8.4),
e(xv pk)7el(x7 pk) = O(GXp(—’Ckx)), X — H-oo.

According to (2.8.8),
é(x, i) = ixexp(—Tex) + / itA* (x,1) exp(—u) d,
X

¢ (x, pr) = iexp(—Tix) — ixTrexp(—Tix) — ixA™ (x, x) exp(—Tix)
+/ itA (x,1)exp(—Tt)dt.
X

Hence
é(x,pr), € (x,pr) = 0(1), x— +oo.

From this, using (2.8.30), we calculate

<é(x7 pk)7g(x7 pk)> - dk<é(x7 pk)ve(x7 pk)> - 0<1) as x — oo,

(el ). ¢(2,p) = - (5 Pu).8(2p) = (1) s e

Consequently,
lim & (A) =0.
A— +oo

Then (2.8.34) implies

5]

iar(pe) = /_me(fa Pr)g(1,pi)dt.
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Using (2.8.30) again we obtain

oo

ia)(px) = dk/

—oo

1 o]
ez(tapk)dt:Z/ gz(t’pk)dt'
k J —oo

Hence a;(px) # 0, and (2.8.32) is valid.

2) Suppose that Ay = {A} is an infinite set. Since A is bounded and Ay = p7 < 0,
it follows that p; = ity — 0, T > 0. By virtue of (2.8.4)-(2.8.5), there exists A > 0 such
that

e(x,it) > Lexp(—tx) for x> A, 1>0,
(2.8.35)
g(x,it) > Jexp(tx) for x < —A, 1> 0,
and consequently
> exp(—(tx +71n)A) _ exp(—2AT)
W) dx > > ,
/4 e(xvpk)e(x7p ) X Z 4(Tk+1n) = _T
B (—( A) (_2AT) (2.8.36)
- exp(—(Tk + T exp(—
2 dx > > :
/ﬂx’ g(xapk)g(x7p ) X Z 4(Tk+Tn) = 8T

where T = Max . Since the eigenfunctions e(x,p;) and e(x,p,) are orthogonal in
L)(—o0,00) we get
0:/ e(x,pr)e(x,pn)dx

oo —A
— ["etwpretrpndxt o [ tnpugtpn) dx
+ /_ iez(x, pr)dx+ /_ ze(x,pk)(e(x,pn)—e(x,pk))dx. (2.8.37)

Take xo < —A such that e(xp,0) # 0. According to (2.8.30),

1 :e(xo,Pk)e(XmPn)
did,  g(x0,Pk)8(x0,Pn)

Since the functions e(x,p) and g(x,p) are continuous for Imp > 0, we calculate with the
help of (2.8.35),

kEng(XOapk)g(x07pn) = gz(-x())O) > 07

lim e(xo, px)e(x0,Pn) = €(x0,0) > 0.

,N—00
Therefore,

li 0.
k.,r}r—r}oo dkdn -

Together with (2.8.36) this yields

—A
/ 26, pi)g (¥, pa) dx

| etpoetepdrs oo [
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A
+/ e (x,px)dx>C>0 (2.8.38)
—A

for sufficiently large k£ and n. On the other hand, by standard technique [27, Ch.3] one can
easily verify that

1 Ze(x, D) (e(x, pr) — e(x, pa) ) dx — O as k,n — oo. (2.8.39)

The relations (2.8.37)-(2.8.39) give us a contradiction.
This means that A, is a finite set. o

Thus, the set of eigenvalues has the form

Ay = {kk}k:m, A = p]%, Pr =0Tk, 0<T) < ... < Ty

Definition 2.8.2.  The data J* = {s"(p),A,0;"; p € R, k = I,N} are called the
right scattering data, and the data J~ = {5~ (p), A, 0, ; p €R, k=1,N} are called the left
scattering data.

Example 2.8.1. Let g(x) =0. Then

e(x,p) =exp(ipx), g(x,p) = exp(—ipx),
alp)=1, b(p)=0, s°(p)=0, N=0,

i.e. there are no eigenvalues at all.

Let us study connections between the scattering data J© and J~. Consider the function

Nop—i
Y(p)zw)]_[p i3 (2.8.40)

Lemma 2.8.3. (i1) The function Y(p) is analytic in Q. and continuous in Q. \ {0}.
(i2) Y(p) has no zeros in Q. \{0}.
(i3) For [p| — o, p € Qs

Y(p) =1 +0(:)). (2.8.41)

(ia) WP <1 for peQy.

Proof. The assertions (ij) — (i3) are obvious consequences of the preceding discus-
sion, and only (i4) needs to be proved. By virtue of (2.8.21), |a(p)| > 1 for real p # 0,
and consequently,

[¥(p)| <1 for real p # 0. (2.8.42)

Suppose that the function pa(p) is analytic in the origin. Then, using (2.8.40) and
(2.8.42) we deduce that the function y(p) has a removable singularity in the origin, and
Y(p) (after extending continuously to the origin) is continuous in Q.. Using (2.8.41),
(2.8.42) and the maximum principle we arrive at (is).
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In the general case we cannot use these arguments for y(p). Therefore, we introduce
the potentials

Q(x)> |x| <r
P >
9r(x) { 0, |x| > r, r20,

and consider the corresponding Jost solutions e,(x,p) and g,(x,p). Clearly,
er(x,p) = exp(ipx) for x > r and g,(x,p) = exp(—ipx) for x < —r. For each fixed x,

the functions e.") (x,p) and gﬁv) (x,p) (v=0,1) are entire in p. Take

1

Ty
ar(p):—%<er<xap)7gr(x7p)>’ Yr - Hp+lTZ

where Py, = ity,, k = 1,N, are zeros of a,(p) in the upper half-plane Q. The function
pa,(p) is entire in p, and (see Lemma 2.8.2) |a.(p)| > 1 for real p. The function v,(p)
is analytic in Q,, and

v-(p)| <1 for pe Q. (2.8.43)

By virtue of Lemma 2.8.1,

lim sup sup|(e£v) (x,p) —e™(x,p)) exp(—ipx)| =0,

“peqy; x2a

lim sup sup|(g; M (x,p) — g™ (x,p)) exp(ipx)| = 0,

peQ, x<a

for v=20,1 and each real a. Therefore

lim sup [p(a(p) —a(p))| =0,
peQ,
ie.
lim pa,(p) = pa(p) uniformly in Q. (2.8.44)

In particular, (2.8.44) yields that 0 < T, < C forall k and r.
Let §, be the infimum of distances between the zeros {pi-} of a,(p) in the upper
half-plane Imp > 0. Let us show that

§ := inf5, > 0. (2.8.45)
r>0

Indeed, suppose on the contrary that there exists a sequence ry — oo such that §, — 0.
() _ () 2 _ . (2) (1) (2) 1 _ @)
Let p, ' =it , p; =it (7,7, >0) be zeros of a, (p) suchthat p, ' —p,” — 0 as

k — oo. It follows from (2.8.4)-(2.8.5) that there exists A > 0 such that

1

er(x,it) > Eexp(—’cx) for x>A,1>0,r>0,
1

(2.8.46)
gr(x,it) > Eexp(’cx) for x<—-A,1>0,r>0.
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Since the functions e, (x, p,El)) and e, (x, p,({z) ) are orthogonal in L;(—eo,0), we get

0= [ enlupen(rpf?)dx

:/ erk(x7pl(<1))erk(x,p](cz))dx—kW grk(x7pl(<1))grk(x,p](€2))dx
A aMa? J—
4y (1) A (1) @) 0
+ 7Aerk(xapk )dx—l— 7Aerk(x7pk )(erk(x7pk )—erk(x,pk ))dx’ (2847)

where the numbers d,Ej ) are defined by

g6 =d e (x,0"), ' #0.
Take x¢p < —A. Then, by virtue of (2.8.46),

21 (0,081 (x0,p) > € > 0,

and (1) 2)
1 _ erk(x()?pk )erk(xoapk )
dNd® g, (x0,p\")gr, (x0,p.7)

Using Lemma 2.8.1 we get

lim e, (x0,py)er, (x0,pL>) > 0

k—o0

hence |

lim >0

h d}gl)dlgz)
Then . B

« 1 2 B 1 2
/ e (x, PI(C ))erk (x, P;E ))dx+ W/ gr (2, Pl(C ))grk (x, P;E ))dx
A [
AW
+[Ae,k(x,pk )dx>C > 0.

On the other hand,

A
[ enteplen(p) —en (p(") dx = 0 as k— o

From this and (2.8.47) we arrive at a contradiction, i.e. (2.8.45) is proved.
Let Dsg:={p € Q;: & <|p| <R}, where 0 <8 < min(8*,7;), R > ty. Using
(2.8.44) one can show that

lim y,(p) = Y(p) uniformly in Ds. (2.8.48)

r—o0

It follows from (2.8.43) and (2.8.48) that |y(p)| < 1 for p € D5 . By virtue of arbitrariness
of & and R we obtain |y(p)| <1 for p € Q,, i.e. (is) is proved. O
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It follows from Lemma 2.8.3 that

1 _
—=0(1) as |p| —0,peQ,. 2.8.49
gy = O & Ipl =0, pe (2.8.49)

We also note that since the function Ga(c) is continuous at the origin, it follows that for

sufficiently small real o,
1 < Cc
¥(o)| ~ lol’

1 <la(o)| =

The properties of the function y(p) obtained in Lemma 2.8.3 allow one to recover y(p)
in Q, from its modulus |y(c)| given for real G.

Lemma 2.8.4. The following relation holds

Y(p) = exp (% [ Z 12'%?' dE), peQs. (2.8.50)

Proof. 1) The function Iny(p) is analytic in Q, and Iny(p) = O(p~!) for |p| —
oo, P E Q. Consider the closed contour Cg (with counterclockwise circuit) which is the
boundary of the domain Dg = {p € Q : |p| < R} (see fig. 2.8.1). By Cauchy’s integral
formula [14, p.84],

_ 1 Iny(E)
Iny(p) = zm/cR E-p d§, p € Dg.
Since
lim —— / Y 4e _
R—o0 2TTi &E% E—p ’
we obtain
1 = Iny()
ny(p) =5/ - dg, peQy. (2.8.51)

2) Take areal ¢ and the closed contour Cg s (with counterclockwise circuit) consisting
of the semicircles €3 = {&: & = Rexp(ig), 9 € [0,7]}, TS ={&: E—0 =dexp(ip), ¢ €
[0,m]}, 8 > 0 and the intervals [—R,R]\ [0 — 8,5+ 9] (see fig. 2.8.1).

|
|
D

Figure 2.8.1.
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By Cauchy’s theorem,

1 / &) e g,

21 s E—o
e 1 [ Iny(g) 1 Iny(&) 1
L ny . L ny 1
R0 2700 /clg E—o 5 =0, glgli% i /rg E—o dg = zlny(c),
we get for real G,
e lnv(i)
o) =) T % (2.8.52)

In (2.8.52) (and everywhere below where necessary) the integral is understood in the prin-
cipal value sense.

3) Let y(o) = |y(o)|exp(—iB(c)). Separating in (2.8.52) real and imaginary parts we
obtain

po) =1 [ 5 ae, o=+ [ B ae

Then, using (2.8.51) we calculate for p € Q :

1 c"’lnw
Inv(p) = 2m/ - 275/ E—p p

- -
:Zlm/_wlciw(p”d _27152/_00(/_00(&;;”)111|y(s)\ds.

1 1 1 1
E—p)s-8 S—P<§—p ‘g_s>’

it follows that for p € Q, and real s,

/°° dg o
= (E=p)(s—&) s—p’

Since

Consequently,
1 * In Y
and we arrive at (2.8.50). O
It follows from (2.8.21) and (2.8.26) that for real p # 0,
1
—— =17 (p)[*.
la(p)[?

By virtue of (2.8.40) this yields for real p # 0,

(p)l =/ 1—Is=(p)[*
Using (2.8.40) and (2.8.50) we obtain for p € Q. :

LN L= In(1-[s*()P)
H p+nk (‘ 27 /_m Tdi)- (2.8.53)
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We note that since the function pa(p) is continuous in Q. it follows that

2

p
—————=0(1) as |p| = 0.
1—|s*(p)I?
Relation (2.8.53) allows one to establish connections between the scattering data J*
and J~. More precisely, from the given data J* one can uniquely reconstruct J~ (and
vice versa) by the following algorithm.

Algorithm 2.8.1. Let J© be given. Then
1) construct the function a(p) by (2.8.53);
2) calculate d; and o, k= 1,N by (2.8.32);
3) find b(p) and s~ (p) by (2.8.26).

2. Solution of the inverse scattering problem

The inverse scattering problem is formulated as follows: given the scattering data J*
(or J7), construct the potential g.

The central role for constructing the solution of the inverse scattering problem is played
by the so-called main equation which is a linear integral equation of Fredholm type. We
give a derivation of the main equation and study its properties. Using the main equation we
provide the solution of the inverse scattering problem along with necessary and sufficient
conditions of its solvability.

Theorem 2.8.5. For each fixed x, the functions A*(x,t), defined in (2.8.8), satisfy
the integral equations

FH(xty) + A (x,y) + / A OF (t4y)di =0, y>x, (2.8.54)
F (x+y)+A (x,y) +/ A" (x,0)F (t+y)dt =0, y<x, (2.8.55)

where N
FE(x) =R (x) + Z oF exp(Fix), (2.8.56)

=1

and the functions R*(x) are defined by (2.8.28).
Equations (2.8.54) and (2.8.55) are called the main equations or Gelfand-Levitan-
Marchenko equations for the inverse scattering problem.

Proof. By virtue of (2.8.18) and (2.8.19),

D) ot o) = sH(oVe(x.0) 4 e(x. —0) — olx
<a(p> 1>g(,p) (P)e(x,p) +e(x,—p) — g(x,p). (2.8.57)

Put A" (x,r) =0 for t <x, and A~ (x,7) =0 for 7 > x. Then, using (2.8.8) and (2.8.29),
we get
s+(p)e(x, p) +€()C, _p) - g(X, p)
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= ([ r wrexplipniar) (exptipn) + [ a*uexplipn

+ [ @t —a o)esp(—ipndi = [ H(x.y)exp(—ipy)dy:

where
H(x,y) = A" (x,y) —A~ (x,y) + R" (x +y) + / CAT DR (+y)d. (2.8.58)

Thus, for each fixed x, the right-hand side in (2.8.57) is the Fourier transform of the func-
tion H(x,y). Hence

| 1
H(x,y / (—1>gx, exp(ipy)dp. 2.8.59
(x,y) =5 ) (x,p) exp(ipy) dp ( )
Fix x and y (y > x) and consider the function

£(p) = <<1m - 1) ¢(x,p) exp(ipy). (2.8.60)

According to (2.8.6) and (2.8.23),
c ) —
flp)= Bexp(zp(y—x»(l +o(1)), Ip[— oo, peQy. (2.8.61)
Let Cs g be a closed contour (with counterclockwise circuit) which is the boundary of the

domain Dsp = {p € @, : 8 <|p| <R}, where d <1 <... <1ty <R. Thus, all zeros
px = iTk, k=1,N of a(p) are contained in D5 . By the res1due theorem,

i_ flp)dp = ZResf

znl CSR —1 P=Pk

On the other hand, it follows from (2.8.60)-(2.8.61), (2.8.5) and (2.8.49) that

.1 .1
lg}oznl bk Rf( )dp =0, él,)lg(l)ﬁ mzif(P)dp:O‘
peQy

Hence N
1 oo
_ — R
T lwf(p)dp k;p:%skf(p)

From this and (2.8.59)-(2.8.60) it follows that

iy 80n i) exp(—Ty)
H(xay) - ]{;1 al(iTk) :

Using the fact that all eigenvalues are simple, (2.8.30), (2.8.8) and (2.8.32) we obtain

b die(x, ity) exp(—Txy)
=1 al(irk)

H(xvy) =
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N o
=—Y of <exp(—’tk(x+ y))+ / AT (x,1) exp(—T(t + y))dt> : (2.8.62)
k=1 x

Since A~ (x,y) =0 for y > x, (2.8.58) and (2.8.62) yield (2.8.54). Relation (2.8.55) is
proved analogously. O

Lemma 2.8.5. Let nonnegative functions v(x),u(x) (a <x < T < o) be given such that
v(x) € L(a,T), u(x)v(x) € L(a,T), and let ¢; > 0. If

u(x) < i+ / Ol dr, (2.8.63)

then

u(x) < crexp (AT v(t)dt). (2.8.64)
Proof Denote
E(x) = c1 + /  (eule) dr.
Then &(T) = ¢1, —&(x) = v(x)u(x), and (2.8.63) yields
0 < —&'(x) <v(x)E(x).

Let ¢; > 0. Then &(x) >0, and

Integrating this inequality we obtain

lns((;)) < Arv(t)dt,

and consequently,
T
&) < erexp ( f Yoral
X

According to (2.8.63) u(x) < &(x), and we arrive at (2.8.64).

If ¢; =0, then &(x) = 0. Indeed, suppose on the contrary that &(x) # 0. Then, there
exists Tp < T such that &(x) >0 for x < T, and &(x) =0 for x € [Ty, T]. Repeating the
arguments we get for x < 7Ty and sufficiently small € > 0,

1n‘t=(x)) < /To_gv(t)dz < /To v()dt,

g(TQ —&
which is impossible. Thus, &(x) =0, and (2.8.64) becomes obvious. O

Lemma 2.8.6. The functions F*(x) are absolutely continuous and for each fixed a >

—00’

/: |F*(£x)| dx < oo, fu x| [FE (40) | dx < oo, (2.8.65)
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Proof. 1) According to (2.8.56) and (2.8.28), F(x) € Ly(a,) for each fixed a > —oo.

By continuity, (2.8.54) is also valid for y =x:
FH(2x) + A" (x,x) + / A* (e, t)F (%) dr = 0.
X
Rewrite (2.8.66) to the form

FH(2x)+AT (x,x)+2 / wA*(x, 28 —x)F(28)dE = 0.

(2.8.66)

(2.8.67)

It follows from (2.8.67) and (2.8.10) that the function F*(x) is continuous, and for x > a,

FH(20] < 5000 +ew(0f @) [ 5 @IF (2] d&
Fix r > a. Then for x > r, (2.8.68) yields
FH 0] < 305 () +exp(ef (@) [ 05 @)IF 28]t
Applying Lemma 2.8.5 we obtain
(20| < 305 () exp(Qf (@) exp(Qf (@), x> r>a

and consequently
FT(20)| <C.Qf (v), x>a.

It follows from (2.8.69) that for each fixed a > —eoo,
/ | (x)] dx < oo.
a
2) By virtue of (2.8.67), the function F*(x) is absolutely continuous, and

d
2F Y (2x) + d—A+(x,x) —2A% (x,x)F* (2x)
X

12 / ) (A7 (28 —x) +Af (0,25 ) F ¥ (28) dE =0,

where
0A™ (x,1)

ox

+
Af(x,1) = M

Afr(x,t) = By

Taking (2.8.9) into account we get
1
FH(20) = 2 g(x) + P(2),

where

P == [ (A1 (25— ) +45 (1,26 —) ) P (28)

—%F+(2x) / o

(2.8.68)

(2.8.69)

(2.8.70)
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It follows from (2.8.69) and (2.8.11) that
IP(x)| < Cu(Qf (%))*, x>a. (2.8.71)

Since

w0i ) < [ gl

X

it follows from (2.8.70) and (2.8.71) that for each fixed a > —oo,
i ) <
a
and (2.8.65) is proved for the function F*(x). For F~(x) the arguments are similar. O
Now we are going to study the solvability of the main equations (2.8.54) and (2.8.55).

Let sets J* = {s*(p), M, 0"; p €R, k=1,N} be given satisfying the following condition.

Condition A. For real p # 0, the functions s*(p) are continuous, |s*(p)| <

1, s¥(p) =s*(—p) and s*(p) = 0(%) as |p| — oo. The real functions R*(x), defined by

(2.8.28), are absolutely continuous, R*(x) € Ly(—oo,0), and for each fixed a > —oo,
/ IR (<£x)| dx < oo, / (14 ) |RE' (£) | dix < oo. (2.8.72)
a a

Moreover, . = —17 <0, ()c,jcE >0,k=1,N.

Theorem 2.8.6. Let sets J© (J~ ) be given satisfying Condition A. Then for each fixed
x, the integral equation (2.8.54)((2.8.55) respectively ) has a unique solution A" (x,y) €
L(x,0) (A~ (x,y) € L(—o0,x) respectively ).

Proof. For definiteness we consider equation (2.8.54). For (2.8.55) the arguments are
the same. It is easy to check that for each fixed x, the operator

NV = [ Frens@dn y>x

is compact in L(x,o0). Therefore, it is sufficient to prove that the homogeneous equation

J0)+ [ FH e f0d =0 (28.73)

has only the zero solution. Let f(y) € L(x,o0) be a real function satisfying (2.8.73). It
follows from (2.8.73) and Condition A that the functions F*(y) and f(y) are bounded
on the half-line y > x, and consequently f(y) € Ly(x,*). Using (2.8.56) and (2.8.28) we
calculate

0= [ Pody+ [ [ P diay

= [ o Lo ([ svent-so)as) 5 [ 0o,

where

(p) = [ f0)explipy)dy.
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According to Parseval’s equality

[=S) 1 oo
| Pody=o- [ @e)Pap.
and hence
Y o ([ roesn(-way)’
(x J—

o [P (115" () exp(i(26(p) +1(p)))) dp =0,

where 0(p) = arg®(p), n(p) = arg(—s"(p)). In this equality we take the real part:

Y o ([ roen(-una)’

k=1

3z | @®)F (1-15" (Pl cos((20(p) +n(p)))) dp =o.

Since |sT(p)| < 1, this is possible only if ®(p) =0. Then f(y) =0, and Theorem 2.8.6
is proved. O

—+

+

Remark 2.8.1. The main equations (2.8.54)-(2.8.55) can be rewritten in the form

F*(Zx—l—y)—l—B*(x,y)—l—/ BY(x,t)F"(2x+y+1)dt =0, y > 0,
" (2.8.74)
F*(Zx—i—y)—i-B*(x,y)—i-/ B (v, t)F~ (2x+y+1)di =0, y <0,

where B*(x,y) = A% (x,x+y).

Using the main equations (2.8.54)-(2.8.55) we provide the solution of the inverse scat-
tering problem of recovering the potential ¢ from the given scattering data J* (or J~ ).
First we prove the uniqueness theorem.

Theorem 2.8.7. The specification of the scattering data J* (or J~ ) uniquely deter-
mines the potential q.

Proof. Let J* and J* be the right scattering data for the potentials ¢ and § respec-
tively, and let J© = J*. Then, it follows from (2.8.56) and (2.8.28) that F*(x) = FT(x).
By virtue of Theorems 2.8.5 and 2.8.6, A" (x,y) = A*(x,y). Therefore, taking (2.8.9) into
account, we get ¢ = §. For J~ the arguments are the same. O

The solution of the inverse scattering problem can be constructed by the following al-
gorithm.

Algorithm 2.8.2. Let the scattering data J* (or J~ ) be given. Then
1) Calculate the function F*(x) (or F~(x)) by (2.8.56) and (2.8.23).
2) Find A*(x,y) (or A~(x,y)) by solving the main equation (2.8.54) (or (2.8.55) respec-
tively).

_ 4 29y
3) Construct g(x) = —2 dxA (x,x) (or g(x) =2 dxA (x,x)).
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Let us now formulate necessary and sufficient conditions for the solvability of the in-
verse scattering problem.

Theorem 2.8.8. For data J* = {s*(p), M, o] ; p €R, k=1,N} to be the right scat-
tering data for a certain real potential q satisfying (2.8.2), it is necessary and sufficient
that the following conditions hold:

1) M=-1,0<1 <...<Ty; 0 >0, k=1,N.

2) Forreal p # 0, the function s*(p) is continuous, s*(p) =s*(—p), |st(p)| <1,
and

s () =0() as lp| e
p
02
I—[s*(p)I?

3) The function p(a(p)—1), where a(p) is defined by

=0(1) as |p| — 0.

l’Ck
H [, & B(p)),

B(p) =~

L@ g g,

2mi J - E—p

is continuous and bounded in Q. , and

——=0(1) as |p| =0, peQy,

lim pa(p) (s+(p) + 1) =0 forreal p.
p—)

4) The functions R*(x), defined by

R*(x) = 2lﬁ/:si(p)exp(j:ipx) dp, s (p):= _s+(_p)a(_p)’

are real and absolutely continuous, R*(x) € Ly(—oo,0), and for each fixed a > —oo,
(2.8.72) holds.

The necessity part of Theorem 2.8.8 was proved above. For the sufficiency part see [27,
Ch.3].

3. Reflectionless potentials. Modification of the discrete spectrum.

A potential ¢ satisfying (2.8.2) is called reflectionless if b(p) =0. By virtue of (2.8.26)
and (2.8.53) we have in this case

N :
. 2.8.75
s (p) I Il D+ ity ( )
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Theorem 2.8.8 allows one to prove the existence of reflectionless potentials and to describe
all of them. Namely, the following theorem is valid.

Theorem 2.8.9. Let arbitrary numbers Ay = —’C,% <0, oc,j >0, k=1,N be given. Take
sT(p) =0, p € R, and consider the data J* = {s™(p), M, o'; p €R, k =1,N}. Then,
there exists a unique reflectionless potential q satisfying (2.8.2) for which J* are the
right scattering data.

Theorem 2.8.9 is an obvious corollary of Theorem 2.8.8 since for this set J* all con-
ditions of Theorem 2.8.8 are fulfilled and (2.8.75) holds.

For a reflectionless potential, the Gelfand-Levitan-Marchenko equation (2.8.54) takes
the form

N
AT (x,y)+ Y of exp(—t(x+))
k=1

N (e}
+Y of exp(—‘cky)/ AT (x,t)exp(—1xt) dt = 0. (2.8.76)
k=1 x
We seek a solution of (2.8.76) in the form:

X)exp(—ey).

HM2

Substituting this into (2.8.76), we obtain the following linear algebraic system with respect
to Pi(x):

X+ Z o PRI p g gtexp(nn), k=T,N.  (28.77)
iz T +7Tj

Solving (2.8.77) we infer Py(x) = Ax(x)/A(x), where

AGx) = det |3 + ot SR G T , (2.8.78)

and Ay (x) is the determinant obtained from A(x) by means of the replacement of k-column
by the right-hand side column. Then

d N
q(x) = —2d AT (x,x) g exp —TX),
and consequently one can show that
dZ
q(x) = —2— InA(x). (2.8.79)

dx?

Thus, (2.8.78) and (2.8.79) allow one to calculate reflectionless potentials from the given
numbers {Ax, 0 };_1x-

Example 2.82. Let N=1,t=1;, o =0, and

o
Alx) =1+ Eexp(—th).
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Then (2.8.79) gives

410
q(x) = = »
(exp(Tx) + 5= exp(—7x))
Denote ] 5
T
=——In—.
B 27 n o
Then 5
27
q(x) =

~ cosh(t(x—B))’

If ¢g=0, then s¥(p) =0, N =0, a(p) = 1. Therefore, Theorem 2.8.9 shows that
all reflectionless potentials can be constructed from the zero potential and given data
{ Ak, oc,:r}, k=1,N. Below we briefly consider a more general case of changing the discrete
spectrum for an arbitrary potential g. Namely, the following theorem is valid.

Theorem 2.8.10. Let J* = {s(p), M, o ; p € R, k=1,N} be the right scattering
data for a certain real potential q satifying (2.8.2). Take arbitrary numbers M = —T,% <
0, & >0, k=1,N, and consider the set J* = {s™ (p), M, & ; pER, k=1,N} with the
same sT(p) as in J*. Then there exists a real potential § satisfying (2.8.2), for which
JT represents the right scattering data.

Proof.  Let us check the conditions of Theorem 2.8.8 for J*. For this purpose we
construct the functions @(p) and § (p) by the formulae

N ok “ In(l—|s 2
o) =12 exp (5 [T B ) e,

— + d(_p)
=—5"(— . 2.8.80
F(p) =~ (0) ) (2.8.80)
Together with (2.8.53) this yields
N ~ N .
N p—IiT p+ 1Tk
= = —. 2.8.81
a)=a) [T 155 (28.81)
By virtue of (2.8.26),
_ al—
s7(p)=—s"(—p) (=p) : (2.8.82)

Using (2.8.80)-(2.8.82) we get § (p) = s (p). Since the scattering data J* satisfy all
conditions of Theorem 2.8.8 it follows from (2.8.81) and (2.8.82) that J* also satisfy all
conditions of Theorem 2.8.8. Then, by Theorem 2.8.8 there exists a real potential § satis-
fying (2.8.2) for which J* are the right scattering data. O
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2.9. The Cauchy Problem for the Korteweg-De Vries Equation

Inverse spectral problems play an important role for integrating some nonlinear evolution
equations in mathematical physics. In 1967, G.Gardner, G.Green, M.Kruskal and R.Miura
[28] found a deep connection of the well-known (from XIX century) nonlinear Korteweg-de
Vries (KdV) equation
qr = 09qx — qrxx

with the spectral theory of Sturm-Liouville operators. They could manage to solve globally
the Cauchy problem for the KdV equation by means of reduction to the inverse spectral
problem. These investigations created a new branch in mathematical physics (for further
discussions see [29]-[32]). In this section we provide the solution of the Cauchy problem
for the KdV equation on the line. For this purpose we use ideas from [28], [30] and results
of Section 2.8 on the inverse scattering problem for the Sturm-Liouville operator on the
line.

Consider the Cauchy problem for the KdV equation on the line:
4 =699y — G, —0<x<oo t >0, (291)

qji=0 = qo(x), (2.9.2)

where go(x) is a real function such that (1 + |x|)|go(x)| € L(0,0). Denote by Qy the set
of real functions ¢(x,7), —oo < x < oo, t > 0, such that for each fixed 7 > 0,

max / (14 |x])|g(x,2)|dt < eo.

0<:<T

Let Q; be the set of functions ¢g(x,t) suchthat ¢,4,q4’,q",q" € Qp. Here and below, “dot”
denotes derivatives with respect to ¢, and “prime” denotes derivatives with respect to x.
We will seek the solution of the Cauchy problem (2.9.1)-(2.9.2) in the class Q;. First we
prove the following uniqueness theorem.

Theorem 2.9.1. The Cauchy problem (2.9.1) —(2.9.2) has at most one solution.

Proof. Let g,4 € Q1 be solutions of the the Cauchy problem (2.9.1)-(2.9.2). Denote
w:=qg—q. Then w € Q1, w;—o =0, and

Wy = 6(61Wx JFW@C) — Wxxx-

Multiplying this equality by w and integrating with respect to x, we get

/ ww,dx:6/ w(qwx+wc7x)dx—/ WWyyy dX.

Integration by parts yields

(e} oo (e}
/ WWie dX = — / WiWerdx = / WiWy dX,
—00 —00 —00

/ WWyeedx = 0.

and consequently
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/ qww, dx :/ q(fwz) dx = —f/ gw? dx,
— oo —oo 2 X 2 —o0
oo oo B 1 2
/ wwydx = / (qx 5 qx> w-dx.

Since

it follows that

Denote

1 = . 1
E(t):i/;wWde, m([):lzl}cleali( qx_i‘]x-
Then .,
—E(t) <m(t)E(t
T E() < m()E(1),

and consequently,
t
0 < E(t) < E(0)exp (/ m(E)dE).
0
Since E(0) =0 we deduce E(t) =0, i.e. w=0. O
Our next goal is to construct the solution of the Cauchy problem (2.9.1)-(2.9.2) by

reduction to the inverse scattering problem for the Sturm-Liouville equation on the line.
Let g(x,t) be the solution of (2.9.1)-(2.9.2). Consider the Sturm-Liouville equation

Ly:=—y" +q(x,t)y=MAy (2.9.3)

with ¢ as a parameter. Then the Jost-type solutions of (2.9.3) and the scattering data depend
on t. Let us show that equation (2.9.1) is equivalent to the equation

L=[A,L], (2.9.4)
where in this section
Ay = —4y" +6qy' +34y
is a linear differential operator, and [A,L] := AL — LA.
Indeed, since Ly = —y" + gy, we have
Ly =gy, ALy = —4(—Y" +qy)" +6q(=y" +qy) +3¢' (=" + qy),

LAy = —(—4Y" + 69y +34'y)" +q(—4y" + 6g9y' +34'y),

and consequently (AL—LA)y = (6q4' —q")y.
Equation (2.9.4) is called the Lax equation or Lax representation, and the pair A,L is
called the Lax pair, corresponding to (2.9.3).

Lemma 2.9.1. Let q(x,t) be a solution of (2.9.1), and let y =y(x,t,A) be a solution
of (2.9.3). Then (L—\)(y—Ay) =0, i.e. the function y— Ay is also a solution of (2.9.3).

Indeed, differentiating (2.9.3) with respect to #, we get Ly+ (L—X)y =0, or, in view
of (2.9.4), (L—M\)y =LAy —ALy = (L—A)Ay. O

Let e(x,z,p) and g(x,z,p) be the Jost-type solutions of (2.9.3) introduced in Section
2.8. Denote ey =e(x,t,£p), g+ = g(x,7,£p).
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Lemma 2.9.2. The following relation holds

¢, =Ae, —4ipie,. (2.9.5)

Proof. By Lemma 2.9.1, the function é; — Ae, is a solution of (2.9.3). Since the
functions {ey,e_} form a fundamental system of solutions of (2.9.3), we have

¢ —Aey =Prey +Poe,
where By = Bi(7,p), k=1,2 do not depend on x. As x — oo,
ex ~exp(Lipx), é, ~0, Ae; ~ 4ip>exp(ipx),

consequently B; = —4ip?, B2 =0, and (2.9.5) is proved. O
Lemma 2.9.3. The following relations hold
a=0, b=-8ip’h, s"=8ip’st, (2.9.6)
. ) 3
Aj=0, o =8k, (2.9.7)

Proof. According to (2.8.18),
e, =ag. +bg . (2.9.8)

Differentiating (2.9.8) with respect to ¢, we get ¢, = (ag, +bg )+ (ag, +bg_). Using
(2.9.5) and (2.9.8) we calculate

a(Agy —4ip’g.)+b(Ag- —4ip’g ) = (agy +bg )+ (ag +bg ). (2.9.9)

Since g ~ exp(Zipx), g+ ~0, Ags ~ +4ip>exp(£ipx) as x — —oo, then (2.9.9) yields
—8ip3exp(—ipx) ~ aexp(ipx) +bexp(—ipx), i.e. a=0, b= —8ip>h. Consequently, s+ =
8ip3st, and (2.9.6) is proved.

The eigenvalues A; = p? = —K;, K; >0, )= 1,N are the zeros of the function a =
a(p,t). Hence, according to @ = 0, we have A; = 0. Denote

ej =e(x,t,ix;), gj = g(x,t,ix;), j=1,N.

By Theorem 2.8.3, g; = djej, where d; =d;(t) do not depend on x. Differentiating the
relation g; = dje; with respect to ¢ and using (2.9.5), we infer

gj:djej-i-djéj :djej—l—deej—4K§djej
or

. d;
§j= jgj+Agj —4Kg;.
J

As x — —oo, g; ~exp(k;x), §j ~ 0, Agj ~ —41(5’- exp(K;x), and consequently d; =
8k3d;, or, in view of (2.8.32), &} = 8o}, O
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Thus, it follows from Lemma 2.9.3 that we have proved the following theorem.

Theorem 2.9.2. Let q(x,t) be the solution of the Cauchy problem (2.9.1) —(2.9.2),
and let J* (1) = {s*(1,p), A;(t), o] (1), j=1,N} be the scattering data for q(x,t). Then

sT(1,p) = 57(0,p) exp(8ip’r),
_ (2.9.10)
Ai(t) =2;(0), (x;-“(t) = ocj-’(O) exp(8K§t), ji=LLN (Aj= —K%).
The formulae (2.9.10) give us the evolution of the scattering data with respect to ¢, and
we obtain the following algorithm for the solution of the Cauchy problem (2.9.1)-(2.9.2).

Algorithm 2.9.1. Let the function q(x,0) = qo(x) be given. Then

1) construct the scattering data {s*(0,p), 4;(0), &/ (0), j=1,N};

2) calculate {s*(1,p), A;(t), o] (1), j=1,N} by (2.9.10);

3) find the function q(x,t) by solving the inverse scattering problem (see Section
2.8).

We notice once more the main points for the solution of the Cauchy problem (2.9.1)-
(2.9.2) by the inverse problem method:

(1) The presence of the Lax representation (2.9.4).

(2) The evolution of the scattering data with respect to ¢.

(3) The solution of the inverse problem.

Among the solutions of the KdV equation (2.9.1) there are very important particular
solutions of the form ¢(x,#) = f(x — ct). Such solutions are called solifons. Substituting
q(x,t) = f(x —ct) into (2.9.1), we get f" +6ff +cf =0, or (f"+3f>+cf) =0.

Clearly, the function
c

flx)= _2c0sh2 <@)

satisfies this equation. Hence, the function

C

2 cosh? (M)

q(x,t) = — (2.9.11)

is a soliton (see fig. 2.9.1).

7,

Figure 2.9.1.
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It is interesting to note that solitons correspond to reflectionless potentials (see Section
2.8). Consider the Cauchy problem (2.9.1)-(2.9.2) in the case when ¢o(x) is a reflectionless
potential, i.e. s*(0,p) = 0. Then, by virtue of (2.9.10), s*(z,p) =0 for all ¢, i.e. the
solution ¢(x,¢) of the Cauchy problem (2.9.1)-(2.9.2) is a reflectionless potential for all ¢.
Using (2.9.10) and (2.8.79), we derive

2

d
C]()C,t) = _2WA(XJ)7

) exp(— (kg4 k) x)

A(x,t) = det |8 + o (0) exp(8xyt .
Ki+Ki kI=1.N
In particular, if N =1, then o (0) =2k, and

2k
cosh? (k) (x — 4K31))

Q(xﬂt) =

Taking ¢ = 47, we get (2.9.11).



Chapter 3.

Parabolic Partial Differential
Equations

Parabolic partial differential equations usually describe various diffusion processes. The
most important equation of parabolic type is the heat equation or diffusion equation (see
Section 1.1). The properties of the solutions of parabolic equations do not depend essen-
tially on the dimension of the space, and therefore we confine ourselves to considerations
concerning the case of one spatial variable. In Section 3.1 we study the mixed problem for
the heat equation on a finite interval. Section 3.2 deals with the Cauchy problem on the line
for the heat equation. We note that in Chapter 6, Section 6.3 one can find exercises and
illustrative example for problems related to parabolic partial differential equations.

3.1. The Mixed Problem for the Heat Equation

We consider the following mixed problem

U =y, 0<x<Il t>0, (3.1.1)
U=0 = Ulx= = 0, (312)
Uj—o = P(x). (3.1.3)

This problem describes the one-dimensional propagation of heat in a finite slender homo-
geneous rod which lies along the x -axis, provided that the ends of the rod x =0 and x =1
have zero temperature, and the initial temperature @(x) is known.

Denote by D= {(x,t): 0 <x<I,t>0}, I'=09D the boundary of the domain D.

Definition 3.1.1. A function u(x,?) is called a solution of problem (3.1.1)-(3.1.3) if
u(x,t) € C(D), u(x,t) € C*(D), and u(x,t) satisfies (3.1.1)-(3.1.3).

First we will prove the maximum (and minimum) principle for the heat conduction
equation. Denote Dy = {(x,¢): 0<x<[,0<t<T}, I'r =TNDy (ie. I'r is the part
of the boundary of D7 without the upper cap (see fig. 3.1.1).
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Figure 3.1.1.

Theorem 3.1.1. Let u(x,t) € C(Dr), u(x,t) € C*(Dr), and let u(x,t) satisfy equation
(3.1.1) in Dy . Then u(x,t) attains its maximum and minimum on Tr.

Proof. For definiteness, we give the proof for the maximum. Denote

M = maxu(x,t), m=maxu(x,1).
Dr I'r

Clearly, M > m. We have to prove that M = m. Suppose that M > m. Let M = u(x,1y),
i.e. the maximum is attained at the point (xo,%). Consider the function

Then

and consequently, the maximum of the functions v(x,#) is not attained on I'7. Let

maxv(x,t) = v(xi,1),
Dr

and (x1,71) ¢ I'r. According to the necessary conditions for an maximum we have

ve(x1,21) >0, ve(x1,01) =0, vy (x1,71) <0

On the other hand,
M—m
Vi — Vyy = (”t_”xx)_Tz <0.

This contradiction proves the theorem. O

As an immediate consequence of the maximum (and minimum) principle we get the
following interesting corollaries.

Corollary 3.1.1 (the comparison principle). Let u(x,t),uz(x,t) € C(D)NC?(D) sat-
isfy (3.1.1). If uy(x,t) <up(x,t) on T, then uy(x,t) <up(x,t) in D.
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Corollary 3.1.2 (the uniqueness theorem). If the solution of the problem (3.1.1) —
(3.1.3) exists, then it is unique.

Indeed, let u;(x,t) and uy(x,t) be solutions of (3.1.1)-(3.1.3). Then u(x,7) = ua(x,1)
on T, and consequently, u;(x,f) = ua(x,z) in D.

Corollary 3.1.3 (the stability theorem). Ler u(x,t) and ii(x,t) be solutions of
(3.1.1) — (3.1.3) under the initial conditions @ and @, respectively. If |@(x) —®(x)| <€,
0<x<I, then |u(x,t)—i(x,t)| <€ in D.

Indeed, denote v(x,r) = u(x,t) —i(x,t). Then v(x,7) € C(D), satisfies equation (3.1.1),
and |v(x,7)] <€ on I'. Hence |v(x,)| <€ in D.

We will solve the mixed problem (3.1.1)-(3.1.3) by the method of separation of vari-
ables. First we consider the following auxiliary problem. We will seek non-trivial (i.e. not
identically equal to zero) solutions of equation (3.1.1) satisfying the boundary condition
(3.1.2) and having the form

u(x,t) =Y(x)T(t).

Acting in the same way as in Section 2.2, we obtain

Y@ _Tw_
Y(x)  T(@) ’
where A is a complex parameter. Hence
T(t)+AT(t) =0, (3.1.4)
Y'(x)+AY(x) =0, Y(0)=Y()=0. (3.1.5)

In Section 2.2 we found the eigenvalues

and the eigenfunctions

Yo(x) = sin?x, n>1,
of the Sturm-Liouville problem (3.1.5). Equation (3.1.4) for A=A, has the general solution
T,(t) = Apexp(—Ant),

where A, are arbitrary constants. Thus, the solutions of the auxiliary problem have the
form

2
up(x,1) = A, exp (— (?) t> sin?x, n>1. (3.1.6)

We will seek the solution of the mixed problem (3.1.1)-(3.1.3) by superposition of functions
of the form (3.1.6):

o0 2
u(x,t) =Y Anexp (— (?) t) sin?x. (3.1.7)
n=1
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Formally, by construction, the function u(x,7) satisfies equation (3.1.1) and the boundary
conditions (3.1.2) for any A,. Choose A, such that u(x,r) satisfies the initial condition
(3.1.3). Substituting (3.1.7) into (3.1.3) we get

- Tn
=) A,sin—ux.
o(x) ’; sin —-x

Using the formulas for the Fourier coefficients we calculate (formally)

2 rl
A,l:?/ (p(x)sin?xdx, n> 1. (3.1.8)
0

Theorem 3.1.2. Let ¢(x) € C[0,1], @(0) = @(I) = 0. Then the solution of the mixed
problem (3.1.1) — (3.1.3) exists, is unique and is given by the formulae (3.1.7) —(3.1.8).

Proof. 1t is sufficient to prove that the function u(x,7), defined by (3.1.7)-(3.1.8), is a
solution of problem (3.1.1)-(3.1.3). Fix 8 > 0 and consider the domains Qg = {(x,7): 0 <
x<Il,t>08} and Q= {(x,7): 0<x<I,t>0}. Since |A,| <C, we have

Tn

i |Ap|n’ exp <— <l)25> <o forall s>0. (3.1.9)
n=1

It follows from (3.1.9) that the function u(x,r), defined by (3.1.7)-(3.1.8), is infinitely
differentiable in Qg, i.e. it has in Qg continuous partial derivatives of all orders, and these
derivatives can be obtained by termwise differentiation of the series (3.1.7). By virtue of
the arbitrariness of & we deduce that u(x,7) € C*(Q). Clearly, u(x,?) satisfies (3.1.1) and
(3.1.2). It is more complicated to deal with the initial condition (1.3.3), since in the general
case the series (3.1.7) for + =0 can be divergent.

1) First we consider the particular case when @(x) € C'[0,1], ¢(0) = ¢(I) = 0. Then,
using in (3.1.8) integration by parts (as in Section 2.2), we obtain

Y Ay < oo,
n=1

Consequently, the series (3.1.7) converges absolutely and uniformly in D, and u(x,?) €
C(D). For t =0 we have

- T
u(x,0) = Z Ay sin Tnx,
n=1

hence 5
Ap= f/ u(x,0) sin 2 xdx.
[l Jo l

Comparing this relation with (3.1.8) we get
!
/ (u(x,0) — o(x)) sin?xdx —0, n>l.
0

On account of the completeness of the system {sin®'x},>;, we deduce that
u(x,0) = @(x). Thus, for the case ¢(x) € C'[0,/] Theorem 3.1.2 is proved.



Parabolic Partial Differential Equations 159

2) Consider now the general case when ¢(x) € C[0,/], ¢(0) = ¢(/) = 0. Construct a
sequence of the functions @,,(x) € C'[0,1], ©,(0) = @,(I) =0 such that

lim max |@,(x) —@(x)| =0.

m—oo )<x</

Let u,,(x,t) be the solution of problem (3.1.1)-(3.1.3) with the initial data @,,(x). Using
Corollary 3.1.3 we obtain that in D the sequence u,,(x,t) converges uniformly to some
function i(x,t):

lim max |u,,(x,t) — ii(x,t)] =0,
m—oo  p

and i(x,r) € C(D). Moreover,
IZ()C,O) = (P(x)v
since
Q(x) = lim @ (x) = lim uy(x,0) = i(x,0).

m—o0 m-—oo

In the domain Qg we rewrite (3.1.7) for u(x,#) as follows:

() = 3 (7 [ ot@)sinT et exp (— (1) 1) sin

and consequently,

o) = [ Gl g0,

=22

The function G(x,&,¢) is called the Green’s function. Furthermore, in Qg we have

where

i(x,t) = Hm upy(x,7) = lim lG(x,&,t)@m(ﬁ) dg

nm—oo m—oo [()

= [ Gt Jim 0n(@)dz = [ Gl 0(E) = uter).
0 m— 0

By virtue of the arbitrariness of & >0, we get i(x,7) =u(x,7) in Q, hence (after defining
u(x,t) continuously for r =0) u(x,t) € C(D), u(x,0) = @(x). Theorem 3.1.2 is proved.
d

Definition 3.1.2. The solution of the mixed problem (3.1.1)-(3.1.3) is called stable
if for each € > 0 there exists 8 > 0 such that if |p(x) — §(x)] <&, 0 <x <, then
|u(x,t) —d(x,t)| <€ in D. Here #(x,t) is the solution of the mixed problem with the
initial condition #(x,0) = @(x).

It follows from Corollary 3.1.3 that the solution of the mixed problem (3.1.1)-(3.1.3) is
stable (one can take 8 = €). Thus, the mixed problem (3.1.1)-(3.1.3) is well-posed.
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3.2. The Cauchy Problem for the Heat Equation

We consider the following Cauchy problem
Uy = Uy, —0<x<oo t>0, (3.2.1)

Uj—o = P(x). (3.2.2)

This problem describes the one-dimensional propagation of heat in a infinite slender ho-
mogeneous rod which lies along the x -axis, provided that the initial temperature @(x) is
known.

Denote Q = {(x,t): —oo <x < oo, 1> 0}.

Definition 3.2.1. A function u(x,?) is called a solution of the Cauchy problem (3.2.1)-
(3.2.2), if u(x,t) is continuous and bounded in Q, u(x,t) € C*(Q), and u(x,t) satisfies
(3.2.1)-(3.2.2).

Theorem 3.2.1. If a solution of problem (3.2.1) — (3.2.2) exists, then it is unique.

Proof.  Let uj(x,t) and up(x,t) be solutions of (3.2.1)-(3.2.2). Denote v(x,t) =
uy (x,t) — ua(x,t). Then v(x,t) is continuous and bounded in Q, v, = vy, in Q, and
v(x,0) = 0. Denote M = supv(x,t). Fix L > 0. Let Q° = {(x,¢) : |x| < L,t > 0},

0
I =9Q° is the boundary of Q°. Consider the function

w(x,t) = m (¥* +21).

12
We have
]v(x, 0)‘ =0< W(X,O),
(3.2.3)
[V(£L,t)| <M < w(xL,t).
The function w(x,?) satisfies equation (3.2.1), and by virtue of (3.2.3),
—W(X,l‘) < V()C,t) < W()C,t)
on I'Y. According to Corollary 3.1.1, the last inequality is also valid in Q0. Thus,
M M
2 (x* 421) < w(x,1) < i (x*42t), |x| <L, t>0.
As L — oo we obtain v(x,7) =0, and Theorem 3.2.1 is proved. O

Derivation of the Poisson formula. We will seek bounded particular solutions of equa-
tion (3.2.1) which have the form u(x,7) =Y (x)T(¢). Then

Y(x)T(r) = Y (x)T(t)

or
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Thus, for the functions Y (x) and 7(r) we get the ordinary differential equations:
T(t)+AT(t) =0,

Y"(x) +A%Y (x) = 0.

The general solutions of these equations have the form
Y (x) = A1 (M)e™ + Ay (Ve ™,

T(1) =As(N)e ™.

Therefore, the functions .
u(x,t,\) = A(N)e Mt

are the desired bounded particular solutions of (3.2.1) admitting separation of variables.
We will seek the solution of the Cauchy problem (3.2.1)-(3.2.2) in the form

u(x,1) = / A(N)e Pk gy,
We determine A(A) from the initial condition (3.2.2). For t =0 we have
o(x) = / AN)e™ .
Using the formulae for the Fourier transform (see [11]) we obtain (formally)
1 r= :
AN = = / “Mq
0= [ el ™a

and consequently,

= ()

- % [ Z Q&) < [ Ze—VfHMx—i) d%) dE.

Let us calculate the inner integral. For this purpose we consider for a fixed ¢ the function

g(y)= /oo e NI g, (3.2.4)

Differentiating (3.2.4) and using integration by parts we deduce

gl(J’) = /w le*xztekydk = ;/m eXyefxztd(kz)

—oo

LI oy e 1™ gy y
| MMy e M= L g(y).
% ¢ +2r/_wye ¢ 250
Therefore,
y
g =380,
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hence
8(y) =g(0)ew. (3.2.5)

g(0) = /_Zeikztdk: \2/_Ze§2d§: \/f

Thus, we conclude that

By virtue of (3.2.4),

1 © _(-g)?
) = 5 [ 9E)e T dg, (3.2.6)

Formula (3.2.6) is called the Poisson formula, and the integral in (3.2.6) is called the Poisson
integral.

Theorem 3.2.2. Let the function @(x) be continuous and bounded. Then the solution
of the Cauchy problem (3.2.1) — (3.2.2) exists, is unique and is given by (3.2.6).

Proof. 1t is sufficient to prove that the function u(x,?), defined by (3.2.6), is a solution
of problem (3.2.1)-(3.2.2).
1) Since |@(&)| < M, we have

M ® g’ M [ 2
]u(x,t)|§7/ e & d&z—/ e “do=M,
2\/5 —oo0 \/R —o0

0= 5%
2Vt
Therefore, the Poisson integral converges absolutely and uniformly in Q, and the function
u(x,t) is continuous and bounded in Q.

2;\/; in (3.2.6) yields

u(x,t) = \}ﬁ /_ Z Q(x+200/F)e * da. (3.2.7)

where

2) The replacement o =

For t =0 we get
ule0) = o) 7= [~ e du gt

i.e. the function u(x,¢) satisfies the initial condition (3.2.2).

3) Fix & > 0 and consider the domain Gg = {(x,7) : —co <x < oo, t > J}. In Gy the
function u(x,t), defined by (3.2.6), is infinitely differentiable, i.e. it has in Gg continuous
partial derivatives of all orders, and these derivatives can be obtained by differentiation
under the sign of integration. In particular,

L et (L 6
uten) =50 [ o@)e (—M+ - )da,

) =5 [0 (<50 e
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I N s
nen) =5 [ 0(E)e <—2t v ) dé,

Consequently, the function u(x,t) satisfies equation (3.2.1) in Gg.
By virtue of the arbitrariness of & >0 we conclude that u(x,?) satisfies (3.2.1) in Q.
Theorem 3.2.2 is proved. |

Definition 3.2.2. The solution of the Cauchy problem (3.2.1)-(3.2.2) is called stable if
for each € > 0 there exists & > 0 such that if |@(x) —§(x)| < S forall x, then |u(x,7)—
i(x,r)| <& in Q.

It follows from (3.2.7) that

(e, 1) — e, 1)| < \}ﬁ [ 190+ 200E) — §x-+ 200 e~ o

< sup|9(x) = §(x)],

and consequently, the solution of the Cauchy problem (3.2.1)-(3.2.2) is stable (one can take
d = ¢€). Thus, the Cauchy problem (3.2.1)-(3.2.2) is well-posed.






Chapter 4.

Elliptic Partial Differential
Equations

Elliptic equations usually describe stationary fields, for example, gravitational, electro-
statical and temperature fields. The most important equations of elliptic type are the Laplace
equation Au =0 and the Poisson equation Au = f(x), where x = (xi,...,x,) are spatial
variables, u(x) is an unknown function,

i u
Au:=) —
k=1 ax,%

is the Laplace operator (or Laplacian), and f(x) is a given function. In this chapter we study
boundary value problems for elliptic partial differential equations and present methods for
their solutions.

4.1. Harmonic Functions and Their Properties
1. Basic notions

Let D C R" be a bounded domain with the boundary X.

Definition 4.1.1. A surface ¥ is called piecewise-smooth (X € PC'), if it consists of a
finite number of pieces with continuous tangent planes on each of them, and if each straight
line intersects X at no more than a finite number of points and/or segments.

Examples of surfaces of the class PC! are a ball, a parallelepiped, an ellipsoid, etc..
Everywhere below we assume that £ € PC!. As before, in the sequel the notation u(x) €
C™(D) means that the function u(x) hasin D continuous partial derivatives up to the order
m.

Definition 4.1.2. Let u € C'(D), x € X, n, be the outer normal to ¥ at the point x. If
uniformly on X there exists a finite limit

) ul)
1)119 on, =~ on,

y=x—0iny,0>0
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du(x)
on,

we shall say that the function u(x) has on X the normal derivative
cL(D)).

Remark 4.1.1. 1) Clearly, if u(x) € C!'(D), then u(x) € C1 (D).
2)If u(x) € CL(D), then u(x) € C(D) (after defining u on dD by continuity if necessary).

(notation: u(x) €

Definition 4.1.3. A function u(x) is called harmonic in the domain D, if u(x) €
C*(D) and Au=0 in D.

Examples. 1)Let n=1. Then Au=u"(x), and consequently, the harmonic functions
are the linear ones: u(x) = ax+b.

2) Let n=2, i.e. x=(x1,x2), and let z = x; +ixy. If the function f(z) = u(xy,x;)+
iv(x1,x2) is analytic in D, then by virtue of the Cauchy-Riemann conditions

du  Ov du v

I o’ dxm o’
the functions # and v are harmonic in D (and they are called conjugate harmonic func-
tions). Conversely, if u(xj,x;) is harmonic in D, then there exists a conjugate harmonic

function v(xj,x2) such that the function f = u+iv is analytic in D, and
(x1.%2) ou ou
v(xy,x2) = /(0 . <—axzdx1 —I-axldx2> +C

x]%)
(the integral does not depend on the way of the integration since under the integral we have
the total differential of v).
Fix % = (x9,x9) and denote

r= = = 3/ (e a2+ (= a9)2,

. . 1. . .
It is easy to check that the function u(x) =In— is harmonic everywhere except at the point
r

1. This function is called the fundamental solution of the Laplace equation on the plane.

3)Let n =23, i.e. x= (x1,x2,x3). Fix x = (x?,xg,xg) and denote

3

0 0y2
r=lr—=alll =y [} (e — )"

k=1

1
Then the function u(x) = — is harmonic everywhere except at the point x (see Lemma
r
2.5.1). This function is called the fundamental solution of the Laplace equation in the space
RY.
Remark 4.1.2. The importance of the fundamental solution connects with the isotropy
of the space when the physical picture depends only on the distance from the source of

L . 1 .
energy but not on the direction. For example, the function u(x) = — represents the potential
r

of the gravitational (electro-statical) field created by a point unit mass (point unit charge).
Similar sense has the fundamental solution of the Laplace equation on the plane: this is
the potential of the field produced by a charge of constant linear density g = 1, distributed

uniformly along the line x; = x(l), Xy = xg.
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2. Properties of harmonic functions

Let for definiteness n = 3.

Theorem 4.1.1. Let u(x),v(x) € C>(D)NCL(D). Then

[ (v = vau) dx:/z<uan—van> ds, (4.1.1)

where n is the outer normal to the surface ¥. Formula (4.1.1) is called Green’s formula.

Proof. Let Dy be the domain that is obtained from D by removing the balls Kg(x),
x € ¥ of radius o around the point x. Let X, be the boundary of Dy. Applying the
GauB3-Ostrogradskii formula for the domain Dy, we get

3
/Da (uAv —vAu) dx = /Da (;‘ik(ka —vuxk)> dx

3
= (Z (uvy, —vuxk)cos(n,xk)> ds
Lo \ k=1

3 3
= (u Y vecos(nxe) —v) uy cos(n,xk)> ds
Lo \ k=1

k=1

ov Ju
= . (uan — V8n> ds.

As o — oo this yields (4.1.1). O
Theorem 4.1.2. Let u(x) be harmonic in D and u(x) € C' (D). Then

Ju
[ S ds=0. (4.1.2)

Indeed, (4.1.2) follows from (4.1.1) for v=1.

Theorem 4.1.3. Let u(x) € C*(D) and assume that for any closed surface S € PC'
from D one has

ou
—ds=0.
son S

Then u(x) is a harmonic function in D.

Proof. 1t follows from (4.1.1) for v=1,X =S that

/ Audx =0,
G

where G :=intS. By virtue of the arbitrariness of G this yields Au =0 in D. |
Theorem 4.1.4. Let u(x) be harmonic in D and u(x) € C' (D). Then

A) (,{X: (;;Z)z) dxz/):ugst. (4.1.3)
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Relation (4.1.3) is called the Dirichlet identity.
Proof. We apply (4.1.1) for the functions v=1 and u®. Since

o(u?) du  d(u?) Ju

on =2u “on’ oxy, = 2u aTck
0% (u?) ou\* _ o
=2 =— 2
ox7 <axk> e ox7’
we arrive at (4.1.3). O

Theorem 4.1.5. Let u(x) be harmonic in D and u(x) € C1.(D). Then

u 0: (1
u(x) = % /Z (iaai? —u(®) Sia)) ds, xeD, (4.1.4)

where & is the variable of integration, r = ||x—&||, ng is the outer normal to ¥ at the
point &, and 8@ means that the differentiation is performed with respect to & (for a fixed
x). Formula (4.1.4) is called the basic formula for harmonic functions.

Proof. Fix x € D and consider the ball Kg(x) of radius 8 > 0 around the point x. In
the domain D\ K5(x) we apply Green’s formula (4.1.1) for v=1/r. Since Au= Av =0,

we have 1
de(y)  10u(€) _
/):USB(X) (u(?;) ong 7 ong ) ds =0,

where Sg(x) = dKs(x) is the sphere. On Sg(x):

%(;) _ o(;) _ 1
ong or r2’

_ O(})  19u(g)
fs:= fsa(x) (u(&) ong r ong ) ds
(el 1w
_%@<@b2ra%)d

1

By Theorem 4.1.2 the second integral is equal to zero, and we obtain

1 u(x 1
b w@as =" [ ash g [ e -utas

= 4mu(x) + Js.

and consequently,
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Since the function u(x) is continuous, we have that for each € > 0 there exists 8 > 0 such
that |u(x) —u(§)| <€ forall § € Ks(x). Therefore,

1 S
< - <= = 47e.
sl < 5 A 5<x>’”(§) ()] ds < o 4n3? = dme

Thus, Iy — 4nu(x) as & — 0, and we arrive at (4.1.4). O

Theorem 4.1.6. (Mean-Value Theorem). Let Kg(x) be a ball of radius R around the
point x, and let Sg(x) = 0Kg(x) be the sphere. Suppose that the function u(g) is harmonic
in Kgr(x) and continuous in Kg(x). Then

u(x) = ﬁ /S | ues (4.1.5)

Proof.  We apply the basic formula for harmonic functions (4.1.4) for the ball Kz(x)

for R<R. On Sg:
% a1 o

ong or R

- (589 du)

= 1~ au(&)ds—{— 1~/ u(&)ds
4mR Jsp(x) Ong 4ATR? J55(x)
1

4ATR? [

and consequently,

u(&)ds,

since the first integral here is equal to zero by Theorem 4.1.2. As R — R we arrive at

(4.1.5). O
Theorem 4.1.7 (Maximum Principle). Let u(x) € C(D) and let u be harmonic in D.

Then u(x) attains its maximum and minimum on . Moreover, if u(x) % const, then

minu(8) < u(x) < maxu()

forall x € D, i.e. maximum and minimum cannot be attained in D.

Proof.  Let u(x) # const, and let the maximum be attained at some point x € D,
i.e. u(x) =maxu(g). Take a ball Kg(x) such that Kg(x) C D and such that there exists
&eD

% € Sg(x), for which u(X) < u(x). Such choice is possible because u(&) # const.. Since
u(x) > u(x), there exists d > 0 such that u(x) —u(X) > d > 0. By virtue of the continuity
of the function u(§), the inequality also holds in some neighbourhood of %. Denote

Sk(x) = {& € Sr(x) : u(x) —u(&) = d > 0},

Sk(x) = Sr(x) \ Sp(x).



170 G. Freiling and V. Yurko

By the mean-value theorem,

1
= d
)= g O
hence |
— — ds=0.
e |, (40 (@) ds
On the other hand,
/ (u(x) — u(&))ds > dCo > 0,
Sr(x)
[, ()~ u(@)ds >0,
Sx(x)
This contradiction proves the theorem. |

Remark 4.1.3. Let n=2, i.e. x=(x1,x2) € R%. Inthis case Theorems 4.1.1-4.1.4 and
4.1.7 remain valid (as for any n), and Theorems 4.1.5-4.1.6 require small modifications,
namely:

Theorem 4.1.5°. Let u(x) be harmonic in D C R? and u(x) € C' (D). Then

1 1 ou(§) d(Inl)
u(x)zn[:<<lnr) an; —u(g) ang )ds,xeD, (4.1.6)

where r = ||x—&||, ng is the outer normal to ¥ at the point &.

Theorem 4.1.6°. Let Kg(x) be the disc of radius R around the point x, and let Sg(x) =
0Kg(x) be the circle. Suppose that u(E) is harmonic in Kg(x) and continuous in Kg(x).
Then

1
~ 2mR Sr(x)

u(x) u(g)ds. (4.1.7)

4.2. Dirichlet and Neumann Problems

Let D C R? be a bounded domain with the boundary ¥ € PC'.

Dirichlet problem

Let a continuous function @(x) be given on X. Find a a function u(x) which is harmonic
in D and continuous in D and has on ¥ an assigned value @(x):

Au=0 (xeD), }

=0 4.2.1)
Uy = X).

Theorem 4.2.1. If a solution of the Dirichlet problem (4.2.1) exists, then it is unique.
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Proof. Let uj(x) and up(x) be solutions of problem (4.2.1). Denote u(x) = u;(x) —
uz(x). Then u(x) € C(D), Au=0 in D, and ujz = 0. By the maximum principle, u(x) =0
in D. O

Definition 4.2.1. The solution of the Dirichlet problem is called stable if for each € >0
there exists 8 > 0 such that if |@(x) —@(x)| < forall x € £, then |u(x)—ii(x)| < € for
all x & D. Here u and i are solutions of the Dirichlet problems with the data @ and @,
respectively.

It follows from the maximum principle that the solution of the Dirichlet problem (4.2.1)
is stable (one can take & = €). The question of the existence of the solution of the Dirichlet
problem is much more difficult. This question will be studied later by various methods in
Sections 4.3-4.6.

Neumann problem

Let a continuous function y(x) be given on X. Find a function u(x) which is harmonic in
D and u(x) € C' (D), %‘Z =y:

Au=0(xeD),
; (4.2.2)
on | = W0)-

Theorem 4.2.2. If a solution of problem (4.2.2) exists, then it is unique up to an
additive constant.

Proof.  Obviously, if the function u(x) is a solution of problem (4.2.2), then the
function u(x)+ C is also a solution of (4.2.2). Furthermore, if u;(x) and uy(x) are solu-
tions of (4.2.2), then the function u(x) = u;(x) —uz(x) has the properties: Au=0 in D,
u(x) e C' (D) and % =0. Applying the Dirichlet identity (see Theorem 4.1.4) we obtain

an|L
L () ) om0

and consequently,

d
M0 k=123,
oxy
i.e. u(x) = const.. Theorem 4.2.2 is proved. O

Theorem 4.2.3 (Necessary condition for the solvability of the Neumann problem).
If problem (4.2.2) has a solution, then

[v@as=o.
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Theorem 4.2.3 is an obvious corollary of Theorem 4.1.2, since, if u(x) is a solution of

problem (4.2.2), then
Ju
Jovea= | g0

The Dirichlet and Neumann problems can be considered also in unbounded domains.
In this case we need the additional condition u(ee) =0 (for n =2 the additional condition
has the form u(x) = O(1), |x| — o). For example, let D C R be a bounded set, and
D;:=R3 \5. The Dirichlet and Neumann problems in the domain D; are called exterior
problems.

Exterior Dirichlet problem

Au=0 (X S D]),
(4.2.3)

Uy = Q(x), u(e) =0.

A function u(x) is called a solution of problem (4.2.3) if u(x) is harmonic in Dy, u(x) €

C(Dy), ws = @(x) and u(ee) =0, i.e.

lim max |u(x)| =0.
R x| =R

Exterior Neumann problem

Au=20 (x S D]),
(4.2.4)

2 —y(), (=) =0.

A function u(x) is called a solution of problem (4.2.4) if u(x) is harmonic in Dy, u(x) €

—
cL(Dy), %\Z = y(x) and u(e) =0.

One can consider the Dirichlet and Neumann problems also in other unbounded regions
(a sector, a strip, a half-strip, a half-plane, etc.).

Let us formulate the uniqueness theorem for the exterior Dirichlet problem (4.2.3).
Theorem 4.2.4. If a solution of problem (4.2.3) exists, then it is unique.

Proof.  Let uj(x) and up(x) be solutions of (4.2.3). Denote u(x) = u;(x) — uz(x).
Then Au=0 in Dy, u(x) € C(Dy), uz =0 and u(e0) = 0. Let Kg(0) be a ball of radius
R around the origin such that D C Kg(0). Applying the maximum principle for the region
Kg(0)\ D, we obtain

‘= min < < ma =A
R EeSk(0)UZ u(G) < ulx) < &eSR(O)§uZ u() R
for all x € Kg(0) \ D, where Sg(0) = dKg(0). Since u(«) =0 and uy =0, we have
ag — 0 and Ag — 0 as R — . Therefore, u(x) =0, and Theorem 4.2.4 is proved. O
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In order to prove the uniqueness theorem for the exterior Neumann problem we need
several assertions which also are of independent interest.

Theorem 4.2.5 (Theorem on a removable singularity). Ler 0 € D, and let the func-
tion u(x) be harmonic in D\ {0} and lim ||x|ju(x) =0 (ie. u(x)=o(r),x— 0).

|x||—0 [l
Then the point x = 0 is a removable singularity for u(x), ie. the function u(x) can be
defined at the point 0 such that u(x) becomes harmonic in D.

Remark 4.2.1. 1) The condition 0 € D is not important and is taken for definiteness;
a singularity can be removed similarly at any point.

2) The function W
X
it has at O an unremovable singularity. This function does not satisfy the last condition of

the theorem.

is harmonic everywhere except at the point 0 (see Lemma 2.5.1) and

Proof.  Let Kg(0) be a ball around the origin such that Kz(0) C D. We take the
function v(x) such that v(x) is harmonic in K(0), continuous in Kz(0) and v, =
Usy, Where Sg = dKg(0) is a sphere. In other words, the function v(x) is the solution
of the Dirichlet problem for the ball. Below, in Section 4.3 we will prove independently
the existence of the solution of the Dirichlet problem for a ball. Therefore, a function v(x)
with the above mentioned properties exists and is unique. Denote w(x) = v(x) —u(x). Then
w(x) is harmonic in Kz(0)\ {0} and wg, = 0. Moreover, since

lim ||x|lu(x) =0
fim ()

and v(x) is continuous, it follows that

lim ||x|lw(x) = 0.

[Ixl—0

Fix o > 0 and consider the function

0ut) = (i)

Clearly, Qq(x) is harmonic in Kz(0)\ {0} and Qgs, = 0. We have

of|x]

Il @utwi) =a— (el i)

There exists ro, > 0 such that

ol
R

*[lxlw(x)| <o

forall ||x|| < rg. Consider the ring Gy = {x: rq <x < R}. The functions w(x) and Qu(x)
are harmonic in G, and on the boundary |w(x)| < Qg(x). By the maximum principle this
inequality holds also in G, i.e.

1 1
<o ——— Ga.
'W<x>‘°‘(uxu R), ‘€ Ge
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Fix x € Go. As a— 0 we get w(x) =0. By virtue of the arbitrariness of x we conclude
that w(x) =0 for all x # 0, i.e. u(x) =v(x) for all x # 0. Defining u(0) := v(0), we
arrive at the assertion of Theorem 4.2.5. O

The Kelvin transform

Consider the function u(x) and make the substitution

E= ﬁ : (4.2.5)
The inverse transform is symmetric:
&
xX= (e
Denote | :
V() = e (H%HZ) = [|xfu(x). (4.2.6)

The function v(§) is called the Kelvin transform for u(x). This transform is symmetric

since |
x
ulx) = —v <> .
e[\ (e[|

Consider a bounded domain D € R? with the boundary ¥, D; = R*\ D, and suppose
that 0 € D. Let D* be the image of the domain D; with respect to the replacement (4.2.5).
Then D} =R3\D* and I* = dD* are the images of D and X, respectively. For example,
if D= Kg(0), then D* = K; r(0).

Theorem 4.2.6 (Kelvin). Let 0 € D. If the function u(x) is harmonic in Dy, then
its Kelvin transform v(§) is harmonic in D*\ {0}. If the function u(x) is harmonic in
D\ {0}, then v(&) is harmonic in Dj.

Proof. Denote
*u 3 9%y
A , A =) —.
Lo ME-LE
Using (4.2.5)-(4.2.6) we calculate by differentiation

Acu(x) = Agv (). (4.2.7)

[l ||5
All assertions of Theorem 4.2.6 follow from (4.2.7). O

Theorem 4.2.7. Let the function u(x) be harmonic outside the ball Kg(0) and u(eo) =
0 (ie hm max lu(x)| =0). Then

o |lx||=R
1 du < 1 )
ux)=0(—1»,, =—=0(+—5], x—
®) <Hx|!> av O\



Elliptic Partial Differential Equations 175

" = g7 ()

be the Kelvin transform for u(x). By Theorem 4.2.6, the function v(§) is harmonic in
the domain K, /£(0)\ {0}. Since u(e) =0, we have |[[|v(§) — 0 as & — 0. Then, by
Theorem 4.2.5, the function v(§) is harmonic in Kj/z(0). In particular, this yields

Proof. Let

v(€) =0(1), aagk =0(1) for £&—0. (4.2.8)
Since 1
(x) = MV(&),

Furthermore,

du B d 1 R v &
o ax, <||x|| Vg)) =" ||x|| > {3,

& O d 1
%_M””%QW)

9 <1> _ 2
ax; \ [|x[2 x[[*

where §y; is the Kronecker delta, one gets

Since

ou X; 1 2x;

=T R T ||52"a§

ou 1
BM_O<WW>’XH

Theorem 4.2.7 is proved. o

In view of (4.2.8) this yields

Let us now prove the uniqueness theorem for the exterior Neumann problem (4.2.4).
Theorem 4.2.8. If the solution of problem (4.2.4) exists, then it is unique.
Proof. Let u;(x) and up(x) be solutions of problem (4.2.4). Denote u(x) = u;(x) —

up(x). Then the function u(x) is harmonic in Dy, u(e0) =0 and a“ njz = 0. Let Kz(0) be
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the ball of radius R around the origin such that D C Kg(0). We apply the Dirichlet identity
to the domain Kg(0)\D:

3 2
/ Y (a“> dx = ua—uds, (4.2.9)
Ke(O\D \ /= \ Oxx S on

where Sg = dKg(0) . By Theorem 4.2.7, on Sg we have

i< S %< S
u(x — —| < =
— R 'on' — R¥
and consequently,
0 C
ul ds <—=—0 as R— oo
sx on R

Then from (4.2.9) as R — oo we obtain

LB G oo

M k=123,
o0xy

Therefore,

i.e. u(x) =const.. Since u(eo) =0, we conclude that u(x) =0, and Theorem 4.2.8 is
proved. O

Reduction of the exterior Dirichlet problem to the interior one

Let 0 € D. Let u(x) be the solution of problem (4.2.3) and let v(§) be the Kelvin transform
for u(x). Then, by Theorems 4.2.5-4.2.6, the function v(§) is harmonic in D*. Moreover,
v(€) € C(D¥) and vz = ¢*, where ¢* is the Kelvin transform for ¢. Thus, v(§) is the
solution of the Dirichlet problem for the bounded domain D*.

4.3. The Green’s Function Method
1. Let D C R? be a bounded domain with the boundary ¥ € PC'. We consider the

Dirichlet problem
Au=0 (xeD), }

Uy = (P(x)v

where @(x) € C(X). Let u(x) be the solution of problem (4.3.1), and let v(x) be a har-
monic function in D. Moreover, suppose that u(x),v(x) € C' (D). Then, by virtue of The-
orem 4.1.1 and 4.1.5, we obtain

u e (1
= [ (iaa,f —u(® gf;) ds.xe D, r=|lx-E].

(4.3.1)
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o= (v@f’g,f —u<&>a§,ﬂ‘?) ds.

u(x) = 4175[: <<v+i> gZ—u; (”*i)) ds. (432)

We require that (v+ })‘2 = 0. Then for finding the function v = v(§,x) we obtain the
following Dirichlet problem with respect to & for a fixed x € D:

Therefore,

A&VZO (QGD),

1 (4.3.3)
V|E = —; .
Consider the function
1
G(X, a) = V+ ;a

where v is the solution of problem (4.3.3). The function G(x,&) is called the Green’s
function. Formula (4.3.2) takes the form

0:G(x,
u(x) = —ﬁ /Z (&) éc;if‘)ds, xeD. (4.3.4)

Thus, if the solutions of the problems (4.3.1) and (4.3.3) exist (and have on ¥ normal
derivatives), then formula (4.3.4) is valid.

Remark 4.3.1. In order to construct the solution of the Dirichlet problem (4.3.1) by
(4.3.4) we first need to solve the Dirichlet problem (4.3.3). For some domains the Dirichlet
problem (4.3.3) can be solved explicitly. Below, using the Green’s function method we will
construct the solution of the Dirichlet problem for a ball.

By similar arguments one can solve also the Neumann problem

Au=0 (xeD),
Ju
S| = wi).

The solution has the form

ux) =3 [w©GE)ds, xeD,

where .
G~(x7 é) = ‘7+ ;a

and the function ¥(&,x) is the solution of the following Neumann problem with respect to

€:

9 %(1r)

ang X - ang
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Below we will need the following auxiliary assertion.

Lemma 4.3.1. Let [ be a vector and r = || —x||. Then

)
e = cos(l,7),

ol

where 7= (& —x1,& —x2,E3 — x3). Symmetrically,

a(.;lr = —cos(l,F).
Indeed,
% ki & cos(l&) - ki S cos(1,E)
- i cos(F, Ex) cos(1, &) = (1°,7°)
k=1
= [|°1] - [[7°]| cos(1,F) = cos(L,F),
where

1° = (cos(1,&;),cos(l,&,),cos(l,E3)),
7 = (cos(F,&;),cos(F, &), cos(F,&3))

are unit vectors for / and 7, respectively, and (I°,7°) is the scalar product of the vectors
1° and 7.

2. Solution of the Dirichlet problem for a ball

Let Kz be a ball of radius R around the point XY, and let Sk = 0Kk be the sphere. We
consider the Dirichlet problem

Au=0 (xeKp), } (4.3.5)

s, = 0(x),  @(x) € C(Sg)-
Let x € Kz. On the ray x’x choose the point x! such that
I x| - [l = x| = R
Let & € Sg. Denote
r=8=xl, p =l —x, ri = lE—x"[l, pr = "~ ]|

(see fig. 4.3.1).
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~|

g

Figure 4.3.1.

We note that the triangles Aoz, and Ao,i¢ are similar since they have a common angle
and
P R
R pr
Hence R
%zazﬁ, £ € Sg. (4.3.6)

In our case the Dirichlet problem (4.3.3) has the form

Agv =0 (& S KR),
(43.7)
V|SR = —; .

Let us show that the solution of problem (4.3.7) has the form

o
v(€,x) =—, o —const.

The function v(§,x) is harmonic with respect to & everywhere except at the point x', and
in particular, it is harmonic in Kz. The boundary condition yields

o 1
—_ =, § € Sg.
ri r
Using (4.3.6) we calculate
R
o=——.
p
Thus,
R
Ve, X)=——",
€o=—
and consequently, the Green’s function has the form
1 R
G(x,&)=-——. (4.3.8)

r pr
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Let us show that

%G PR

4.3.9
ang Rp3 ( )
Indeed, by virtue of Lemma 4.3.1,
Osr _ 0 ry _
aié = cos(ng,7), Béng = cos(ng, 7). (4.3.10)
Using the cosine theorem we calculate
R242_p2 R242_p2
cos(ng,7) = #, cos(ng,71) = z;lrlpl (4.3.11)
Differentiating (4.3.8) and using (4.3.6), (4.3.10) and (4.3.11) we get
0:G(x,8) 9(1) B 53@(%) _cos(itg, F) N R cos(i1g, 1)
one  Omz  p Oonmg r? p r
_ PR R4ri-pt pP-R* 1 RP-pt 1
-~ 2RP3 2017 2RFP 2Rr 2pr  2pr
_p2_R2 R2p2_(plp)2_p2_R2+p2_R2_p2_R2
2Rr3 2(pr1)3  2RP 2R RP
i.e. (4.3.9) is valid. Substituting now (4.3.9) into (4.3.4) we arrive at the formula
1 R> —p?
= — d K 4.3.12
ue) = 4 [ 0@ T s sk (43.12)

which is called the Poisson formula. Thus, we have proved that if the solution of problem
(4.3.5) exists, then it is given by (4.3.12).

Theorem 4.3.1. For each continuous function © on Sg the solution of the Dirichlet
problem (4.3.5) for the ball exists, is unique and is represented by formula (4.3.12).

Proof. It is sufficient to prove that the function u(x), defined by (4.3.12), is a solution
of problem (4.3.5). First we will prove that u(x) is harmonic in Kg. Let G C Kg be a
bounded closed domain. Then for all x € G, § € Sg we have r= ||x—&|| > d > 0, where
d is the distance from G to Sg. Therefore, u(x) € C*(G), and all derivatives of u(x) can
be obtained by differentiation under the integral sign. In particular,

1 R2_p2
AM—M/SR(p(ﬁ)A< R )ds.

Using (4.3.10)-(4.3.11) we calculate
Clearly,

\ R2—p? . R—p24r? N 1 . R—p24r?
Rr3 Rr3 Rr Rr3 '
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Using (4.3.10)-(4.3.11) we calculate

() (=)
() () e

and consequently, Au(x) =0 in G. By virtue of the arbitrariness of G we conclude that
u(x) € C*(Kg) and u(x) is harmonic in Kz.
Fix x* € £. Let us show that

lim  u(x) =o@(x"). (4.3.13)

x—x* x€KR
For this purpose we consider the auxiliary Dirichlet problem
Aw=0 (x€Kp),
Wisg = 1. }

(4.3.14)

Obviously, problem (4.3.14) has the unique solution w(x) = 1. Hence, in view of (4.3.12),

1 R—p?
4m)s, R

ds, (4.3.15)

and consequently,

1
~ 4mR Sk

R2 _ pZ
3

u(x) — o(x") ((p(E_,) . (p(x*) ds, x€Kg. (4.3.16)

Fix € > 0. Since the function ¢ is continuous, there exists & > 0 such that for || —x*|| <3
one has |Q(§) —@(x*)| <eg/2. Let x € Kg, ||x—x*|| <3/2. Denote

Sk={8€Sx: [E—x"| <8}, Sp=Sk\S.
Clearly, r > 8/2 on S%. Let C = mgax\(p(&ﬂ. Then it follows from (4.3.15)-(4.3.16) that
for x € Kg, [[x—x*|| <3/2,

e 1 R* —p? 2C R*—p?
_ N < 2. .
() =@l = 2 4mR /S}e r ds+ 4R (8/2)3 Js2 as
e 2'CR
<5+ (R=p?).

Let now x — x*. Then p?> — R?, i.e. there exists &; such that for ||x —x*|| < &; one has
2'CR 3

& 2
Thus, we have proved that for each € > 0 there exists &; > 0 such that if ||x —x*|| <y,

then |u(x) — @(x*)| <, ie. (4.3.15) is valid. Therefore, u(x) € C(Kg) and us, = @.
Theorem 4.3.1 is proved. o

(R*—p*) <
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3. Two-dimensional case. Solution of the Dirichlet problem for a disc

In the case n =2, x = (x1,x2) € R?, there are similar results to those provided above. Let
us briefly formulate them. The solution of the Dirichlet problem (4.3.1) for n =2 is given

by the formula
_ 1 aéG(x,g)

where |
G(x,&)=v+In-—
-

is Green’s function, and v =v(&,x) is the solution of the following Dirichlet problem with
respect to & :
A&,V =0 (i S D),
1 (4.3.18)

V‘E:—ll’l*.
r

In the case of a disc (i.e. when D = K ), Green’s function has the form

1 R
G(x,&)=In—-—1In —
r pr
and
9%G(r,§) p*—R
ané -~ R2
The solution of the Dirichlet problem (4.3.5) for n =2 exists, is unique and is given by the
formula
) 1/ O P s e ke Se—ok (4.3.19)
Ulx) = — S X = .
m Se ¢ Ri2 3 Ry OR R

which is called the Poisson formula for a disc. We transform (4.3.19) with the help of polar
coordinates. We introduce the polar coordinate system with the pole at the point x° and
with an arbitrary axis. Let argx = a, argé =0, i.e. (p,a) are the polar coordinates of x,
and (R,0) are the polar coordinates of & € Sg. Then

0(&) = @(RcosB,RsinB) := §(0),
u(x) =u(pcoso,psina) := i(p,a),

and by the cosine theorem, > = R? + p? — 2Rpcos(o — 0). Therefore, (4.3.19) takes the
form I

B 1 [ R —p

i(p, O() = 5 / 2 2

2n J n R>+p? —2Rpcos(o—0)

Let us show that formula (4.3.20) can be also obtained by the method of separation of
variables. Let for simplicity, xX° = 0. The Laplace operator in polar coordinates has the
form

§(0)do. (4.3.20)

1 1
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where x; = pcosa, x; = psino (see [1, Chapter 4]). Thus, we obtain the following
Dirichlet problem for a disc with respect to the function u(p, ) :

1 1
B(P”p)p + ?M(x(x =0, up==0(), (4.3.21)

where @(a) is continuous and @(a) = @(2w+a). We expand @(ct) into a Fourier series:

o(a) = %0 + ) (aycosnoi+ b, sinna), (4.3.22)
n=1
1 /" I
ap=— [ o¢(a)cosnoda, b,=— [ o¢(a)sinnoda.
TJ)-nx TJ-n

We seek particular solutions of equation (4.3.21) of the form

u(p, o) =V (p)w(a).

Then . ) Y
P(PV'(p))" _ w'(®) _ 5o
Vip) w(o) ’
and consequently,
V'(p)) =2V (p),
p(PV'(p)) (P) (43.23)
w” (o) +A2w() = 0, w(o+271) = w(a).
The general solutions of the equations (4.3.23) are:
w(o) = AcosAo+ BsinAo,
V(p) =Cp*+Dp~™.
For A =n we take
wp(Q) = A, cosno+ B, sinna.,
Vn(p> = pn,
hence
un(p,a) = p"(An,cosno+ By, sinnat), n> 0.
We seek the solution of problem (4.3.21) in the form
ulp,o) = Z p"(A,cosna+ B, sinna). (4.3.24)

n=0

The boundary condition for p = R yields

o) = Z R"(A,cosno+ By sinna).
n=0
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Comparing this relation with (4.3.22) we calculate

ap a, b,
Aozia An:ﬁ) Bn:ﬁv ”21
Thus, formula (4.3.24) takes the form
p,a) = 70 Z ( ) (ancosno+ b, sinna.) . (4.3.25)

We substitute the expressions for a, and b, into (4.3.25):

1 /@ 1 hd n
ulp,a) = —/ ¢(9) <2 + Z (1%) (cosnGcosnoc+sinnesinnoc)> do
n=1

TJ-xn
1 [m >
_7/ 2+,,Z’1( )cosne o) | de.
Denote t:%< 1. We have

%4— i " cosn(o—0)
n=1
( i ( (te—i(oc—e))n>>

1 tei(0—6) te—i(a—0)
=\ 1T T re@® T 1@
1 1—¢2

T2 1—2rcos(a—0)+12
Thus, (4.3.25) takes the form

\S] \

1 7 R —p?
u(p, o) = E/JC R?+p? —2Rpcos(o.—0)

¢(0)d,

which coincides with (4.3.20).

4.4. The Method of Upper and Lower Functions

Let for definiteness n =3, and let D C R? be a bounded domain with the boundary ¥ €
PC'. In this section we consider a method for the solution of the Dirichlet problem:

Au=0 (xeD), }

(4.4.1)
Ur =0, o¢c C(Z)

First we prove several assertions which are also of independent interest.
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Harnack’s inequality. Let the function u(x) be harmonic in the ball Kg = {x: ||x—
x°|| < R}, continuous in Kg and u(x) > 0. Then
R(R—p) R(R+p)

®ip) u(x’) <u(x) < Ro) u(x°), x € Kg, (4.4.2)

where p = ||x —x°||.

Proof. 'We will use the Poisson formula (4.3.12) for a ball. Since R—p <r<R+p
(see fig. 4.3.1), we have

1 R>—p? 1 R:—p?
———— | ul@)ds<ulx) < —-—= | u(§)ds, x € Kp.
R ey o @ <u < pa P [ g
Applying the mean-value theorem we arrive at (4.4.2). O

Theorem 4.4.1 (The first Harnack theorem). Ler the functions u,(x), n>1 be
harmonic in D, continuous in D and let {u,(x)},>1 converge uniformly on X. Then
{uy(x)}n>1 converges uniformly in D, and the limit function u(x) is harmonic in D and
continuous in D.

Proof.  Since {un(x)},>1 converges uniformly on X, for each € > 0 there exists N
such that |u,,(x) —u,(x)| <€ forall n >N, p>0,x € X. By the maximum principle,
this inequality remains valid also for all x € D. Hence {u,(x)},>1 converges uniformly in
D, and the limit function u(x) is continuous in D. Let us show that u(x) is harmonic in
D. For this purpose it is sufficient to prove that the function u(x) is harmonic in each ball
Kr(x") C D. Since the functions u,(x) are harmonic in D and continuous in D, we have

i) = [ @ TP ds v e Ke(®),  Sp= 0K ()
n —471: 5o n Rr3 y R ) R — R .

As n — oo we get

1 RZ_pZ 0
u(x)—ém/SRu(E_,) s, xeKnld),

and consequently, the function u(x) is harmonic in Kz(x°). Theorem 4.4.1 is proved. O

Theorem 4.4.2 (The second Harnack theorem). Let the functions u,(x), n>1 be
harmonic in D, and let the sequence {u,(x)},>1 be monotone in D and convergent at
least in one point x° € D. Then {u,(x)},>1 convergesin D to a harmonic function u(x),
and the convergence is locally uniform inside D (i.e. it is uniform in each bounded closed
domain G C D).

Proof. 1) Let for definiteness, the sequence be non-increasing: u,(x) < u,(x). Let
us show that {u,(x)},>1 converges uniformly in the ball Kz(x?) C D. For this purpose we
take the ball Kg, (x°), Ry > R such that Kg, (x°) C D. Using the Harnack inequality for
the ball K, (x°) and for the function u,(x) — u,,(x), we obtain

Ri(R1+p)

L) )81, x50

0 < up(x) — ”nﬂ?(x) <



186 G. Freiling and V. Yurko

Let now x € Kg(x?). Then p < R, and consequently,

R (R] +R)

0< Mn(x) - M"Jr]?(x) < (Rl _R)Z

(un(xo) - un+p(x0)) , x € Kp(x). (4.4.3)

Since {u,(x°)} converges, we have that for each € > 0 there exists N such that
0 < un (1) — i () <&
forall n > N, p > 0. Then we infer from (4.4.3) that

Ri(R1+R
0 <y (x) —tpip(x) < (R(l—R)Z) €:=¢.

Therefore, the sequence {u,(x)} converges uniformly in Kg(x?). By Theorem 4.4.1, the
limit function u(x) is harmonic in Kz(x") and continuous in Kg(x?).

2) Let us show that the sequence {u,(x)} converges uniformly in each closed ball
Kg:(x*) C D. We connect the points x” and x* by a curve lying in D. One can construct
a finite number of balls K; = Kg,(x/), j=0,m such that K; C D, Ko = Kg(x"), K, =
Kg-(x*) and x/ € K;_; (i.e. the center of the next ball lies in the previous one). Using
the first part of the proof we get by induction that {u,(x)} converges uniformly in K; for

j=0,m, and in particular, in Kg-(x*).

3) By the Heine-Borel lemma, for each bounded closed domain G C D, there exists a
finite number of balls covering G. In each of these balls the sequence {u,(x)} converges
uniformly; hence {u,(x)} converges uniformly in G. O

Definition 4.4.1. Let v(x) € C(D), and let K = Kz(x") be a ball such that K C D.
The function

v(x), x¢K,
Wx@) =1 4 R - p?
471:R/SRV(E,) 3 ds, x€K,

is called the cut-off function of v(x) with respect to the ball K. Here, as in Section 4.3,
r=|x—E&||, p=|x—x°| and Sg = 9K is a sphere. In other words, the cut-off function
(v)x changes the function v in the ball K into the harmonic function (the solution of the
Dirichlet problem for the ball), and leaves v fixed outside K. Therefore, (v)g is harmonic
in K and continuous in D.

Definition 4.4.2. 1) The function v(x) is called superharmonic in D, if v(x) € C(D)
and (v)g(x) <v(x) foreachball K C D.
2) The function v(x) is called subharmonic in D, if v(x) € C(D) and (v)g(x) > v(x) for
each ball K C D.

Definition 4.4.3. Let on X a continuous function @(x) be given.
1) The function v(x) is called an upper function (for @), if v(x) is superharmonic in D
and vz > Q.
2) The function v(x) is called a lower function (for @), if v(x) is subharmonic in D and
V|z < Q.
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All statements concerning upper and lower functions in this section are related to the
same function ¢ — therefore we omit below the appendix “for ¢ .

The idea of the method of upper and lower functions is to obtain the solution of the
Dirichlet problem (4.4.1) as the infimum of the upper functions (or as the supremum of the
lower functions). In order to realize this idea we need to study the properties of the upper
and lower functions.

Theorem 4.4.3. Let u(x) be harmonic in D and continuous in D. Then u(x) is
superharmonic and subharmonic in D simultaneously.

Indeed, since u(x) is harmonic in D, we have (u)g = u for each ball K C D. There-
fore the next assertion is obvious.

Theorem 4.4.4. 1) Let the function v be superharmonic ( subharmonic ). Then the
Sfunction (—v) is subharmonic (superharmonic).
2) Let the functions v and v, be superharmonic (subharmonic). Then v+ v, is super-
harmonic (subharmonic).

Theorem 4.4.5. Let u(x),v(x) € C(D) and u(x) <v(x). Then (u)x < (v)x for each
ball K C D.

Proof. Denote w=v—u. The function (w)g is harmonic in K and (w)x >0 on the
boundary dK. By the maximum principle, (w)x >0 in K, ie. (u)x < (v)k in K. ]

Theorem 4.4.6. Let v(x) be superharmonic in D. Then v(x) attains its minimum on
L. Moreover, if v # const, then

minv(8) < v(x)

forall xe€ D.

Proof. Let v # const, and let its minimum be attained at a point x° € D, i.e.

v(x) = minv(x) := m.
xeD

Let K = Ky (xo) C D be a ball around the point XY such that there exists ¥ € Sg := 90Ky for
which v(%) > v(x"). Such a choice is possible since v # const.. Denote w = (v)g. Since
v(x) is superharmonic one has w(x) < v(x) and w # const.. On the other hand, v(x) > m,
and by Theorem 4.4.5, w(x) > m. Thus,

m < w(x) < v(x).
In particular, w(x?) = m, i.e. the function w(x) (which is harmonic in K) attains its
minimum inside the ball. This contradiction proves the theorem. O

Theorem 4.4.7. Let v(x) be an upper function, and let w(x) be a lower function. Then
v(x) > w(x) forall x € D.

Proof. By virtue of Theorem 4.4.4, the function v —w is superharmonic. Moreover,
(v—w)jg > 0. Then, by Theorem 4.4.6, v—w >0 in D. O

Theorem 4.4.8. Let v|(x),...,vy(x) be upper functions. Then

v(x) 1= [min v (x)
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is an upper function.

Proof. Letus show that v(x) € C(D). Take x° € D. Since v;(x) € C(D), then for each
£ >0 there exists 8 >0 such that for ||x—x°|| <8 one has v;(x°) —& < v;(x) <vi(x°) +e.
Therefore,

vi(x®) —e<v(x) = v —e<v(x) — v —e<v(x),

vi(x) <) e — vx) < v +e — vx) <v°) +e.

Thus, the function v(x) is continuous at the point x°. By virtue of the arbitrariness of x*,
we conclude that v(x) € C(D).

Furthermore, (v;)x <v; foreachball K C D. Since v <v;, we have by Theorem 4.4.5:
(W)x < (v)k. Thus, (v)g < vy, and consequently, (v)x <v, i.e. v(x) is superharmonic in
D. Atlast, since vz > ¢, we have vz > @, i.e. v(x) is an upper function. O

Theorem 4.4.9. The cut-off function of an upper function is an upper function.

Proof. Let v(x) be an upper function, and let K C D be a ball. Denote z = (v)g.
Clearly, z € C(D) and zjz > @. It remains to show that (z)x, <z for each ball K; C D.
Since z = (v)x < v, we have by Theorem 4.4.5, (z)k, < (v)k, < v. But v(x) = z(x) for
x ¢ K. Therefore,

(2K (x) <z(x) for x¢K. (4.4.4)

Let us now derive the same inequality for x € K. For this purpose we consider 4 cases of
the mutual location of the balls K and Kj.

1) Let KNK; =0. If x € K, then x ¢ K;, and consequently, (z)g, (x) = z(x).

2) Let K; C K. Since the function z(x) is harmonic in K, it follows that

@)k (¥) = 2(x)

for x € K;. Outside K; we have: (z)g, (x) = z(x). Thus, (z)k, (x) =z(x) forall x € D.

3) Let K C K;. The functions z and (z)k, are harmonic in K and on the boundary
(4.4.4) is valid. By the maximum principle, (z)g,(x) < z(x) forall x € K.

4) Let the balls K and K; not contain each other and let Q := KNK; # 0. The
functions z and (z)g, are harmonic in Q. Outside Q (and consequently, on the bound-
ary 0Q) the inequality (z)k,(x) < z(x) is obvious. By the maximum principle, we have
(2)k, (x) <z(x) in Q. Theorem 4.4.9 is proved. O

We now consider the Dirichlet problem (4.4.1). Denote by E the set of upper functions.
We note that E # @, since
Vi (x) :=max@(§) € E.
Eex

Moreover, the set E is bounded from below, since if v(x) € E, then

V() = ming(§).

Consider the function
u(x) = inf v(x). (4.4.5)

veE
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Clearly, the function u(x) exists and is finite in D.

Theorem 4.4.10 (The main theorem). The function u(x), defined by (4.4.5), is har-
monic in D.

Proof. 1t is sufficient to prove that u is harmonic in each ball K C D.
1) Let K = Kg(x") C D. Fix £ > 0. Let us construct a sequence of functions {v,(x)},>1
such that
vy € E, vu(x) is harmonic in K,

4.4.6
Vu(X) < Ve 1 (1) in D, va(x) < w(x) + Z . (44.6)

For this purpose we choose ¥ € E such that ¥ (x°) < u(x°) +¢, and put v; = (¥ )x. By
construction, vy is harmonicin K, v <7 in D, and by Theorem 4.4.9, v € E. Clearly,
v1(20) < u(x®) +e.

Suppose now that the functions vy,...,v,—; with properties (4.4.6) are already con-
structed. We choose ¥, € E such that ¥,(x°) < u(x") +¢/n, and put

Vy = (min(vl, R ,anhﬁﬂ))[('

By construction, v, is harmonic in K, and by Theorems 4.4.8 and 4.4.9, v, € E. Further-
more, v, <v,_; and v, <¥,, and consequently, the function v,(x) satisfies (4.4.6).

In particular, it follows from (4.4.6) that

lim v, (x°) = u(x?).

n—oo

By Theorem 4.4.2, the sequence {v,(x)} convergesin K :

lim v, (x) =v(x), x€K

n—oo

, v(x) is harmonic in K, and the convergence is uniform in each closed domain G C K.
Since v(x) is the limit of upper functions, we have u(x) <v(x) in D. Moreover,

v(x®) = u(x"). (4.4.7)

2) Let us show that u(x) =v(x), x € K. Suppose on the contrary, that there exists x' € K
such that u(x') < v(x'). Then there exists a function z € E such that

z(x) < v(xh). (4.4.8)

Denote
Ri=|x"—x", Ki={x:|x=x"| <R}

Then K; C K and x! € 9K;. Consider the functions
Ww=min(z,v), w=(W)g,-

Since w < v, we infer from Theorem 4.4.5 that (W)g, < (v)k, = v, and consequently,
w(x) <v(x), x € K;. Moreover, by virtue of (4.4.8), w(x!) < v(x!). By the maximum
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principle for harmonic functions, w(x) < v(x) for all x € K;. In particular, this yields, in
view of (4.4.7),
w(x) < u(x"). (4.4.9)

Consider now the functions
Wp = (min(z,vn))

By virtue of Theorems 4.4.8-4.4.9, w,, € E. Let us show that

K

lim w,,(x) = w(x) uniformly in Kj. (4.4.10)
n—oo
Indeed, since {v,(x)} converges to v(x) uniformly in Kj, we have that for each € > 0
there exists N such that
v(x) —e <w(x) <v(x)+e

forall n > N, x € K;. Therefore,

min(z,v —€) < min(z,v,) < min(z,v+¢)

or
min(z,v) —& < min(z,v,) < min(z,v) +€.
By virtue of Theorem 4.4.5,
n(e), —e< (min(z), < (mine), +e
(mm(z v))K1 < ( min(z,v,) o = min(z,v) K1+
or

w(x) —& < wp(x) <w(x)+g,

i.e. (4.4.10) is proved. It follows from (4.4.9)-(4.4.10) that w,(x°) < u(x°) for sufficiently
large n, which is impossible in view of (4.4.5). Thus, u(x) =v(x), x € K, and conse-
quently, u(x) is harmonic in K. O

Theorem 4.4.11. Let the function u(x) be defined by (4.4.5). The Dirichlet problem
(4.4.1) has a solution if and only if u(x) € C(D) and ujz = @.

Proof. Clearly, if u(x) € C(D) and ujx = @, then u(x) is the solution of the problem
(4.4.1). Conversely, suppose that the solution of problem (4.4.1) exists; denote it by (x).
Then 4(x) is harmonic in D, ii(x) € C(D) and iy = @, hence the function Z(x) is upper
and lower simultaneously. Since i(x) is an lower function, we have i(x) < u(x). Since
ii(x) is an upper function, we have #(x) > u(x). Therefore, ii(x) = u(x), and consequently,
u(x) € C(D), uz=o. 0

Thus, it remains to find out when the function u(x), defined by (4.4.5), is continuous in
D and ujz = @. The answer on this question depends on the properties of ¢(x) and of X.
For example, if @(x) =1, then for each X the problem (4.4.1) has the solution u(x) = 1.
However, we are interested in another question:
When does the solution of problem (4.4.1) exist for each ¢(x) € C(X)?
In this case the answer will depend only on the properties of X, i.e. on the configuration of
the domain.
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Definition 4.4.4. A point x° € ¥ is called regular, if for each ¢ € C(X):

lim u(x) = ¢(x°),

x—x0,xeD

where the function u(x) is defined by (4.4.5).
The next theorem is obvious.

Theorem 4.4.12. The Dirichlet problem (4.4.1) has a solution for each @(x) € C(¥)
if and only if all points of ¥ are regular.

Remark 4.4.1. If on X there are non-regular points, then for some ¢ the Dirich-
let problem has no solutions, and for some @ (for example, for @(x) = 1) the Dirichlet
problem has a solution. We provide sufficient conditions for the regularity of a point.

Definition 4.4.5. Let x” € X. The function ®(x) is called barrier for x°, if w(x) is
superharmonic in D, ®(x°) =0 and ®(x) > 0 for x € D, x # x°.

Theorem 4.4.13. If for a point x° € ¥ there exists a barrier, then x° is regular.

Proof. For & >0 we denote Q5 = DNKs(x?), L5 = OsNX. Fix € > 0. Since
¢(x) € C(X), there exists & > 0 such that for x € X5 we have

o(x") —e < o(x) < 9(x°) +e&. (4.4.11)
Moreover,
o(x) >h>0 for xeD\Qs. (4.4.12)
Consider the functions
f(x) =9(x%) +e+Co(x)
and
g(x) = 0(x") —e— Ca(x),

with C > 0. Let us show that one can choose C > 0 such that f(x) is an upper function,
and g(x) is a lower one. For definiteness, we confine ourselves only to the consideration
of f(x), since for g(x) arguments are similar. Clearly, f(x) is superharmonic in D. It
follows from (4.4.11) that f(x) > @(x), x € X5 forall C > 0. For x € £\ X5, by virtue of
(4.4.12), we have f(x) > @(x") +€+4C. Choose C > 0 such that

f(x) = min@(§).

gex

Then f(x) is an upper function.
Since f(x) is upper, and g(x) is lower, we have

o(x") —e—Co(x) <u(x) < @(x°) +e+Ca(x) forall xeD.
As x — x¥ this yields

0(x%) —e < lim u(x) < Timu(x) < @(x°) +¢.

x—x0 x—x0
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As € — 0 we deduce that there exists lim u(x), and

x—x0

lim u(x) = @(x°).

x—x0

Theorem 4.4.13 is proved. u

Theorem 4.4.14. Let x° € ¥, and let there exist a closed ball Kg(x') with its center
outside D such that Kg(x')ND = {x°} (in this case we shall say that the point x° can
be “reached” by a ball ) . Then for the point x° there exist a barrier.

Proof. We consider the function

where r = ||x —x!||. Clearly, ®(x) € C(D) and ®(x) is harmonic in D, hence ®(x)
is superharmonic. Furthermore, ®(x’) =0 and ®(x) > 0 for x € D, x # x°. Thus, the
function ®(x) is a barrier for the point x°. O

Conclusion. Assume that each point of ¥ can be “reached” by a ball. Then for each
¢(x) € C(X) the solution of the Dirichlet problem (4.4.1) exists, is unique and it is given
by (4.4.5).

Thus, we have established the solvability of the Dirichlet problem (4.4.1) for a wide
class of domains (for example, for all convex domains). We note that one can obtain weaker
sufficient conditions of regularity of a point. For example, if the point x° € £ can be
“reached” by a non-degenerate cyclic cone, then the point x° is regular [4, Chapter 3].

4.5. The Dirichlet Problem for the Poisson Equation

Let D C R? be a bounded domain with the boundary ¥ € PC'. We consider the following

problem
Au=f(x) (x€D), (4.5.1)

Uy = Q(x). (4.5.2)
Suppose that we know a particular solution v(x) of equation (4.5.1). Then the solution of

problem (4.5.1)-(4.5.2) has the form u(x) = v(x)+w(x), where w(x) is the solution of the
Dirichlet problem

Aw =0 (xGD),} (453)

Wig = @1,
where
PrLi=0—vg.
The Dirichlet problem (4.5.3) for the Laplace equation was studied in Sections 4.3-4.4.

Thus, in order to solve the Dirichlet problem (4.5.1)-(4.5.2) for the Poisson equation it is
sufficient to find a particular solution of equation (4.5.1). We consider the function

)= [T, r=pu-g (4.5.4)

r
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Let us show that Au = f, i.e (4.5.4) gives us the desired particular solution of (4.5.1).
The integral in (4.5.4) is called the volume potential, since it describes the potential of
gravitational field created by the body D with the density f(&). Denote as usual by Kg(x)
the ball of radius & around the point x, Sg(x) = dKs(x) is the sphere. We have

3 5
/ dg:/ dr ds:/ drdr = 218,
ke o Jo 1 s 0

54
/ a5 _ Zr/ ds = 47,
Ks(x) T 0o r

Theorem 4.5.1. Let f(x) € C'(D). Then the function u(x), defined by (4.5.4), is a
particular solution of the Poisson equation (4.5.1).

Proof. 1) Since |f(§)| <M in D, it follows from (4.5.4)-(4.5.5) that for any x € D,

(4.5.5)

+

s M M& MV
s g [ Ly M <M
K5(x) 418 Jp\ks(x) 2 4nd

where V is the volume of D. Therefore, the integral in (4.5.4) converges absolutely and
uniformly in D, and the function u(x) exists and is bounded in D.
Let us show that u(x) € C(D). Let y € K5/»(x). By virtue of (4.5.4),

M M
) —u(v)] < o [ de+o [
4n K52 (x) 4n D\Ks>(x)

= Is+Js,

1 1

ry r

1 1

r r

d§

where r = ||[x—&||, r; = ||y —E&||. Using (4.5.5) we calculate

M da M dg,
Iy < 7/ + — f —
4n Kspp(x) T 4n Kspp(x) T

M & M d&  3M&?
<2 / - / % M
AT Jrs) o AT JKsp(x) 7 4

Take € > 0. Let 8 = \/2¢/(3M). Then I3 < €/2. In the domain D\ K5(x) the function
1/r is continuous, and consequently, there exists &; (8; < §/2) such that

1 1

ry r

2ne
< —
- MV

for all y € Kj,(x); hence J5 <¢&/2. Thus,
Ve>0 38 >0  yeKs (x) = |uly) —ulx)| <e.

By virtue of the arbitrariness of x € D we conclude that u(x) € C(D).

2) Denote

vi(x) == aa;:k, k=1,3.
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Differentiating (4.5.4) formally, we obtain

w0 == [ 105 (1)t xeD =gl @59

Since

L(r) =t Ba peiem

oxe \ r r3 r
it follows from (4.5.6) and (4.5.5) that

M [ dE M MV
< — =+ — dE < Md+ —.
(0l < 4 /Ks(X) r? + 4md? /D\Ks(X) < Md+ 47>

Therefore, the integral in (4.5.6) converges absolutely and uniformly in D, and the func-

tions v (x) = a%“k exist and are finite in D.

Let us show that vi(x) € C(D), k=1,3. Let y € K5/»(x). By virtue of (4.5.6),
M
)~ < 57 [
4n Ks/2(x)

WM /
4n D\Ks>(x)

= I3+ 3,

&k — Yk _ &k — Xk

3 3
n r

d§

S—ye  S—x

3 3
n r

d§

where r=|x—&||, r; = ||y —E&||. Using (4.5.5) we calculate

.M ¢ M dg,
BT
4n Ks2(x) 17 4n Kspp(x) T

M/ dg M/ dg  3Md
<= i R i I
T AT JK() r12 4r Ks/»(x) )

Take € > 0. Let 8 =¢/(3M). Then I3 <&/2. In the domain D\ K5/>(x) the function
%( 1) is continuous, and consequently, there exists 8; (8; < 8/2) such that J} <¢&/2 for

y € K5, (x). Thus,
VYe>0 36, >0 yEKgl(x)H|vk(y)—vk(x)| <e.

Since x € D is arbitrary, we conclude that v (x) € C(D), i.e. u(x) € C!(D).
3) Denote

o%u
wi(x) := =—5,
axi

Differentiating (4.5.4) formally, we obtain

k=T,3.

wi(x) = —;nl)f@)aaj]% <l> d&, xeD. (4.5.7)
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Denote af(E
e = 22
Since
Jd (1N 0 [l
% () ()
then using the GauB3-Ostrogradskii formula we calculate
1 0? 0 d (1
Osst= g2 [ 1030 (7) =gz [ 105 (52 (7)) &
1 0 0 0 (1
i 38 (105 (7)) 55 L 505 ()
1 d (1 1 0 (1
i | 105 () eostngaas— g [ i@ (1) e
Since
we have |
Osii= 4 || Mf(&) cos? (1, &) ds
1 E.-k
g f O e (45.8)

There exists a constant M > 0 such that |f(§)\ <M, |fi(E)| <M. Then, in view of (4.5.5),

we have u u g
— — <(1 M
0541 = guge [ 45F g [ B S0+

82
( >‘d§<C5
axk

Thus, the integral in (4.5.7) converges absolutely and uniformly in D, and the functions
2

0“u
wi(x) == 2

k

and consequently,

M
<(1+0)M /
)| < (18 M+

exist and are bounded in D. Using (4.5.7) and (4.5.8) we calculate

i% 471:52/ 1§ S_iz/ Jil&

= f(x) + Q51+ Qs52,

£ dg

where
o o - s

957] =
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_ £ s
Q1= ) l[ fi®)> % g,

By virtue of (4.5.5),

M d&
Q <3M
9ol < G [ 53 <oms

Take € > 0. Since f(§) € C(D), there exists & > 0 such that |f(§) — f(x)| <€ for § €
Ss(x). Then [Qs;| < €. Thus, |Au(x)— f(x)| < 3M06+¢, and consequently, Au = f.
Theorem 4.5.1 is proved. u

4.6. The Method of Integral Equations

1. Let for definiteness n =3, and let D C R? be a bounded domain with the boundary
Y € PC', D; =R3*\ D. We consider the functions

9 (1
)= 1) 4y, Pl = [1® gi;)ds, (46.1)

where ¢(§), f(§) € C(X), r=||€ — x| and ng is the outer normal to X at the point &. The
function Q(x) is called the single-layer potential with the density g(&). The function F(x)
is called the double-layer potential with the density f(§).

Physical sense: Q(x) is the potential of the field created by charges distributed on X
with the density ¢(§), and F(x) is the potential of the field created by the dipole distribu-
tion on ¥ with the density f(§).

Idea of the method: The basic integral formula for harmonic functions (see Section 4.1)
contains terms of the form (4.6.1). We will seek solutions of the Dirichlet and Neumann
problems in the form (4.6.1). As a result we will obtain some integral equations for finding
q and f. Beforehand we will study properties of the functions defined by (4.6.1).

2. Auxiliary assertions

Everywhere in Section 4.6 we will assume that £ € C2, i.e. X has a continuous and
bounded curvature. This means that for each fixed x € ¥ one can choose a local coordinate
system (04,0, 03) such that the origin coincides with the point x, the plane (a;,00) co-
incides with the tangent plane to X at the point x, and the axis 03 coincides with the outer
normal 7, to ¥ atthe point x (see fig. 4.6.1). Moreover, there exists 8y > 0 (independent
of x) such that the part of the surface X5 (x) := XN Kp,(x) is represented by a single-

0’
valued function oz = ® (0, 0), ® € C* and ‘ ’ <Py for p:= \/oc1 —|—0c2 < 9y,
aOLkBOCj

where ®( does not depend on x (it is the maximal curvature). In the sequel, we assume
that 8 < 1/(8®Py). Since P(0,0) = Py, (0,0) = Py, (0,0) =0, we have by virtue of the
Taylor formula:

|D(0u,02)| < Pop?, |Pa, (01, 02)] < 2Pgp for p := y/0F + 0 < . (4.6.2)
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o3
A
"
X n g
< o, o
o3 = CD(OC],(XQ) N ( 1 2)
P g
r
X y
Figure 4.6.1.

Lemma 4.6.1. Let x€ X, § € X5, r = |[[x—&||. Then
|sin(ny,ng)| < 4Por,  |cos(ny,ng)| > 1/2. (4.6.3)
Proof. Let 7= (0,00, P(0,07)) be the local coordinates of the point &. Then, using
(4.6.2), we calculate

| Do, 0t
[sin(ng,me)| < [t )] = ‘(alrz)

‘q)ocl ((X] , (Xz) COS(OC] , I_’) + (I)(xz (OC] , Otz) COS(OCQ7 f)|
< [ D, (01, 02) |+ [Py, (011, 02) | < 4Dgp.

Since

r= /o + 03+ (@, 00))? > /o + 03 =p,

we obtain
| sin(ny,ne )| < 4Por.

From 4®r < 4®d) < 1/2, we infer |cos(ny,ng)| > 1/2. O
Lemma 4.6.2. Let x€ X, § € X5, r = |[[x—&||. Then

Oy agr
— | < P —=| <P 4.6.4
al’lx = Por, ‘anE_"_ 07, ( 6 )
Oy 1 9 (1
(D] o P |%G)] 20 (4.6.5)
on, r ong r
Proof. By Lemma 4.3.1,
der _ Oy _
a—né = cos(ng, F), P —cos(ny, 7),

where

F=(& —x1,8 —x2,&3 —x3)
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. Let (o,0p,®(ay,00)) be the local coordinates of the point &. Then

|P (0, 00)|

|cos(ny,F)| = .

(see fig. 4.6.1). Using (4.6.2) and the inequality p < r, we obtain
0,1

Ol [ (o, a0)| _ Pop’
on, -

r r

< dyr.

= |cos(ny, F)| =

By symmetry, the second formula in (4.6.4) follows from the first one. Formulae (4.6.5) are
evident corollaries of (4.6.4). O

Lemma 4.6.3. Let x€ X, 6 < &y. Then
d
/k)’fgMﬁ,n—Hx—QLEﬂ@:—ZﬂKﬁ@,ieZd@. (4.6.6)
25 X

Moreover, if y € K5j»(x), § € Z52(x), r1:= |ly —&||, then

/ é < 47d.
Zg(x) T'1

Proof.  Let (04,0,®(0;,0,)) be the local coordinates of the point & and p :=

\/ 03 + 0. Denote by 65={(0t1,00): p <38} the disc of radius 8. Using (4.6.3) and the
inequality p <r, we obtain

[ b dode
550 T Jrs) P Jos poos(ng, ng)

o
gz/ dotdoy :2/ P oo = amd.
(73 p 0 p

Furthermore, let (B1,B2,B3) be the local coordinates of the point y. Then

=/ (0 —B1)? + (et — B2)? + ((a, o) — B)?

> (e —Bi)2+ (o — B2 1= p,

ds ds doydoy
[ S Z<2 .
Y52(x) 11 T5(x) P Gs/2 P

dodon < 2/ dodon .
= Jos

and consequently,

47d,

where G5(B) = {(a,0) : p <)} is the disc of radius & around the point (By,[2).
Lemma 4.6.3 is proved. o
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Lemma 4.6.4. Ler x € X, 8 < &y, & € X5(x). Then

/ 9 (+) 9(7)
Z5(x)

al’lg Ny
Formulae (4.6.7) are obvious consequences of the formulae (4.6.5) and (4.6.6).

ds < 4ndy3, / ds < 4nded, ri= |x—E|.  (4.6.7)
Z5(x)

Lemma 4.6.5. Ler x € X£,8 < 8y, y € K5(x),y=x+on,, « € R, r; =||y—E&||. Then
/ 9%(5,) N A (5;)
Zs(x)

Proof. Let & € L5(x). Then, by Lemma 4.3.1,

%(n) , ()
ong on,

< . .0.
e+ on, ds < 64ndd (4.6.8)

= cos(ng, 1) — cos(ny, i),

where
F1 =81 -y, 28 —3).
Together with Lemma 4.6.1 this yields

e (r1) N dy(r1)
ong ony

< 2|sin(ny, ne )| < 8Por, where r = |lx —&J|. (4.6.9)

Let (0,0, P(0,00)) be the local coordinates of the point &. Since y = x+ an,, we
have p <r; (see fig. 4.6.1). Using (4.6.2) we calculate

r= \/oc%+oc§+(d>(oc1,oc2))2 < \/p2+¢%p4 <py/1+DP383 <2p <2ry.
Together with (4.6.9) this yields

)
200, 2000 i,
ong ony
Therefore . .
Oe(=-)  9y(=
/ g(”)+ ) ds§16d>0/ ds
o) | Ong on, Ts(x) 11
< 16CI>0/ é = 16®, M
Zs(x) P o5 P cos(ny, )
dogd
< 32, / N8 _ 6andys,
Gg
i.e. (4.6.8) is valid. Lemma 4.6.5 is proved. O
Lemma 4.6.6. Let x € 2,8 < 8y, y € Ks(x),y ¢ X. Then
%G| oo
§> 0y, 1= Hy_g”v &6 25()6), (4610)
5 | Ong
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where C, depends on ¥ and does not depend on x,y, 0.

% (5,)

ong
preserves the sign. Let B be the cone with vertex at the point y and with the basis Q. Fix
€ > 0 and consider the domain B = {§ € B: r| > €} (see fig. 4.6.2).

Proof. Let Q be a simply connected part of X5, on which the function

B

€ ng
Figure 4.6.2.

Clearly, 0B = QUQzUSY(y), where Qy is the lateral surface of B, S2(y) = Se(y)NB
is the part of the sphere r; = ¢, lying in B. In Bg the function 1/r; is harmonic with
respect to &. Hence, by Theorem 4.1.2,

(i o) st ae=0

Since ng L7 on Qg , we have

1 .
() ds:—/ cos(ng,rl)dszo.
Q

2
r

On S2(y) we have
%) oAb 1
ong ory r ’

O« (L
/ é(rl)ds:t/ ds = wy(Q)
SUy) Omg €% /s

is the solid angle under which one can see Q from the point y. Thus,

and consequently,

% ()
Jo o] s = st
Let now X5(x) = X7 (x) UX5 (x), and
o (L
L%
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on th (x). Then it can be shown that

o« (L o (L (L
/[ Mdsg/ %Wm/ %G| <.

T5x) | Onmg x| ong ) | Ong

Lemma 4.6.6 is proved. o
Lemma 4.6.7. The following relations are valid
d (l) —475, X E D, o
S rds={ —2m, «x€X,  ri=|x—§|, D;:=R3\D. (4.6.11)
rong 0, x € Dy,

Proof. 1) Let x € Dy. Then the function 1/r is harmonic in D (with respect to &),
and consequently, by Theorem 4.1.2,
o: (L
/ ) g,
x ong

2) Let x € D. In the domain D\ K5(x) the function 1/r is harmonic (with respect to
€ ), and consequently, by Theorem 4.1.2,

0 (L e (L
/ é(’)ds—k/ 2
x ong Ss(x) Ong

) _ A 1.
ong T 2 7Y

On Ss(x):

hence

O (1
/ g(’)ds:/ d—;ds:i2 ds =4m,
Ss(x) Ong Sslx) T 8% Jss(x)

and (4.6.11) is proved.
3) Let x € X. In the domain D\ Kg(x) the function 1/r is harmonic with respect to &,
and consequently, by Theorem 4.1.2,

9 (L 9 (L
/ ) oy [ %W g
E\Zs(x) Ong SO(x) Onmg

where $9(x) = Ss(x) ND. Since

o: (1
/ E"(’)ds:/ d,j:lz/ ds—2n for 8—0,
S3) Ong s & Js3w)

we have, in view of (4.6.7),

d(5)
ds—0 for 6—0,
E5(x) Ong

and therefore we arrive at (4.6.11). Lemma 4.6.7 is proved. O
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3. Properties of single- and double-layer potentials

We consider the functions Q(x) and F(x) of the form (4.6.1).
Theorem 4.6.1. The functions Q(x) and F(x) are harmonic in D and D;, and

g@:@@%>,FW=O(EW)

Proof. 1)Let G C D (or G C D) be a bounded closed domain. Then for all x € G,
§€X wehave r=|lx—&|| >d >0, where d is the distance of G and X. Therefore,

Q(x) € C*(G), F(x) € C*(G), and all their derivatives can be obtained by differentiation
under the sign of integration. In particular,

80(x) = [ a®)a C) ds =0,

AP = [ f(&)aaji (a(2))as=0

i.e. Q(x) and F(x) are harmonic in G. By virtue of the arbitrariness of G we obtain that
Q(x) and F(x) are harmonic in D and D; .
2) By Lemma 4.3.1,

J
ai; = cos(né,f),
and consequently, the function F(x) takes the form
cos(ng,7)
nm:—éﬂ@—7§7w. (4.6.12)

Let D C Kg(0), ||x|| > 2R, & € £. Then
r2 |l = I8l = [l = R = [|x] /2,
ie. 1/r<2/|lx||. From (4.6.1) and (4.6.12) we obtain the estimates

C C
[Q(x)] < T’ [F(x)] < TP’ %]l = 2R.

Theorem 4.6.1 is proved. O
Theorem 4.6.2. The function F(x) exists and is continuous on X.

Proof. Let x € X, < 9. It follows from (4.6.1) and Lemma 4.6.4 that

0: (1 0: (1
|F(x)| < Cy </ () ds—l—/ () ds)
‘ Zs(x) Z\Xs(x)

on ong
| cos (g, 7)| Sy
< Cf 47 dy6 + 72013‘ < Cf 47 d)6 + K
DS T 0
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where Cr = sup |f(§)| and Sy is the measure of X. Therefore, the integral in (4.6.1)
Eex

converges absolutely and uniformly on X, and consequently, the function F(x) exists and

is bounded on X.

Let y € X55(x) := Kg/2(x) NEZ. We have

9:(L - (L
f@)(SZ)— §£)>d&rfﬁh—§wrv—Hy—@h

F@-F() = |

z

Using Lemma 4.6.4, we infer
%(;) 9%(5)
(S - = | ds
/):,5/2()6) <)< ang 8n§
o= (1 o= (L
o[ [EO|gr @
T52(x) T5/2(x)

ané ané

() 9 (+-)

E\r E\r

<C / ds+/
f( T52(x) a”§ Z5(y) ané
Take € > 0. Let d =¢/(2Cp). Then
de(l)  O(s)

f o 2 ) ds

On X\ Xg/y(x) the integrand has no singularities. By virtue of the continuity, one has that
381 (81 <98/2) VyeZXs(x)

de(d) %(5)
.@wmﬁ@<a%“wg)“

Thus, we have proved that

)

dS) < C()S, C() = 67’5(13()Cf.

< forall ye&Xg/(x).

£
2

€
<.
-2

Vex>0 36 VyeXs(x) |F(x)—F(y)|<e,
and consequently, F(x) € C(X). Theorem 4.6.2 is proved. O

Theorem 4.6.3. The function Q(x) exists and is continuous for all x € R>.

Proof. The case x ¢ ¥ was considered in Theorem 4.6.1. Let x € £, 8 < Jy. It follows
from (4.6.1) and Lemma 4.6.3 that

ds ds Cs
cwrza(f e #)sa(ws )
CO=C Joyo 7 o 7 ) =6 8

Therefore, the integral in (4.6.1) converges absolutely and uniformly, and consequently, the
function Q(x) exists and is bounded on X. Let y € K5/5(x). We have

[0(x) —Q(y)| <
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1 1 1 1
([ Hae [ 1),
Tsp(x) |7 1 N\Xsp@) |7 71
where r; = ||y —¢&|| . By virtue of Lemma 4.6.3,
/ ds < 279, ds < 47s.
Tsp(x) T Ts/(x) T

Fix € > 0. Take 8 =¢/(12nC,). Then

1 1

C
K roor

T52(x)

€
a’sgi forall ye& Ksp(x).

On X\ X;5/,(x) the integrand has no singularities; hence by virtue of the continuity,

381 <82) Vreke® Gf % —rll ds<t.
Thus,
Ve>0 38 VyeKs(x) |0(x)—0(y)|<Le.
Theorem 4.6.3 is proved. O
Denote

9, (1
@(x):/zq(i) 851:() ds, x€X, r=]|x=g|. (4.6.13)

Theorem 4.6.4. The function ®(x) exists and is continuous on X.
We omit the proof since it is similar to the one of Theorem 4.6.2.

Theorem 4.6.5. Let x € ¥. Then there exist the finite limits

Felx)=_lm F(), F-()=_lm F(),

and
Fi(x)=F(x)£2nf(x), xe€X. (4.6.14)

Proof. Fix x € ¥ and denote

_ (5, _
10 =[O =) s, ri= =gl
Then 5 (L) 3l
FO) = @5 s =100+ o) [ 57 s,

and consequently, by virtue of Lemma 4.6.7,

F(y) :{ jg§74nf(x), iggl (4.6.15)
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Moreover, by Lemma 4.6.7,

J(x)=F(x)+2nf(x), xe€X. (4.6.16)
Let us show that
limJ(y) = J(x). (4.6.17)
y—x
We have ] 1
%e(s)  9(y)
nw—aw-éu&wﬁu»<a%—a% ds. (4.6.18)
Let 6 < 89,y € Ks/»(x). Using Lemmas 4.6.4 and 4.6.6 we calculate
O« (L 9: (1
/ (7)) ds+/ M dsﬁC*+4TC<I>08§C*+E::C1.
T5lx) | Ong Ts(x) | Ong 2

Fix € > 0. Since f € C(X), there exists & (8 < ) such that |f(§) — f(x)| <&/(2Cy) for
all & € X5(x). Then

%(5) _%(h)
Amum—ﬂm(a%ﬁé>m

On X\ Zs(x) the integrand in (4.6.18) has no singularities. Hence, by virtue of the conti-
nuity, 38; (81 <8/2) VyeKs, (x):

k() o))
A@w¢ﬂ®—fu»<émg— M§>ds

< forall ye€ Kg(x).

£
2

Oe(L)  9:(L
<1, eG) %), €
T\Zs(x) | O ong 2
Thus,
Ve>0 38 YyeKs() VO)-I()|<e
i.e. (4.6.17) is proved. All assertions of the theorem follow from (4.6.15)-(4.6.17). O

Theorem 4.6.6. Let x € X. Then there exist the finite limits

90(y)

b =1
+(x) =lim on.

y—x, y=xEon, o>0,

(i.e. Q(x) has on ¥ normal derivatives from outside, denoted by ®.(x), and from inside,
denoted by ®_(x) ). Moreover,

D (x) = D(x) F2rg(x). (4.6.19)

Proof. Fix x € ¥ and denote

1 1

0 0
J1(y) :zfzq(ﬁ) < ya(nr;) + éaiﬁ) ds, ry = [[y=&]|. (4.6.20)
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Let us show that
limJi(y) =Ji(x), y—x, y=xEoan, a>0. (4.6.21)

Let 6 < 89,y € Ks/»(x). We infer from (4.6.20) that

Ji(y) =i (x)
() %)) (%) %)
Z/Zq(é) << on, + ong >_< on, + ong ds

= + .
T5(x)  JE\Zg(x)
It follows from Lemmata 4.6.4-4.6.5 that

/25 (x)
/25 (x)

On X\ Zs(x) the integrand has no singularities. Hence, by virtue of the continuity,

/):\25 x)

ve>0 3o VyEKgl(x) ]Jl(y)—Jl(x)lgs,
i.e. (4.6.21) is proved. Denote

< Cpd.

Fix £ > 0. Take 8 =¢/(2C)). Then

<

€
5

381 (8, <8/2) VyeKs(x) <

€
5
Thus,

- %(+) -
01 = [a®F Cds, ri=la=gl

This is the double-layer potential with the density ¢(§). By Theorem 4.6.5, for x € ¥ there
exist the finite limits

ch(x) =1imQ,(y), y—x,y=xtan,o>0,

and
07 (x) = 01 (x) +2mg(x), x€X. (4.6.22)
We rewrite (4.6.20) in the form

agn(j) =J1(y) = Q1(y).

For y — x,y =x+an,, o > 0, we get, in view of (4.6.21)-(4.6.22),
@ (x) = J1(x) — OF (x) = Ji (x) — Q1 (x) F 27q (x).

Moreover, it follows from (4.6.20) that J;(x) = ®(x) + Q;(x), x € X, and we arrive at
(4.6.21). Theorem 4.6.6 is proved. O
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4. Basic results from the theory of Fredholm integral equations

Let G C R" be a bounded closed set. We consider the following integral equation:
Y =00+ [ K(xEE)dE, xeG. (4:6.23)
where @(x) € C(G), and the real kernel K(x,&) satisfies the conditions
[ Kalde<c, [ KwEyEdec@) vyeco).

A solution of (4.6.23) is a function y(x) € C(G), satisfying (4.6.23). Together with (4.6.23)
we consider the following equations

Y0 = [ K@) e, (4.623)
2(x) = w(x) + /G K(E,x)2(8) dE, (4.6.23%)
2(x) = /G K(&,x)2(E) dE. (4.6.23%)

Equation (4.6.23") is called conjugate to (4.6.23), and equations (4.6.23( ) and (4.6.23;))
are the corresponding homogeneous equations. The following Fredholm theorem is valid

(see, for example, [3, Chapter 18] or [Freiling: Lectures on functional analysis, University
of Duisburg, 2003]).

Fredholm’s alternative theorem. 1) If the homogeneous equation (4.6.23¢) has
only the trivial solution (y =0), then equation (4.6.23) has a unique solution for each
o(x) € C(G).

2) The homogeneous equations (4.6.23¢) and (4.6.23;) have the same number of linear
independent solutions.

3) Equation (4.6.23) has a solution if and only if / 0(&)z(§)d& =0 for all solutions of
G
equation (4.6.23;).

5. Solution of the Dirichlet and Neumann problems

We consider the following problems

Au=0 (xeD), wuz=0¢ (x), (A_)

Au=0 (x€D), M‘Z:(P+(X), u(e) =0, (Ay)

Au=0 (xe€D), gz =y_(x), (B-)
Ju
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The problems (A_) and (Ay) are the Dirichlet problems (interior and exterior, respec-
tively), and the problems (B_) and (B) are the Neumann problems (interior and exterior,
respectively).

We will seek solutions of the Dirichlet problems (A_) and (A;) in the form of a
double-layer potential:

9 (L
P = (@5 4 rm e sece) (46.24)
Y Bng

By Theorem 4.6.1, the function F(x) is harmonic in D and D;, F(e) =0, and by Theo-
rem 4.6.5, it has finite limits F, (x) and F_(x) on X from outside and inside, respectively.
Therefore, for the function F(x) to be a solution of the problem (A.) it is necessary that
Fy(x) = @+ (x). Then (4.6.14) takes the form:

For (A_): ¢_(x) =F(x) —2mf(x) or

X e (L
f(x)z—(pzj(t)-i-zln[tf(‘i) Sig)ds,xef,.

For (A1) : @4+ (x) =F(x)+2nf(x) or
1

e 1 ()
flx)= Af(%) an ds, x € X.

o 2m
Denote 5 (]) ( )
-_i§7 __icosﬁg,f
K(x,8) = 21 dng o2z 2
_ %W _ 9+()

By virtue of Lemma 4.6.4 and Theorem 4.6.2,

LIk Blas<C, [ Kx8)r©)dsec()

forany f € C(X). As aresult we arrive at the following integral equations:

10 =0+ [ Kr&)f(E)ds. x X (for (4-)) (4.6.25)

1) = 02(0)~ [ K(5E)fE)ds, xE T (for (4,)) (46.26)
Thus, we have proved the following theorem.

Theorem 4.6.7. 1) If f(x) is a solution of equation (4.6.25), then F(x), defined by
(4.6.24), is a solution of problem (A_).
2) If f(x) is a solution of equation (4.6.26), then F(x), defined by, (4.6.24) is a solution
of problem (A}).
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We will seek solutions of the Neumann problem (B_) and (B.) in the form of a
single-layer potential:

0 = [[a@) s, ri=lv=8l, geC(E). (4.6.27)

By Theorem 4.6.1, the function Q(x) is harmonic in D and D;, Q(e) =0, and by Theo-
rem 4.6.6, it has on ¥ normal derivatives @ (x) (from outside) and ®_(x) (from inside).
Therefore, for the function Q(x) to be a solution of problem (B.) it is necessary that
®, (x) = Yo (x). Then relations (4.6.19) take the form:

For (B_): y_(x) = ®(x) +2mg(x) or

x 0, (1
d =L [g9% D as e,

For (B+) : yi(x) = ®(x) —2mg(x) or

X 9, (1
a =Y L [0y ves

Denote
n =Yy Y
Since | (1)
E gn; = (§7x)7
we arrive at the following integral equations:
4@ =vi(0) — [ KEX)q(E)ds, x€X  (for (B-), (4.6.26")
a@) =20+ [ KEX)q(E)ds, xeX  (for (B,). (4.6.25%)

By virtue of Lemma 4.6.4 and Theorem 4.6.4,

[IkEnlds<c, [ KEDqE)dsecm
z X

for any g € C(X). Thus, we have proved the following theorem.

Theorem 4.6.8. 1) If q(x) is a solution of equation (4.6.26"), then Q(x), defined by
(4.6.27), is a solution of problem (B_).
2) If q(x) is a solution of equation ( 4.6.25% ), then Q(x), defined by (4.6.27), is a solution
of problem (B..).

Let us study the integral equations (4.6.25), (4.6.26), (4.6.25% ) and (4.6.26").

Theorem 4.6.9. For any continuous functions @(x) and Y, (x) the solutions of the
integral equations (4.6.25) and (4.6.25%) exist and are unique.
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Proof. Let G(x) be a solution of the homogeneous equation

1
/ K(§,x)§(&)ds, & G(x) = 21n / q(a)agi:) ds, x € X. (4.6.25%)

We consider the single-layer potential

and the corresponding functions ®(x) and ®. (x). Then (4.6.25) has the form ®(x) —
21G(x) = 0. On the other hand, by Theorem 4.6.6, ®(x) —2ng(x) = &, (x), and con-
sequently, &, (x) =0, x € £. By the uniqueness theorem for problem (B, ), we have
Q(x) =0, x € D;. According to Theorem 4.6.3, Q(x) is continuous in R hence
Q(x) =0, x € X. By the uniqueness theorem for problem (A _ ), we have Q(x) =0, x € D.
Therefore, Q(x) =0, x € R, and consequently, ®.(x) =0, x € £. By Theorem 4.6.6,
g(x) =0, x € . Thus, the homogeneous equation (4.6.25; ) has only the trivial solution.
Using the Fredholm theorem we obtain the assertions of Theorem 4.6.9. O

The following theorems are corollaries of Theorems 4.6.7-4.6.9 and the uniqueness
theorem for the problems (A_ ) and ( B ).

Theorem 4.6.10. For any continuous function ©_(x) the solution of the interior Dirich-
let problem ( A_ ) exists, is unique and has the form (4.6.24), where the function f(x) is
the solution of the integral equation (4.6.25).

Theorem 4.6.11. For any continuous function Y. (x) the solution of the exterior Neu-
mann problem (B.) exists, is unique and has the form (4.6.27), where the function q(x)
is the solution of the integral equation (4.6.25%).

Studying the problems (A ) and (B_) is a more complicated task. We consider the
homogeneous equations

ot

/ K(x,8)f(E)ds, & f(x) = —% [ 7© Si;)ds,xez, (4.6.260)
o (L

/K €)ds, & g(x) = —2171:[2@@) 81(1;) ds, x€X. (4.6.26})

By virtue of Lemma 4.6.7, the function f (x) =1 is a solution of equation (4.6.26 ). Then,
by Fredholm’s theorem, equation ( 4.6.26;, ) also has a nontrivial solution g(x) # 0. For this
solution we consider the single-layer potential

:/Eq@)l

and the corresponding functions ®(x) and & (x). Equation (4.6.26) has the form
®(x) +2mg(x) = 0. On the other hand, by Theorem 4.6.6, ®(x) +2ng(x) = ®_(x), and
consequently, ®_(x) =0, x € £. By the uniqueness theorem for problem ( B_ ), we have
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Q(x) =C, x € D. Let us show that equation (4.6.26 ) has not two linearly independent
solutions. Indeed, let g;(x) and g»(x) be solutions of (4.6.26; ). Then

Ok(x) == qu(i) %ds =Cy, xeD.

Denote §(x) := C2G1(x) —C1g2(x). Then
A 1 —
Ok(x) == [Eqk(g) ;ds =0,x€eD,

and consequently, by virtue of the uniqueness theorem for the problem (A ), Q(x) =0 in
R3. Then we have ®_(x) =0 and §(x) =0, i.e. C2g1(x) = CiGa(x).

Thus, equation (4.6.26 ) has only one nontrivial solution (up to a multiplicative con-
stant). Normalizing: Let go(x) # O be a solution of equation (4.6.26;, ) such that

Qo(x) := [EQO@) %ds =1,xeD.

The potential go(x) is called the Roben potential. By Fredholm’s theorem, equation
(4.6.26 ) also has only one nontrivial solution (up to a multiplicative constant) f(x) = 1.
Using Fredholm’s theorem again we arrive at the following assertion.

Theorem 4.6.12. 1) The integral equation (4.6.26%) has a solution if and only if

[wi®ds=o.

If q1(x) and q>(x) are solutions of (4.6.26%), then q(x) — g2(x) = Cqo(x), where qo(x)
is the Roben potential.
2) The integral equation (4.6.26) has a solution if and only if

[o:©a(@ds =0,

where qo(&) is the Roben potential. If fi(x) and f>(x) are solutions of (4.6.26), then
filx) = falx) =C.

The following theorem is a corollary of Theorem 4.6.8, 4.6.12 and 4.2.3.

Theorem 4.6.13. The interior Neumann problem ( B_ ) has a solution if and only if

Lv-®ds=o.

The solution is defined up to a constant summand. Any solution of (B_) has the form
(4.6.27), where the function q(x) is a solution of the integral equation (4.6.26%).

It remains to study the exterior Dirichlet problem (A, ). We reduced it to equation
(4.6.26). It follows from Theorem 4.6.12 that equation (4.6.26) has either no solutions
or an infinite number of solutions. But this contradicts to the uniqueness theorem for the
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problem (A, ). The reason is that we seek a solution of problem (A ) in the form (4.6.24),
but by Theorem 4.6.1,
1
F(x)—0<), X —
]2

Thus, we do not take into account solutions of the class O ( Il ) . Therefore, we will act

as follows.
Fix x% € D. Let us seek a solution of the problem (A ) in the form

u(x) = F(x) +

where F(x) has the form (4.6.24), o= const. Clearly, u(x) is harmonic in D;, u(ec) =0
and u(x) € C(Dy). Therefore, for the function u(x) to be a solution of (A ), it is necessary
that uy = @, ie.

o

[l — 01|

o
@+(X):F+(X)+M, xXeX.

Since Fy(x) = F(x)+2nf(x), we arrive at the equation:

9+ (x) /
= K(x 4.6.28
&) ( on omfl— x0||) (4.6.28)
According to Theorem 4.6.12, equation (4.6.28) is solvable if and only if

A <(P;f.~) - 2n||goc_xo”) q0(§)ds =0.

Since x” € D and g is the Roben potential, we have

I
L%(&)Mds_ 1,
o= [0:&an(E)ds

Thus, we have proved the following assertion.

and consequently,

Theorem 4.6.14. For any continuous function @ (x) the solution of the exterior
Dirichlet problem ( Ay ) exists, is unique and has the form

1
u(x) :F(x)‘FHx_onA(PJr@)QO(&)dS, x €Dy,

where qo(x) is the Roben potential, F(x) has the form (4.6.24), and f(x) is a solution
of the integral equation (4.6.28).

We note that equation (4.6.28) has an infinite number of solutions but F(x) is unique.
Indeed, if f(x) is another solution (different from f(x)) of equation (4.6.28), then f(x)—
f(x) =C, and by virtue of Lemma 4.6.7,

[(re-re) S as—c [ Beas—0. xep.




Elliptic Partial Differential Equations 213

4.7. The Variational Method

1. The variational Dirichlet principle
Let D C R” be a bounded domain with the boundary ¥ € PC'. We consider the Dirichlet

problem
Au=0 (xeD), }

(4.7.1)
ug =@(x), ¢(x)€C(X).

Denote
Ry:={u: ucC(D),ucC*D), uy = Q}.

A function u(x) is called a solution of problem (4.7.1) if u € Ry and Au=0 in D. We
consider the Dirichlet functional

D(u) = /D </§’1 (aa;)z) dx (4.7.2)

and formulate the variational extremal problem
®(u) —inf, u€Ryp. (4.7.3)

Clearly, ®(u) > 0, and consequently, there exists ian ®(u). Suppose that there exists a
UER

function u* € Ry such that

d(u") = ulean(p D(u).
Then u* satisfies the Euler equation. For the functional (4.7.2) the Euler equation has the
form Au = 0. Therefore, if u* is a solution of the variational problem (4.7.3), then u* is
a solution of problem (4.7.1). Thus, we replace (4.7.1) by the variational problem (4.7.3).
This approach is fruitful since one can use methods of the variational calculus.

Criticism. 1) It can happen that inf®(u) = oo, i.e. ®(u)=c0 Vu € Ry. Anexample of
such a function is due to Hadamard (see [8, Chapter 22]). In this case the variational method
does not work (although a solution of the problem (4.7.1) can exist as in the Hadamard
example). In order to apply the variational method we impose an additional condition.
Denote Qg :={u € Ry: P(u) < oo}.

Continuability (extendability) condition: Q # 0. (4.7.4)

For such @ we have inf®(u) < oo. In particular, if ¥ is smooth, and ¢ € C!, then condi-
tion (4.7.4) is fulfilled automatically.

2) We suppose that problem (4.7.3) has a solution. This is not always valid, i.e. the
infimum in (4.7.3) is not always attained (see [8, Chapter 22]). However, if one takes simply
connected domains and extends the notion of the solution, then the variational method gives
us the existence and the uniqueness of the solution of the Dirichlet problem, and also a
constructive procedure for its solution.
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2. Operator equations in a Hilbert space
Let H be a real Hilbert space with the scalar product (-,-) and with the norm || -||. Let
A: Dy — E4 be a symmetric operator in H with an everywhere dense domain Dy.

Definition 4.7.1. The operator A is called positive definite (A > 0), if (Au,u) > v||ul|?
for some y> 0 and for all u € Dg4.

Everywhere below we assume that A > 0. In particular, this yields that on E4 there
exists the inverse operator A~!. We consider in H the equation

Au=f, feH. (4.7.5)
An element u* is called a solution of (4.7.5), if u* € D4 and Au* = f. The following
theorem is obvious.

Theorem 4.7.1. 1) If a solution of (4.7.5) exists, then it is unique.
2) A solution of (4.7.5) exists if and only if f € E4. In particular, if Ex = H, then a
solution of (4.7.5) exists forall f € H.

Consider the functional
F(u) = (Au,u) —2(u,f), u€ Dy (4.7.6)
on D4 and the extremal problem
F(u) —inf, u € Djy. (4.7.7)
An element u* € Dy is called a solution of the problem (4.7.7), if F(u*) = uier})fAF(u).

Theorem 4.7.2. The problems (4.7.5) and (4.7.7) are equivalent, i.e. they are solvable
or unsolvable simultaneously, and u* is a solution of (4.7.5) if and only if u* is a solution

of (4.7.7).
Proof. 1)Let Au* = f,u* € Dy. Let veE Dy, n=v—u*, i.e. v=u*+1. Then

F(v) = (A" +n),u" +m) = 2" +n, f) = F(u") + (An,m) > F (u"),

and consequently, u* is a solution of (4.7.7).

2) Let u* be a solution of (4.7.7), and let N € Da, A = const. . Then u*+An € D4, and
consequently, F(u*+An) > F(u*). This yields 2A(Au* — f,1) 4+ A*(An,M) > 0. This is
possible only if (Au*— f,m) =0 forall n € D4. Since D, is everywhere dense, we have
Au* = f, and Theorem 4.7.2 is proved. o

Remark 4.7.1. If E5 # H, f ¢ E4, then the problems (4.7.5) and (4.7.7) have no
solutions. We extend the notion of the solution. For this purpose we introduce the so-called
energy space.

We introduce a new scalar product and the corresponding norm: [u,v] := (Au,v), |u|> =
[u,u], u,v € Ds. Then we complete this space by taking its closure, i.e. by including the
limit elements with respect to its norm. As a result we obtain a new Hilbert space which is
denoted by H, and is called the energy space. It can be shown [9] that Hy C H.
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Example 4.7.1. Let H = 1,(0,1),
Au=—u"(x), u(0) =u(1) =0, Ds={uecC?0,1]: u(0)=u(l)=0}.

Then

Since

we have |u(x)| < ||u/||L,, and consequently, ||u||r, < |«'|L,, i.e. A > 0. Moreover,

Hy = {u(x) € AC[0,1] : u'(x) € L»(0,1), u(0) = u(1) = 0}.

We extend the domain of the functional F(u) of the form (4.7.6) to Hy, namely, we
consider the functional
F(u) = [u,u] —2(u,f), u€ Hy.

Since
ul> = (Au,u) > l|ul|?,

we have
G, )] < N all <y 2L - Ll

and consequently, the functional (u,f) is bounded in Hy. By the Riesz representation
theorem, there exists a unique element f* € Hy such that (u, f) = [u, f*]. Therefore the
functional takes the form

F(u) = [u,u] = 2[u, f*], u€ Hy. (4.7.8)
Consider the extremum problem
F(u) —inf, u € Hy. (4.7.9)

An element u* € Hy is called a solution of (4.7.9), if F(u*) = ir}}C F(u).
ucHy

Theorem 4.7.3. For each f* € Hy problem (4.7.9) has a unique solution u*, and
u* = f*.
Indeed, by virtue of (4.7.8),
F(u)=lu—f*u—f1=[f"f1=lu—fP -1
This yields the assertion of the theorem.

Definition 4.7.2. An element u* € Hy, which gives a solution of (4.7.9) (i.e. u* = f*),
is called a generalized solution of problem (4.7.5).

One can give another (equivalent) definition of a generalized solution of problem
(4.7.5). Indeed, from (4.7.5) we infer (Au,v) = (f,v), v € Hy or [u,v] = (f,v).
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Definition 4.7.3. An element u* € H, is called a generalized solution of problem
(4.7.5) if [u*,v] = (f,v) forall ve€ Hy .

These definitions are equivalent since (f,v) = [f*,v].

Theorem 4.7.4. For each f € H a generalized solution of problem (4.7.5) exists, is
unique and has the form u* = f*.

3. Solution of the Dirichlet problem

Next we apply the theory developed above for the solution of the Dirichlet problem. We
confine ourselves to the cases n =2 and n = 3. Let us consider the following Dirichlet
problem:

—Au=f (xeD), fELz(D)a} (4.7.10)

M\Z = O7

where D is a bounded simply connected domain. Denote
R:={u: ucwiD), uy =0} =: WQZ’O.

By the embedding theorem u € C(D).

Definition 4.7.4. A function u* is called a(classical) solution of problem (4.7.10), if
u*€R and —Au* = f.

Problem (4.7.10) is a particular case of problem (4.7.5), where H = Ly(D),A =
—A, D4 =R. Itis known [9] that A > 0. In this case

" du dv
= ——|d
[u, V] A <I§1 ™ axk> x
One can show that Hy = W21 0

Definition 4.7.5. A function u* is called a generalized solution of problem (4.7.10), if
w* e W, and [u,v] = (f,v) forall veWw,”.

By virtue of Theorem 4.7.4, for any f € L,(D) a generalized solution of problem
(4.7.10) exists and is unique. We note that for (4.7.10) a generalized solution is also a
classical one. In other words, the following assertion is valid [9]:

Theorem 4.7.5. Let u* € W, be a generalized solution of (4.7.10). Then u* € Wy"
and —Au* = f, i.e. u* is a classical solution of (4.7.10).

Corollary 4.7.1. For any f € L,(D), a classical solution of problem (4.7.10) exists
and is unique.

Now we consider the Dirichlet problem for the homogeneous equation:

Au=0 (xeD), }

(4.7.11)
uy =9(x),  @(x) € C(X).
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Denote Ry :={u: u € Wi(D),uy = @}. If u € Ry, then by the embedding theorem
u € C(D).

Definition 4.7.6. A function u* is called a solution of problem (4.7.11) if u* € Ry
and Au* =0 in D.

Denote Q¢ := {u € Ry : ®(u) < oo}, where ®(u) is defined by (4.7.2). Let Qp # 0,
i.e. the continuability (extendability) condition (4.7.4) is fulfilled. Fix w € Q. Clearly, if
u € Ry, then v:=u—w € R, and conversely, if v € R, then u:=v+w € Ry. This yields
that the function u* is a solution of problem (4.7.11) if and only if the function v* = u* —w
is a solution of the problem

—Av=f (xeD), f:=AweLy(D), } (4.7.12)

V|): =0.
According to Corollary 4.7.1, the (classical) solution of problem (4.7.12) exists and is
unique. Thus, we have proved the following assertion.

Theorem 4.7.6. Let ¢ be such that Qy # 0. Then a solution of the problem (4.7.11)
exists and is unique.

For more details on variational methods in connection with problems of mathematical
physics we refer the reader to textbooks like [7], [8] and [9].






Chapter 5.

The Cauchy-Kowalevsky Theorem

Definition 5.1. A function f(xi,...,x,) is called analytic at the point (x¥,...,

x9), if in some neighbourhood of this point it can be represented in the form of an ab-
solutely convergent power series

oo

flxr,..ox,) = Agydey (o1 = 2XD)F L (20, — 20k, (5.1)
Kt yeodon=0

Consequently, the function f has partial derivatives of all orders and

1 ak|+...+knf
ki!... k! axllq . axﬁ" x1=xY, 2, =x0

Aklw---,kn =

Moreover, the series (5.1) can be differentiated termwise in its domain of convergence an
arbitrary number of times.

Without loss of generality we will consider the case when

f(xl,...,x,,) = Z Akl’._’knxllq ...xﬁ”. (52)

Definition 5.2. A function F(xi,...,x,) is called a majorant for a function
f(x1,...,x,) of the form (5.2), if F(xy,...,x,) is analytic in a neighbourhood of the origin:

oo

F(xl,...,xn) = Z Bkl,...,knxlfl an” (53)

in a neighbourhood of 0, and

,kn’ S Bkl ----- kn

for all ky,...,k,. Clearly, the radius of convergence of (5.2) is not less than the radius of
convergence of (5.3).
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Lemma 5.1. Let the function f(t,xi,...,x,) be analytic at the origin:
fxnox) = Y At X (5.4)
ko ey =0
Then there exist M >0 and a > 0 such that for each fixed o. € (0,1] the function

M

1 — t/a+x1+...4x,
a

F(t,x1,...,x) = (5.5)
is a majorant for f.

Proof.  Since the series (5.4) converges absolutely in a neighbourhood of the origin,
there exist positive numbers ag,ay,...,a, such that

oo

Y Wil <o
ko""vkn:()

In particular, there exists M > 0 such that

for all ky,...,k, . Therefore,

A M
‘ kO ----- kn‘ — a(]§0 ) s”
Let a= min a, . Then
0<m<n
M
[Akg,...sku| < o+t (5.6)

Consider a function F(¢,xi,...,x,) of the form (5.5) with these M >0 and a > 0. Since
(5.5) is the sum of terms of the geometric progression, we have for [t|/a+ |x1|+. ..+ |x,| <
a

Xn):Mi (t/o+x1+...+x,)*

F(t,xl,..., pr

k=0

:Mi{l Z L<£>k0xlf'...xk".

k | | n
=04 k0+...+k,,:kk0""k”' o
Taking (5.6) into account we obtain
B B M (ko+...4+kn)! M S 1A
Kmdn = gl gk kgl k! T dkote TR = Akg.... o |
and Lemma 5.1 is proved. u

The general Cauchy-Kowalevsky theorem is a fundamental theorem on the existence
of the solution of the Cauchy problem for a wide class of systems of partial differential
equations. For simplicity we confine ourselves here to the case of linear systems of the first
order. We consider the following Cauchy problem:

au,

N au N
Zzaljktx17 <y X axj+zbt]txla <X )uj

j=lk=
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+ei(t,xr, .. xn), (5.7)
Uilr=1, :(pi(xl,...,xn), i=1,N, (5.8)

Here t,x1,...,x, are independent variables and u,...,uy are unknown functions.
Theorem 5.1. Let the functions ajj, bij, c; be analytic at the point (to,x(l),...,
x9), and let the functions @; be analytic at (x,...,x%). Then in some neighbourhood of

the point (to,xY,...,x9) the Cauchy problem (5.7) — (5.8) has a unique analytic solution.

Proof.  Without loss of generality we assume that 7y = x(l) =...=xY=0, ie we
seek a solution in a neighbourhood of the origin. Without loss of generality we also assume
that @;(x,...,x,) = 0. Otherwise, for the functions v; := u; — ¢; we obtain a system of

the form (5.7) with different ¢;, but with zero initial conditions. Thus, we will solve the
Cauchy problem for system (5.7) in a neighbourhood of the origin with the initial conditions

u;(0,x1,...,x,) =0. (5.9)

Step 1: Constructing of the solution. ~ Suppose that there exists an analytic (at the
origin) solution of the Cauchy problem (5.7), (5.9):

i ko Kk k
ui(t,xp,...,x,) = Z O g, b 0% e Xy (5.10)
ko,....kn=0
; 1 8k0+'"+k"u,-
ako:--wkn =

ko!...k,! kot Ky
0 n' orkodx|" ... oxy PRS-

Let us give a constructive procedure for finding the coefficients oc;'(O k-

1) Differentiating (5.9) k; times with respect to xy, ... , k, times with respect to x;,
and taking 1 = x; = ... = x, =0, we obtain oy, , =

2) We differentiate (5.7) k; times with respect to xy, ... , k, times with respect to x,
and take t = x; = ... = x, = 0. Then from the left we obtain ai]ykl--»ykn7 and from the right
we obtain known quantities. Thus, we have constructed the coefficients OciL ki

3) We differentiate (5.7) once with respect to ¢, k; times with respect to xi,..., kj
times with respect to x,, and take t = x; = ... = x, = 0. Then from the left we obtain

Océ k..k,» and from the right we obtain known quantities which depend on 06[1’ k..., - THUS,
we have constructed the coefficients océ’ Ko

4) We continue this process by induction. Suppose that the coefficients 0(5.ka ok
have been already constructed for j = 0,kg — 1. We differentiate (5.7) ko — 1 times with
respect to f, k; times with respect to xp,..., k, times with respect to x, and take
t =x1 =...=x, =0. Then from the left we obtain Oc;co,kl o and from the right we obtain
known quantities which depend on O‘;,kl .k, » J=0,ko— 1. Thus, we have constructed the
coefficients oc}'q)’klwkn .

This procedure of constructing the analytic solution (5.10) of the Cauchy problem (5.7),
(5.9) is called the A-procedure. In particular, this yields the uniqueness of the analytic so-
lution. It remains to show that the series (5.10), constructed by the A-procedure, converges
in some neighbourhood of the origin.
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Step 2: Proof of the convergence of the series (5.10). We use Lemma 5.1. Choose
M >0 and a > 0 such that a function F of the form (5.5) is simultaneously a majorant for
all coefficients a;ji, b;j, c¢; of system (5.7). We consider the so-called majorizing system

v; u
a—vt:F(t,xl,.., < Z —I—Zv]—i—l) (5.11)

Jf
which is obtained from (5.7) by replacing all coefficients a;ji, b;;, ¢; by their majorant F.
We will seek a solution of system (5.11) in the form

uMz

B
\.

t
vi=...=vw=v(z), where 2= hxt (5.12)

Substituting (5.12) into (5.11) we obtain for v(z) the following ordinary differential equa-
tion

LD piy (Nn® 4 vt
—— = n— v
adz I\ Mz ’
where
F@=
z) = —2ja’
Therefore,
dv
— =B(z)(Nv+1), (5.13)
dz
where
F(z)

B(z) i = ———.
&) = T NnF @)
Choose o € (0,1] such that 1/o0—NnF(z) > 0 in a neighbourhood of the point z = 0.

Then in this neighbourhood B(z) is analytic. A particular solution of equation (5.13) has
the form

v(z)=%< (>—1 N/B (5.14)

The function v(z) of the form (5.14) is analytic at the point z = 0, and all its Taylor
coefficients are positive. Indeed, the Taylor coefficients of F(z) are positive:

Furthermore,
B(z) = 0F (2) ) (aNnF (2))",
s=0

and consequently, the Taylor coefficients of the function B(z) are positive as well. Ob-
viously, the functions D(z) and e” @1 possess the same property. Therefore, all the
Taylor coefficients of the function v(z) are positive.

Thus, system (5.11) has in a neighbourhood of the origin an analytic solution of the
form

vi(t,x1,...,x Z (xko s Rkt (5.15)

.....
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.....

7777

system (5.11) and the initial conditions v;;—g = v(x1 +...+x,), in the same way as the co-
efficients oy~ were calculated by the A-procedure, using (5.7) and the initial conditions
(5.9). We note that for calculating the coefficients a;cOwwkn and 665(07.”7 x, inthe A-procedure
we use only the operations of addition and multiplication. Since F is a majorant for the
coefficients of system (5.7), and the initial data are majorants for the initial data (5.9), we
conclude that

[ seeesKn

Therefore, the series (5.10) converges absolutely in a neighbourhood of the origin and gives
us the solution of the Cauchy problem (5.7), (5.9). Theorem 5.1 is proved. O

Remark 5.1. The Cauchy-Kowalevsky theorem is also valid for a wide class of non-
linear systems of the form

Mzﬂ(f X1 X U u L )
atnl 5 g o9 AN,y 1,..., N""’atkoaxllq”.axﬁ”"“ 3
......... (5.16)
B”NuN E)kul
5 :FN<t,x1,...,xn,u1,...,uN,...,M,...),

where ko + ... +k, < nj, ko < nj. Such systems are called normal systems or the
Kowalevsky systems. For example, the equation of a vibrating string

*u  d*u

o2 ox?
has the form (5.16), but the heat conduction equation

ou du

o ox?
has not the form (5.16).

Remark 5.2. For systems, which have not the form (5.16), the Cauchy-Kowalevsky
theorem, generally speaking, is not valid. Example:

U = Uyx,

. (5.17)

U0 = T x| < 1.

If an analytic solution of the Cauchy problem (5.17) exists, then it must have the form

2n)1t"

n=0

However, for ¢ # 0 this series is divergent.






Chapter 6.

Exercises

This chapter contains exercises for the course “Differential Equations of Mathematical
Physics”. The material here reflects all main types of equations of mathematical physics
and represents the main methods for the solution of these equations.

6.1. Classification of Second-Order Partial Differential Equa-
tions

In order to solve the exercises in this section use the theory from Section 1.2.

6.1.1. Reduce the following equations to the canonical form in each domain where the
equation preserves its type:

L.ty — Aty + Sty + uy — 3uy +6u+2x=0;
2. Uy —Olyy +uyy +Tu, —3=0;
3. 2up —4uyy +3uy —Suy+x+1=0;
4. Buyx + they +3uy —Su+y =0;
5. Suyy + 161y + 161y — uy +3uy +u+x+y—2=0;
6. Uy —yuy, =0;
7. Uy — Xityy =0,
8. uxsigny +2uyy, +uyy, = 0;
9. Xuy, — yuy, = 0;
10, yuy, — xuyy, = 0;
11, xPuy, —yzuyy =0;

12. x%uy, +y2uyy =0;
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13. YUy +x2uyy =0;

14. yzuxx —xzuyy =0;

15, (14x2) %ty + tyy 4+ 2x(1 +x%)uy = 0;

16. (14 x%)uyy + (14 3ty + x1ay +yuy —2u = 0;
17, X2t + 25Ythyy + Y 1ty — 2yt + ye¥l* = 0;

18. uyy sin®x — 2yuyy sinx +y2uyy =0;

19. 4y*u, — ezxuyy =0;

20. xPup + 2XyUyy — 3y2uyy — 2xuy +4yu, + 16x*u = 0;
21. YUy — 2yuyy + 1ty = 0;

22 xy*uyy — 2XF YUy + X1y, — yPu, = 0;

: 2 — 0
23, Uy — 28iNXUyy — COS” XUty — COSX Uy = 0]

24, Xuye 4 2xuyy + (x — 1)uy, = 0.

Solution of Problem 1. The equation is elliptic in the whole plane since
a%z—allazz =22_1.5=-1 < 0.

The characteristic equation has the form

dy
— =24
dx b
and its general integral is
y+2x+ix=C.

The change of variables
E=2x+y, mn=x

yields
Uy =2ug +un, Uy = ug,

Uy = Auge + dugy + iy,
Uxy = 2uge +Ugy, Uy = UgE.

Therefore, we reduce the equation to the canonical form

Uge + tnn — ug +un +6u+21 =0.

Solution of Problem 6. One has a%z —aj1ax =y ; hence the equation is hyperbolic for
y >0, itis elliptic for y <0, and y =0 is the line where the equation is parabolic. In the
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domain y > 0, general integrals of the characteristic equation have the form x+2,/y=C.
The change of variables

E=x+2y, nm=x—-2\y

yields
1

%7

Uy = Ug +uy, Uy = (Ug — Un)
Uor = Ugg, + 2ugy + i,
1 1
Uyy = (Uge — 2Ueq + tpn) — — (e — ) =——=,
vy = (ugg &n nn)y (ug n)zyﬁ
E—n=4/y.
Hence, we get the following canonical form:

1
ugn—i—m(ué—un) =0.

In the domain y < 0, the change of variables

yields
1 2

Un = ——Un,
VE R

1 1

thor = Ueg, Uy == Tltn + 5 =t

Uy =Ug, Uy=—

Hence, we get the following canonical form:

1
l/tgé + Mnn — ﬁl/ln = 0

6.1.2. Reduce the following equations with constant coefficients to the canonical form,
and carry out further simplifications:

1. 2wy + 2uyy + vy — 4ty +uy +u = 0;

2. Bty — Sty — 2uyy + 3uy +uy = 2;

3. Uy + 2uyy + ttyy + iy + 2uy +u = 0;

4. Uy + Uy — 2uyy + U, — 3u+x=0;

5. Uy + gy + ttyy — 3uy +u = 0;

6. duyy + Ay + 1y — Suy + 3uy, — 6u = 0;
7. Upx — Oty + 10uyy +Tuy — Suy +2u = 0;

8. Uy — 2uyy — 3uyy + 2uy — uy — 9u = 0;
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9. U+ 2uyy — 3uyy — Suy +uy —2u = 0;

10. gy + 4ty + Suyy — uy + 3u+2x = 0;

11wy +4uyy + 13uyy + 3uy + 24u, —u+9(x+y) = 0;
12, ey — 2ty + tyy + tty — Ty — 9u = 0;

13, wyy —uyy +uy +uy —4u =0;

14. Quyy — 6uyy + 1y — 8uy +uy +x—3y =0;

15, wyy + 2uyy — ux +4uy +u = 0;

16. wyy + thyy — uy — 10u+4x = 0;

17, ey — 2ty + vty — 3uy + 120y +27u = 0.

Hint. After the reduction to the canonical form go on to a new unknown function
v(E,m) by the formula u(&,m) = 5Ty (E, 1) . Choose the parameters A and u such that
the terms with first derivatives or with the unknown function are absent.

Solution of Problem 1. The equation is elliptic in the whole plane since
0%2—61116122 = 12—2-1 =—-1<0.

The characteristic equation has the form

dy 1 1
B
dx 272
and its general integral is
1 1
y— Ex + Eix =C.
The change of variables
E=y_ 2 _X
=V 5 n )

reduces the equation to the canonical form
uge + tnn + 6ug — 4 +2u = 0.

Using the replacement u(&,M) = ¢-™My(E M) we obtain the following equation with re-
spect to v(§,m):

Vee + v + QA+ 6)ve + (2 — 4)v + (A2 + 1 + 6L — 4u+2)v = 0.
Taking A= —3, u=2, we get

VE‘,EJ‘FVnn_ 11V:0
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6.1.3. Reduce the following equations to the canonical form:

1.

AN U

=~

2Uy + Uyy + Utz + 21ty — 21y, = 0

Sty + 2uyy + uzy + 4ty + 2uy, = 0;

3uyy — 2uyy — 2uy, +Tu = 0;

A + thyy + Uzy + Attyy + 4uy + 21y, + Su = 0;

Ay — 2uy; — Aty + 1y +u, = 0;

Ot + Aty + o, + 120,y + Oty + duty, — 6u, — 4uy, — 2u, = 0;
Ugr + Bty + 2uyy + 205, + 2upy + 2uy; + 2uy, = 0;

Ugp + 2y + Uy — 2Uz — Uy, = 0

Upy + Uz + 2Uyy — Uty — 4ty + 21y = 0.

6.1.4. Find the general solutions for the following equations:

1.
2.

6.2.

5
o By — 10uyy + 3uyy — 2uy + 4uy +

2Uy — Sty + 3uy, = 0;

U + Oy + 4ty + 1y +uy = 0;

=~ u=0:
16"

1
3t + 100y + 3utyy + ey + uy + 64~ l6xexp (_x;;y) =0;

_ X o
Uy — 2y + 2uy — uty = 4e*;

3
Uyy — Oltyy + 8y + tty — 2uy +4exp <5x+ 2y> =0;

Uy — 2€O8 Xthyy — (3 + 8in% X)ttyy + 1ty + (sinx — cosx — 2)u, = 0;
e Py, — efzyuyy —e By + e*2>'uy +8e” =0;

Uyy +yuy —u=0.

Hyperbolic Partial Differential Equations

Hyperbolic partial differential equations usually describe oscillation processes and give a
mathematical description of wave propagation. The prototype of the class of hyperbolic
equations and one of the most important differential equations of mathematical physics is
the wave equation. Hyperbolic equations occur in such diverse fields of study as electro-
magnetic theory, hydrodynamics, acoustics, elasticity and quantum theory. In order to solve
exercises from this section use the theory from Chapter 2.
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1. Method of travelling waves

6.2.1. Solve the following problems of oscillations of a homogeneous infinite string
(—eo <x <o) if a=1 in (2.1.1), and the initial displacements and the initial velocities
have the form:

1. u(x,0) =sinx, u(x,0)=0;

2. u(x,0)=0, u(x,0)=Asinx, A— const,
3. ulx, ) =0(x), wu(xto)=w(x), t>to;
4. u(x,0)=x%  u(x,0) = 4x.

6.2.2. Find the solution of the equation
U + 2upy — 3uyy, =0, y>0, —oo<lx<oo,
satisfying the initial conditions
u(x,0) =3x%,  uy(x,0) =0.
Solution. The equation is hyperbolic in the whole plane since
a%2—a11a22 =143=4>0,
The characteristic equations have the form

d d
dy _  dy _

= 3.
dx " dx

The change of variables
E=x+y, mMm=3x—y

reduces the equation to the canonical form
ugy = 0.
The general solution of this equation is u = f(&) +g(n) , and consequently,

u(x,y) = flx+y)+gBx—y),

where f and g are arbitrary twice continuously differentiable functions. Using the initial
conditions we calculate

f(x)+8(3x) =32, f(x)+4'(3x) =0,

hence
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This yields
u(x,y) =3x* +y%.

6.2.3. Find the solution of the equation
Ay e +2(1 — Y )ty — ttyy — ——
satisfying the initial conditions
u(x,0) = @o(x), uy(x,0) = @i(x).
6.2.4. Find the solution of the equation
iy +2COSXihyy — SIN? X1ty — Sinxuty =0, y >0, —00 < x < oo,
satisfying the initial conditions

Uly=sinx = Qo (x)a Uyly=sinx = P1 (X)

6.2.5. Find the solution of the equation

1
uxx+yuyy+§uy =0, y>0, —oo<x<oo,

satisfying the conditions
u(x,0) = f(x), uy(x,0)=0.
6.2.6. Solve the following Cauchy problems in the domain ¢ > 0, —oo < x < o0
Lo owy =un+6, u(x,0)=x% u(x,0)=4x;
2. uy =ty +xt, u(x,0)=x, u(x,0)=sinx;
3. uy = up+sinx, u(x,0) =sinx, u(x,0)=0;
4. uy = uy+sinx, u(x,0)=0, u/(x,0)=0;
5. uy = uye+xsint,  u(x,0) =sinx, u(x,0) = cosx;
6. uy =up+e*, u(x,0)=sinx, u/(x,0)=x+cosx;

7. uy =upe+e ', u(x,0)=sinx, u/(x,0)=-cosx.

6.2.7. Using the reflection method (see Section 2.1) solve the following problems on
the half-line:

L ou; = azuxm ux(oat) =0, u(x,O) = (P(x)v ut(x’o) = W(x);

0, O<x<l,
2.ty = @, uc(0,¢) = u(x,0) =0, u;(x,0) =< vy, [<x<2l,
0, 2l<x<oo
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3. uy = a*uy, u(0,¢) = Asinwt, u(x,0) =0, u;(x,0) = 0.

6.2.8. A semi-infinite homogeneous string (x > 0) with the fixed end-point x =0 is
perturbed by the initial displacement

0, 0<x<e,
™
u(x,0) =< —sin—, e<x<2e,
e
0, 2e < x < oo.
Find the form of the string at

e e S5e 3e Te

provided that the initial velocity is equal to zero, i.e. u(x,0) =0.

6.2.9. A homogeneous string of length [ (0 < x </) is fixed at the ends x =0 and
x =1. Atinitial time t = 0 the string is deviated at the point x =[/3 to the distance h
from the axis Ox, and then is released without initial velocity. Show that for 0 <¢ < 317;
the form of the string is expressed by the formula

¢ 3h [
Tx, for O<x§§—at,
h h
u(x,t) = i—lx—ki—l(é—at), for é—at<x§ é—kat,
3h l
— (- for — .
2l(l X), or 3~|—at<x<l

6.2.10. Solve the following problems in the domain 0 <x <[, f >a:

1

L. Mxx:Eutt,
u(0,6)=0, u(l,t)=0, >0,
. X
u(x,O)zAsmT, u(x,0) =0, 0<x<I;

1

2. Uy = 5 Uit
a

u(0,60) =0, u(l,r)=0, t>0,
u(x,0) =Ax, wu(x,0)=0, 0<x<I.

Solution of Problem 1. Consider the following Cauchy problem

1
uxx:fzun, _°°<x<°°, t>07
a

u(x,0) = Asin ? 1 (x,0) = 0.
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According to the d’ Alambert’s formula (2.1.4), the solution of this Cauchy problem has the

form X aTnt
u(x,t) = Asin 08—
It is easy to check that this function also is the solution of problem 6.2.10:1.

6.2.11. Solve the following problem in the domain —oo < x < oo, t > 0:

Uy = azuxm u(x,O) = f(x)v ul(x70) = —af’(x),

where f is a smooth function (see fig. 6.2.1).

u(x,t) = f(x—at)

Figure 6.2.1.

2. Method of separation of variables
Sturm-Liouville problem. Consider the following boundary value problem L
—(k(x)y'(x))" +q(x)y(x) = Ap(x)y(x), 0<x<l,

h1y'(0) + hy(0) = Hiy'(1) + Hy(l) = 0,

which is called the Sturm-Liouville problem. Here A is the spectral parameter, k,q,p
are real-valued functions, and h;,h,H;,H are real numbers. We assume that p(x),k(x) €
W,0,1] (.e. p(x),k(x),p'(x),k(x) are absolutely continuous functions), g(x) € L(0,),
p(x) > 0,k(x) >0, and |h1|+ |h| >0, |H;|+|H| > 0. We are interested in non-trivial
solutions of the boundary value problem L.

The values of the parameter A for which L has nonzero solutions are called eigenval-
ues, and the corresponding nontrivial solutions are called eigenfunctions.

It is known that L has a countable set of eigenvalues {A,},>0, and A, = O(n?) as
n — oo. For each of these eigenvalues A, there exists only one eigenfunction (up to a
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multiplicative constant) y,(x) . The set of eigenfunctions {y,(x)},>0 form a complete and
orthonormal system in L,[0,/] with the weight r(x), i.e.:

[ et mmaar={ § 7

If f(x) is atwice continuously differentiable function satisfying boundary conditions, then
f(x) can be expanded into the uniformly convergent series:

f(x> = ila”y”(x)’
where l
ar= [ POy dx.

Note that for the case hH; # 0, these facts were proved in section 2.2 (see Theorem 2.2.8).
Other cases can be treated similarly.

6.2.11. Find eigenvalues and eigenfunctions of the boundary value problems for the
equation y" +Ay =0 (0 < x <) with the following boundary conditions:

L y(0) =y(I) =0;

2. Y(0)=y(1)=0;

3. y(0)=y(1)=0;

4. y'(0)=y(l) =0

5. y/(0)=y()+hy(l)=0.

Solution of Problem 1. Let A = p?. The general solution of the equation y” 4+ Ay =0

has the form )
sinpx

y(x)=C + Cycospx.

Using the boundary condition y(0) =0, we get C; = 0. The second boundary condition
y(I) =0 gives us the equation that must be satisfied by the eigenvalues:
sinpl
p

Hence, the eigenvalues and the eigenfunctions of Problem 1 have the form

0.

2
kn:(¢>, yn(x):sin?x, n=1,2,...

6.2.12. Find eigenvalues and eigenfunctions of the following boundary value problems
O<x<lI):

L. =" +yw=2Ay, »(0)=y(l)=0;
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2. =y"+yw=2A, Y(0)=y(1)=0;
3. =Y +y=>Ay, y0)=y()=0;
4. —y"+my' +yw=2Ay, ¥(0)=y(l)=0.

Solution of Problem 4. The replacement

y(x) =exp (3) Y ()
yields
Y =exp (5) (V) + 2r (),
>ﬂuy—apC§)(W%w+nrua+13«m),

and consequently,
Y () +u¥ () =0, ¥(0)=Y()=0,

2
where u=A— % —v. The eigenvalues and the eigenfunctions of this boundary value
problem are
nm 2 . N
Up = <T) ,  Y,(x) =sin Tn >1

(see Problem 6.2.11). Therefore, the eigenvalues and the eigenfunctions of Problem 4 have

the form

nx nm

7»,,2(—)24-*4-7, yn(x):exp<7>sin7x, n>1.

Let us briefly present the scheme of the method of separation of variables for solving
the mixed problem for a vibrating string. Consider the following mixed problem for the
equation

P(X)uy = (k(x)uy)x —q(x)u, 0<x<I1,t>0 (6.2.1)

with the initial conditions
u(x,0) =@(x), u(x,0)=wy(x) (6.2.2)
and with the boundary conditions
(hyuy + hu)|y=0 = (Hiux + Hu)|x—; = 0. (6.2.3)

First we consider the following auxiliary problem. We will seek nontrivial (i.e. not
identically zero) particular solutions of equation (6.2.1) such that they satisfy the boundary
conditions (6.2.3) and admit separation of variables, i.e. they have the form

u(x,t) =T (t)y(x). (6.2.4)

Substituting (6.2.4) into (6.2.1) and (6.2.3), we get the Sturm-Liouville problem L for the
function y(x), and the equation 7" (¢)+ AT (r) =0 for the function 7'(¢).
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Let Ay, yn(x) (n=0,1,2,...) be the eigenvalues and the eigenfunctions of the problem
L. Then the functions

up(x,t) = <An cos /At +anin\/\7/T?Tnt> yn(x) (6.2.5)

satisfy the equation (6.2.1) and the boundary conditions (6.2.3) for any A, and B,. The
solutions of the form (6.2.5) are called standing waves (normal modes of vibrations).

We will seek the solution of the mixed problem (6.2.1)-(6.2.3) by superposition of
standing waves (6.2.5):

oo

sinv/Ant
u(x,t) = ;O <A,, cos /At +Bnm> Y (). (6.2.6)

Next we use the initial conditions (6.2.2) for finding the coefficients A, and B,. For this
purpose we substitute (6.2.6) into (6.2.2) and calculate

O) =Y Awyn(x),  W(x) =Y Buya(x).
n=0 n=0
Then the coefficients A, and B, are given by the formulae

ao= [ owotmids, 5= [ plewin(ods.

6.2.13. Solve the following problems of oscillations of a homogeneous string (0 < x <
I) with fixed end-points if the initial displacement u(x,0) and the initial velocities u(x,0)
have the form:

1. u(x,0) :Asin@, u (x,0) =0;

/

h
2. u(x,0) l—zx(l—x), ur (x,0) = 0;

h h(l—
3. u(x,0)= = (0<x<C), u(x,0) = E_g) (C<x<I),

u (x,0) = 0;

4. u(x,0) =0, u(x,0)=vy—const;
5. u(x,0)=0,



Exercises 237

Solution of Problem 1. We have to solve the following mixed problem
Uy =a’uy, 0<x<I t>0,
Upy—0 = Ujx=1 = 0,
Uji=o = Asin %x, Usji=0 = 0.

This problem is a particular case of the mixed problem (2.2.1)-(2.2.3) when @(x) =
Asin ?x, y(x) =0. According to (2.2.17)-(2.2.18) the solution has the form

— T T T
u(x,) =Yy (An sin %t + B, cos %t) sin HTx,
n=1

where .
A,=0, B,= 2/ Asin Exsin @xdx.
[ Jo I l

Clearly, By =A and B,, =0 for n > 2, and consequently,

an_ . m
u(x,t) =Acos —tsin .

6.2.14. Solve the following problems of oscillations of a homogeneous string (0 < x <
I) with free end-points if the initial displacement u(x,0) and the initial velocities u(x,0)
have the form:

. u(x,0)=1, u(x,0)=0;

2. u(x,0)=x, u(x,0)=1;

3. u(x,0) =cos ?, u(x,0) =0;

4. u(x,0)=0, wu(x,0)=vy(a<x<P), u(x,0)=0(x¢ [op])-
Solution of Problem 2. We have to solve the following mixed problem

Uy :azuxx, O0<x<l,t>0,
Unx=0 = Uyx= = 0,
U= =X, U= = .

First we seek nontrivial particular solutions of the equation of the form u(x,t) =Y (x)T(¢),
which satisfy the boundary conditions. Repeating the arguments from section 2.2 we obtain
for the function 7'(¢) the ordinary differential equation

T(t) +a*\T (1) =0,
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and for the function Y (x) we get the Sturm-Liouville boundary value problem
Y'(x)+AY(x) =0, Y'(0)=Y'(l)=0.

Here A is the spectral parameter. The eigenvalues and the eigenfunctions of this boundary

value problem are
nw

Ay = <7)2, Y, (x) = cos

nm
TX, n>0.

The corresponding equations
T(t) +a* N T (t) =0, ,n>0,
have the general solutions
To(t) = Aot + By, T,(t)=A,sin @t + B, cos @t, n>1,
where A, and B, are arbitrary constants. Hence,
uo(x,t) = Aot + By,
up(x,t) = (An sin @t + B, cos @t> cos ﬂx, n>1.

[ l
We seek the solution of the mixed problem of the form

- s o8 o4
u(x,t) = Aot +Bo+ Z A, sin ﬂt—FBncos I cos n—x,
= [ [ [

and we find A, and B, from the initial conditions:

= nm
=B B, cos —
X 0+n;1 n l-xu

> anT o4
1=Ap+ Z ﬂAncosn—x,
= l I

and hence
B—l/ld—l A—l/ld—l
0—loxx—2a O_lox_’
2 ! nm 21
BnZYAXCOSTxdx:nTnz((—l)n—l), nZl,
2 1
Ap=—— cos@xdx:O, n>1.
anm Jo [
This yields
I & 21
u(x,t):t+§+zW((—l)"—l)cos@tcos?x.

n=1

6.2.15. Solve the following problems of oscillations of a homogeneous string (0 < x <
[) if the initial and boundary conditions have the form:
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1. u(x,0) =x, u(x,0) =sin %x, u(0,1) = uy(l,t) = 0;

2. u(x,0) = cos %x, 1(x,0) = 0, 1 (0,1) = u(l,1) = 0

3. u(x,0) =0, u(x,0) =1, uy(0,2) = uy(l,¢) + hu(l,t) = 0;

3
4. u(x,0) =sin —nx, u; (x,0) = cos lx, u(0,1) = uy(l,¢) =0.

21 21
Solution of Problem 2. We have to solve the following mixed problem

Uy =, 0<x<I t>0,
Uy|x=0 = Ulx=] = 0,
Uj;—o = COS £x, Us—o = 0.

21

First we seek nontrivial particular solutions of the equation of the form u(x,t) =Y (x)T(¢),
which satisfy the boundary conditions. Repeating the arguments from section 2.2 we obtain
for the function 7'(¢) the ordinary differential equation

T(t) +a*\T (1) =0,
and for the function Y (x) we get the Sturm-Liouville boundary value problem
Y'(x)+AY(x) =0, Y'(0)=Y(I)=0.

The eigenvalues and the eigenfunctions of this boundary value problem are

2n+1)m\> (2n+1)m
_ — cos 2T /% > 0.
M < T ,  Yu(x) =cos T x, n>0

The corresponding equations

T(t) + N T (1) =0, ,n>0,
have the general solutions

2n+1 2n+1
a(2n+ )nt+Bncosa( n+1)n

T,(t) = Ay sin 5 5]

t,n>0,
where A, and B, are arbitrary constants. Hence,

2n+1)m

a(2n+ l)nt cos 2n+ 1)
20 21 o

up(x,1) = <An sin 5]

We seek the solution of the mixed problem of the form

X,

— 2n+1)m
u(x,t) = Z (An sin MH—Bncos

a(2n+ l)nt cos (2n+1)m
P 2 20

21
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and we find A, and B,, from the initial conditions:

2 1w
cos—x—ZB n+ ) — X,
> al2n+1)w 2n+1)w
0:’;)(21)14”“)5(21)%
and hence
Byp=1, B,=0,n>1, A, =0, n>0.
This yields
(x,1) —cos Lrcos Lx.
L 20" %

6.2.16. Solve the following mixed problems applying the method of separation of vari-
ables:

L. oy =upe—4u, 0<x<l1,
u(x,0) =x>—x, u/(x,00=0, u(0,t)=u(1,t)=0;
2. Uy =up+u, 0<x<m,
u(x,0) =0, u(x,0)=1, u(0,¢)=uy(mz1)=0;
3.0 uy =1t%y, (a>-—1), 0<x<I,
u(x,0)=0(x), u(x,0)=0, u(0,¢)=u(lt)=
4, uy+2u =y —u, 0<x<m,
u(x,0) =mx> —x%,  wu(x,0)=0, u(0,t)=u(w,t)=0;
5. uy+2u =uy—u, 0<x<m,
u(x,0) =0, u(x,0)=x, u(0,7)=u(mn,t)=0;
6. un:az(xux)x, 0<x<l,

u(x,0) =0x), u(x,0)=0, |u(0,r)] <eo, wu(l,t)=0.

Solution of Problem 1. First we seek nontrivial particular solutions of the equation of
the form u(x,7) = Y (x)T(¢), which satisfy the boundary conditions. We obtain for the
function 7'(z) the differential equation

T(t)+AT (1) =0,
and for the function Y (x) we get the Sturm-Liouville boundary value problem
Y'(x)+(A—4)Y(x) =0, Y(0)=Y(l)=0.
The eigenvalues and the eigenfunctions of this boundary value problem are

Ay = (nm)? 44, Y,(x)=sinnmx, n>1.
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The corresponding equations
T,(t) + M To(2) =0, n>1,
have the general solutions

t
T,(t) = A, cospput + B, sin F:)n , n>1,

n

where A, and B, are arbitrary constants, and p, = /(nm)2+4 . Hence,
. Pal\ .
up(x,t) = | Aycosput + B, s1np— sinamx, n>1.
n

We seek the solution of the mixed problem of the form

- . Pat .

u(x,t) = Z A cosp,t + B, sin— | sinnmx,
n=1 Pn
and we find A, and B, from the initial conditions:
¥ —x= Z Aysinnmx, 0= Z B, sinnmx,
n=l1 n=1

and hence
L 4
AHZZA (x —x)SinnTdex:W((—l)n—l), Bn:O, n> 1.

This yields

oo

(=D"=1) COS(\/MI) sinnmx.

u(x,t) =

—~ 373
n=1

Solution of Problem 5. First we seek nontrivial particular solutions of the equation of
the form u(x,7) = Y (x)T(¢), which satisfy the boundary conditions. We obtain for the
function 7'(z) the differential equation

T(t)+2T(t) +AT(t) =0,
and for the function Y (x) we get the Sturm-Liouville boundary value problem
Y'(x)+(A=1)Y(x) =0, Y'(0)=Y(n)=0.

The eigenvalues and the eigenfunctions of this boundary value problem are
1\° 1
Ay = n+§ +1, Y,(x)=cos n+§ x, n>0.

The corresponding equations

T,(t) + T, (t) + M T (1) =0, n>1,
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have the general solutions

1 1
T,(t)=e"' <Ancos <n+2> t+ B, sin (n—i— 2) t> ,n>0,

where A, and B, are arbitrary constants. Hence,

1 1 1
up(x,2) = e’ <Ancos <n+ 2> t+ B, sin <n—|— 2> t) cos <n+ 2> X.

We seek the solution of the mixed problem of the form

u(x,t) = 2 e! (A,, cos (n—|— 2> t+ B, sin (n—i— 2) t) cos (n—i— 2) X,
n=0

and we find A, and B, from the initial conditions:

8(—1)" 16
2n+1?2 wn2n+1)3"

An:07 Bn:

This yields

u(X,t) —e ! Zanin <n+ 2) tcos (n—|—2>x,

n=0

The method of separation of variables allows us to construct solutions of mixed prob-
lems for non-homogeneous equations with boundary conditions.

Consider the problem of forced oscillations of a non-homogeneous string under the
influence of an exterior force of density f:

P()ur = (k(x)ux)y — g(x)u+ f(x,1), (6.2.7)

p(x) >0, k(x) >0, 0<x<I, t>0,
=0 = Q(x),  urlr—0 = W(x), (6.2.8)
(hyue +hu) | e—o = u(t),  (Hyuye+Hu)|— = v(1). (6.2.9)

In the case of homogeneous boundary conditions (u(t) =v(z) =0) we seek the solution
of problem (6.2.7)-(6.2.9) in the form of a series

oo

u(xvt) = Z Tn(t)yn(x)a (6.2.10)

n=1

with respect to the eigenfunctions of problem L. Substituting (6.2.10) into (6.2.7) and
(6.2.8) we obtain the following Cauchy problem for T,,(¢) :

Tn(l) +7\-nTn(t) = f"(t)’

T,(0) = @u, T,(0) = Wa,
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where f,(t), @u, W, are the Fourier coefficients for the functions

1
mf(x’t)v (P(X), \P(X),

respectively:

70 = [ 1o
l
0= [ Py (x)dx

w= [ PO

Solving the Cauchy problem we arrive at

sin /Ayt N /’ siny/A,(t — 1)
Vi Vi
Problem (6.2.7)-(6.2.9) with non-homogeneous boundary conditions can be reduced to

a problem with homogeneous boundary conditions using of the following replacement of
the unknown function u(x,7) =V (x,7) + W (x,t), where

T,(t) = @ cos /At + Yy, fa(T)dr.

W(x,l‘) = (a12x2 +ajx+ alo)y(t) + (a22x2 +ayx—+ azo)\/(t),

and where the coefficients a;; are chosen such that the function W (x,t) satisfies the bound-
ary conditions (6.2.9). For example, for the boundary conditions u(0,7) = u(t),u(l,t) =
v(t) one can take

X X
W) = (1=7 )u(0) + (0.

6.2.17. Solve the problem of forced oscillations of a homogeneous string (0 < x < /)
with fixed end-points under the influence of the exterior force of density f(x,¢) = Asinor
and with zero initial conditions. Study the resonance effect and find the solution in the case
of resonance.

6.2.18. Solve the problem of forced oscillations of a homogeneous string (0 < x <)
under the influence of the exterior force of density f(x,7) and with zero initial conditions
provided that:

1. f(x,t) =fo, u(0,2)=u(l,t)=0;
2. f(xvt):f07 MX(O,I):MX(Z,I>:O;

3. f(x,t):cosnTt, u(0,1) = u(l,t) =0;
4. f(x,t) =Axe™", u(0,¢) =u(l,t) =0;

5. f(x,t) =Ae 'sin %x, u(0,1) = u(l,t) =0;
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6. f(x,t)=x, u(0,t)=uy(l,t)=0;
7. f(x,t) =x(l—x), u(0,)=u(l,t)=0.

Solution of Problem 1. We have to solve the following mixed problem

Uy = due+ fo, 0<x<I, t>0,

Uy=0 = Ulx=1 = 0,
Ur=0 = Us|r=0 = 0.

We seek the solution of the form
> . nm
u(x,t) = u,(t)sin —x.
()= L mlo)sin’

We have
= T
fo= Z F, sin nTx,
n=1

where

= %Alsinmtxdx: 2o o (Ziymy.

[

The functions u,(t) are solutions of the Cauchy problems

fin (1) + (@)zun@) _F,,

[ nm

Hence i
M . anm
= —(—7)dr
tnr) am‘c% - l ( )
F 2
= nl (l—cosﬂt) ,
(anm)?
and consequently,
= 2fol?

" anm \ .
u(x,t)—zm(l—(—l) )(1 cos — t)sm X

n=

nm

6.2.19. Solve the problem of forced transverse oscillations of a homogeneous string
(0 <x <) fixed at the end-point x =0 under the influence of the force of density A sinot
applied to the end-point x =/ provided that the initial displacement and velocity are equal

to zero.

6.2.20. Solve the problem of forced oscillations of a homogeneous string (0 < x <)
under the influence of the exterior force of density f(x,¢) provided that:

1. u(x,0) =u(x,0) =0, u(0,2) = po, u(l,t) = vy, f(x,) =0;



Exercises 245

(x,0) = u;(x,0) = 0, uy(0,¢) = po, ux(l,¢) =vo, f(x,¢) =0;
3. u(x,0) =u(x,0) =0, u(0,) =0, u(l,t) =t, f(x,t) =0;
4. u(x,0) =0, us(x,0) =1, uy(0,7) =sin2¢t, u.(l,1) =0,

5. u(x,O)zsm?, w(x,0) = 0, w(0,1) = 12, u(l,t) = 13, f(x,1) =0;

6. M(X,O) :07 MI(X,O) - 17 M(O,[) =1, th(l,[) - 17 f(x7t> :fO-
Solution of Problem 1. We have to solve the following mixed problem
ut,:azum O<x<lI,t>0,

Ux=0 = H0, Ux= = V0,

Ujp=0 = Us|r=0 = 0.

Denote N N
W(X) = (1 — j),uo_}‘ YV().

The replacement u(x,t) = v(x,t) +w(x) yields the following mixed problem with respect
to v(x,1):
vt,:azvxx, O<x<l,t>0,

Vix=0 = 0, Vix=1 = 0,
Vii=0 = —w(x), V=0 = 0.

Applying the method of separation of variables we find

mt
ZB COS tsm l
where .
2 o 2
By= 7 [ wix)sin HTxdx = — (vo(=1)"—pm).
Hence

ni

o 2
u(x,t) = <1 - )lc)uo—i—)lcvo—i-nzl = (Vo(—1)" — o) cos @tsinTx.

6.2.21. Solve the problem of free oscillations of a homogeneous string (0 < x < [)
with fixed end-points in a medium whose resistance is proportional to the first degree of the
velocity.

6.2.22. Solve the following problems:

1. Upr = Uyy, 0<X<1,
u(x,0)=x+1, u(x,0)=0, u(0,t)=t+1, u(l,t)=1+2;
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2. Uy =t tu, 0<x<2,
u(x,0) =0, u(x,0)=0, u(0,2)=2¢, u(2,t)=0;
30 Uyt u=uy, 0<x<I1,
u(x,0) =0, u(x,0)=1—x, u(0,6)=1, u(l,)=0;
4. wy — Ty = gy +2u, — 2t —Tx— e *sin3x, 0<x< T,
u(x,0) =0, u(x,0)=x, u(0,)=0;
5. utt:uxx+4u+23in2x, 0<x<m,
u(x,0) =u(x,0) =0, uy(0,1) =uy(m,t) =0;
6. ut,—3ut:uxx+u—x(4+t)+cos37x, 0<x<m,
u(x,0) =u(x,0) =x, wu(0,0)=t+1, u(n,t)=mn(t+1);
7. wy—3u; =ty +2u, —3x+2t, 0<x<m,

u(x,0) =e *sinx, u;(x,0)=x, u(0,6)=0, wu(mt)=nmnr.
Solution of Problem 2. Denote
w(x,t) =t(2—x).

The replacement u(x,t) = v(x,t)+w(x,t) yields the following mixed problem with respect
to v(x,t):
Ve =V +Vv+w, 0<x<2,t>0,

Vix=0 = 0, Vix=2 = 0,
V|i=0 = 0, Vit=0 =X — 2.
We seek the solution of this problem of the form

oo

v(r,t) = Y va(t)sin %x.

n=1
‘We have N
x—2= Zynsin%x,
n=1
where 5 A
T
Yo :/0 (x—2)sinn7xdx: ot

The functions v,(¢) are solutions of the Cauchy problems

Balt) = ((”2“)2 = 1> va(t) = ~ Y,

va(0) =0,  9,(0) =Y.
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Hence . ‘o
sin u,t sinu,(t —7T
Vn(t) _ 'Yn ‘un o / lul’l( )TYn d,c
4 ([ sinu,t t sinu,t
i < Mn 4 = + l;n ) 7
nm Hn My H;

nm 2
m=y(5) ~1

= 4 (sm,unt t sin,u,,t) . nm
sin

and consequently,

—X.
Mo M 2

3. The Riemann method

6.2.23. Using the Riemann method (see Section 2.4) solve the following problems in
the domain —eo < x < oo, t >0:

o oupe—uy=t, u(x,0)=0, u(x,0)=x;
2.y —uy =2, u(x,0)=sinx, u/(x,0)=x
3. Uy — Uy +2ur+u=e*, ux,0)=x, u(x,0)=1,;
4 Uy —uy+2u,—u==¢€', u(x,0)=x, u(x,0)=0.
Solution of Problem 1. The Riemann function satisfies the conditions
Ve — Vi = 0 in  Apoum,
v=1 on MP,
v=1 on MQ.

Consequently, v = 1. Using the Riemann formula we get

1 X0+ 1 1o —t+ty+xo
u(xo,to) = xd - = (/ a’x> tdt
2 2 0 t—ty+xo

1 1 [l
= —Z<(x0+t0)2—(x0—t0)2) =5/, 2t(ty —t)dt
2 B3\ |° oo 7
= Xof, fo— — — =xolp— | = — = | =xpt0— —.
X00+<02 3>0 Xolo <2 3> Xolo 6
Hence,
/3
) =xt——.
u(x,t) =x c
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6.2.24. Find the Riemann function for the operator
Lu=uy— azuxx, a = const,
and solve the Cauchy problem
Uy = @+ f(x,1), —oo<x<oo, >0,
u(x,0) = p(x), 1,(x,0) = y(x).
6.2.25. Solve the Cauchy problem
xzuxx—yZMyy =0, —co<x<oo, 1<y< oo,

Uly=1 = Q(x), Uyly=1 = W(x).

6.3. Parabolic Partial Differential Equations

Parabolic partial differential equations usually describe various diffusion processes. The
most important equation of parabolic type is the heat (conduction) equation or diffusion
equation. In this section we suggest exercises for this type of equations.

1. The Cauchy problem for the heat equation
6.3.1. Using the Poisson formula (3.2.6) solve the following problems:

2
1. u,:%uxx, u(x,0) =%, —co<x< oo, t>0;

2 .
2. u = %uxx, u(x,0) =e " sinx, —co<x<eoo, t>0;

2
3. wp =y, u(x,0)=xe, —oco<lx<oo t>0.

6.3.2. Prove that the non-homogeneous equation
Uy = it + f(x,1), —oo<x<oo, t>0

with the initial condition
u(x,0) =0

has the following solution:

u(x,t) // 2a nl(t—'c) exp( 4(%(_x))> d&dr.

Hint. Apply the method from Chapter 2, Section 2.1 for the non-homogeneous wave
equation.

6.3.3. Solve the following problems in the domain —oo < x < oo, t > 0:
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. w=4u+t+e, u(x0)=2;

2. =ty +3t2,  u(x,0) = sinx;

3. w =uy+e cosx, u(x,0)=cosx;
4. u = up+e'sinx, u(x,0) = sinx;

. 2
5. u =y +sint,  wu(x,0) =e .

2. The mixed problem for the heat equation

Consider the following problem for the heat equation

p(x)uy = (k(x)uy)y — q(x)u, (6.3.1)
p(x) >0, k(x)>0, 0<x<lI, t>0,
with the boundary conditions
(hlux+hu)|x:0: (H]Mx—l-HI/t)‘x:[ =0. (6.3.2)

and with the initial condition
Uj—o = P(x). (6.3.3)

For solving problem (6.3.1)-(6.3.3) we apply the method of separation of variables. We
will seek non-trivial (i.e. not identically equal to zero) solutions of equation (6.3.1) satis-
fying the boundary conditions (6.3.2) and having the form u(x,7) = T (t)y(x) . Substituting
this into (6.3.1) and (6.3.2) we obtain the equation

T@t)+AT(t)=0
for the function 7'(¢), and the Sturm-Liouville problem L
—(k(x)y'(x))" +q(x)y(x) = Ap(x)y(x), 0<x<l,

hy'(0) +hy(0) = Hyy'(1) + Hy(l) = 0,

for the function y(x). Let {A,} and {y.(x)} be eigenvalues and eigenfunctions of the
Sturm-Liouville problem respectively. Then the functions

up(x,1) = Apexp (—Ant)yn(x)

satisfy (6.3.1) and (6.3.2) for any A, .
We will seek the solution of the mixed problem (6.3.1)-(6.3.3) in the form

u(x,t) = ZAne_l"’yn(x).
n=1
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Using the initial condition (6.3.3) for finding the coefficients A, , we get

ox) = ilAnynoc),

and consequently,

A= [ ol0tmx)dx

6.3.4. Find the temperature distribution u(x,¢) in a slender homogeneous bar (0 < x <
[) with isolated lateral surface provided that the end-points x =0 and x =1 are maintained
at the temperature zero, and the initial temperature u(x,0) is given:

1. u(x,0) = up;

2. u(x,0) = upx(l — x);

l
3. u(x,0) =x <0§x§ )

~

u(x,0)=1—x (2 ngl);

X
4. u(x,0) =sin 7
6.3.5. Find the temperature distribution u(x,¢) in a slender homogeneous bar (0 < x <
1) with isolated lateral surface and the isolated end-points x = 0 and x =/ provided that
the initial temperature u(x,0) is given:

1. u(x,0) = up;

2. u(x,0) =up (OSX

IA
Mo~
N——
N
—
=
=2
|
o
N
N~
AN
v
A
~

3. u(x,0) = sin?

l )
4. u(x,0)=x <O§x§ 2> , u(x,0)=1—-x (2 <x< l> :
Solution of Problem 3. We have to solve the following mixed problem
ut:azuxx, O<x<lI,t>0,
Ux|x=0 = Ux|x=] = 0,

.
Uj—o = Sin —x.

)
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First we seek nontrivial particular solutions of the equation of the form u(x,t) =Y (x)T(¢),
which satisfy the boundary conditions. Repeating the arguments from section 3.1 we obtain
for the function 7'(r) the ordinary differential equation

T(t)+a®\T (1) =0,
and for the function Y (x) we get the Sturm-Liouville boundary value problem
Y'(x)+AY(x) =0, Y'(0)=Y'(I)=0.

Here A is the spectral parameter. The eigenvalues and the eigenfunctions of this boundary

value problem are

nT
—x, n>0.

Ay = (ﬂ)z, Y, (x) = cos 7

l
The corresponding equations

have the general solutions

where A, are arbitrary constants. Hence,

anTt nT

2
up(x,t) = Apexp <— (T) t> cos —-x, n >0.

We seek the solution of the mixed problem of the form
ad T 2 b
u(x,t) = ’;)An exp <— (%) t> cos nTx,
and we find A,, from the initial conditions:

T

sin
l

= nm
X = A,cos—x
n;o n€OS =X,

hence ,
1 T
Ag = 7/ sin —xdx,
[ Jo l
2 1l .o=n B
A, = f/ sin —xcos n—xdx n>1,
L Jo l I
We calculate

4

2
0 Tca 2n+1 9 2n Tf(l —41/1,2) ’

and consequently,

u(xt)—%qtiLex _ (2anm 2t coszn—ﬂx
TR T (1 —42) P I "
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6.3.6. Solve the following problems applying the method of separation of variables:
L.ouy=uy, O0<x<I,
u(0,6) =u(1,t) =0, u(x,0)=x>—1,
2. upe=u+u, 0<x<l,
u(0,6) =u(l,t) =0, wu(x,0)=up;
3. uy=un—4u, 0<x<m,
w(0,¢) =u(m,t) =0, u(x,0) =x*>—7x;
4, w =ad*u—Pu, 0<x<I,
w(0,0) = ux(1,1) =0, u(x,0) = smg;
Solution of Problem 2. We seek the solution in the form

1) = ZA,,eih”tyn(x),
n=1

where the numbers 2, are the eigenvalues, and the functions y,(x) are the eigenfunctions
of the boundary value problem

Y'+(A—=1)y=0, y(0)=y()=0.

Solving this boundary value problem we get

= ()

T
yn(x) = sinTnx7 n>1.

Therefore,

ZA,,e H ) ) s1n7t7x.

Using the initial conditions we obtain
- . Tn
Z A, sin —x = uy,
n=1 [

and consequently

A, = 1 1)),
(1 (1))

The solution of Problem 2 has the form

n=1
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Using the method of separation of variables one can solve also problems for non-
homogeneous equations and boundary conditions. Consider the following mixed problem

px)u; = (k(x)uy)x —g(x)u+ f(x,2), 0<x<l, t>0, (6.3.4)
(huy +hu)|x—o = u(t), (Hiuy+Hu)|x— =Vv(t), (6.3.5)
o = 9(x). (6.3.6)

In the case of homogeneous boundary conditions (u(7) =v(z) =0) we seek the solution of
(6.3.4)-(6.3.6) in the form of a series

uwn:inmﬁm

with respect to the eigenfunctions of the corresponding problem L. Substituting this into
(6.3.4) and (6.3.5) we obtain a Cauchy problem for T,,(¢) :

B0+ Mo (0) = 1), Th(0) = @, (6.3.7)

where f,(¢) and @, are the Fourier coefficients for the functions

1
@f(%t) and (p(x),

respectively:

l [
10 = [ Feom@ads o= [ pwoy. .

Solving the Cauchy problem (6.3.7) we calculate

!
To(t) = Qe + / Fu()e M=) gr,
0

Problem (6.3.4)-(6.3.6) with non-homogeneous boundary conditions can be reduced to the
problem with homogeneous boundary conditions with the help of the replacement of the
unknown function u(x,7) = v(x,7) +w(x,t), where the function w(x,) is chosen such that
it satisfies the boundary conditions (6.3.5).

6.3.7. Find the temperature distribution u(x,7) in a slender homogeneous bar (0 < x <
I) with isolated lateral surface provided that the end-points x =0 and x =1 are maintained
at the constant temperatures u(0,¢) = o, u(l,t) =vp, and where the initial temperature is
u(x,0) = @(x).

6.3.8. The heat radiation takes place from the lateral surface of a slender homogeneous
bar (0 <x <) to the surrounding medium of zero temperature. Find the temperature

distribution u(x,r) if the end-point s x =0 and x =/ are maintained at the constant tem-
peratures u(0,7) = po, u(l,t) =vo, and if the initial temperature is u(x,0) = @(x).
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6.3.9. Solve the following problems applying the method of separation of variables:
1. w=d%uy, 0<x<lI,

u(0,60) =0, u(l,t)=At, u(x,0)=0;
2. U= Uy, 0<x<I,

u(0,6) =1, u(l,t)=0, u(x,0)=0;
3. U=y, 0<x<I,

ue(0,¢) = ux(l,1) = up, u(x,0) =Ax;
4, u=uy, 0<x<I,

u,(0,1) =Ar, u(l,t)=B, u(x,0)=0;
5. w =d*uy—Bu, 0<x<lI,

u(0,) = po, uy(l,t) =vp, u(x,0)=0;
6. u :azuxx—Bu+sin?, 0<x<l,

u(0,0) =u(l,t) =0, u(x,0)=0;

) L4
7. Uy =ty +u—x—+2sin2xcosx, O<x<§,

u(0,1) =0, ux(g,t) 1, u(x,0)=x;

8. uy=uy+u+xt(2—1t)+2cost, 0<x<m,
ue(0,1) = up(m,t) =12, u(x,0) = cos2x;
9. =y —2uy+u+esinx—r, 0<x<m,
u(0,t) =u(n,t) =1+1, u(x,0)=14¢*sin2x;
10. uy = vy —2u,+x+2¢, 0<x<1,
u(0,0) =u(l,t) =t, u(x,0)=e"sinmx.

Solution of Problem 1. By the replacement

u(x,t) =v(x,t)+ ;At

we reduce our problem to the following mixed problem with respect to v(x,7) :
A
v,:azvx_x—Tx, O0<x<l,t>0,

v(0,t) =v(l,t) =0, v(x,0)=0.
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We seek the solution of this problem in the form

v(t) = Y va(r)sin ?x.

n=1

We have

A oo

Tx = r; fnsin ] X,
where .

2A 2A
In 1—2/0 xsin 2 xdx = %(—1)"*l
The functions v,(¢) are solutions of the Cauchy problems
anm\ 2 2A
)+ (5) wa0) = (-1,
v (0) =0

Hence

and consequently,

x s . 2A1% anm 2 . T
M(X,I)ZIA[—F Z(—l) m <l—exp <— (T) >[> SIHTX.

Clearly, w(0) =g, w(I) = Vo . The replacement u(x,t) = v(x,t)+w(x) yields the fol-
lowing mixed problem with respect to v(x,7) :

Vi =a v —Bv+f(x), 0<x<I,t>0,

v(0,¢) = vi(l,1) =0, v(x,0) =—w(x),

where f(x) = a*w"(x) — Bw(x) . We seek the solution of this problem of the form

V(1) = évn(t) sin (n—i— ;) Tx

The functions v,(z) are solutions of the Cauchy problems

2
v40+(“%;‘“)vaw—m4w—n,

vn(0) = —wy,
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where

2 rl 1 2 rl 1
fnzj/of(x)sin (n—i—2> %xdx, wnzj/ow(x)sin <n+2> ?xdx.

Hence

and consequently,

u(x,t) = w(x)+ i <7{Z - <w,, + ﬁ) exp(—?w‘)) sin <n+ ;) %x,

n=0
" — <a(2n;lr 1)n>2 s

where

Solution of Problem 10. By the replacement u(x,t) = v(x,t)+¢ we reduce our problem
to the following mixed problem with respect to v(x,?) :

Vi=Ve — 2V +x+2t—1, 0<x<1,t>0,
v(0,¢) =v(1,¢) =0, v(x,0) =€ sinmx.
We seek the solution of this problem of the form

v(x,t) =¢" Z vy (t) sinTnx.
n=1

The functions v,(¢) are solutions of the Cauchy problems

V(1) + ((nm)* + 1) va(1) = fu(0),

Vn(o) = Tn,
where |
fu(t) = 2/ e *(x+2t—1)sinmnxdx, n>1,
0
Yi=1, v=0,n>2.
Hence

V(1) = Yoexp(—(n*n? + 1)t) + /Ot fu(t)exp(—(n*m® +1)(r — 1)) d7.
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6.4. Elliptic Partial Differential Equations

Elliptic equations usually describe stationary fields, for example, gravitational, electro-
statical and temperature fields. The most important equations of elliptic type are the Laplace
equation Au =0 and the Poisson equation Au = f(x), where x = (xi,...,x,) are spatial
variables, u(x) is an unknown function,

is the Laplace operator (or Laplacian), and f(x) is a given function. In this section we
suggest exercises for boundary value problems for elliptic partial differential equations.

We will need the expressions of the Laplace operator in curvilinear coordinates:
i) polar coordinates (n=2,x; = pcos@,x, = psing):

u 1ou 1 0%

A Y .
M(p,(P) apz + P ap + p2 ap2 ’
ii) cylindrical coordinates (n =3, x; =pcos®, x, = psinQ, x3 =z):

10 ( au) 1 ?u d*u

Au(p,¢,z) = P% +?87(p2+8712;

S pop

iii) spherical coordinates (n=3,x; = rcos@sin®,x, = rsin@cos8,z = rcos0):
10 [ ,0u 1 1 9 ou 1 u

A == (P=)+5—=(sin0=— |+ ———=—.

u(r.8) =53, (r ar> T2 5in6 0 (Smeae> T 25?0 992

1. Harmonic functions and their properties

A function u(x) = u(xy,...,x,) is called harmonic in a domain D C R", if u(x) €
C%(D) (i.e. twice continuously differentiable in D) and Au =0 in D. If D is unbounded
then there is the additional condition: u(x) is bounded for n =2, and u(x) — 0 for n >3

n
as |x|:= x? — oo,
i=1

6.4.1. Check that the following functions are harmonic:
1 1

In ,
V(=312 + (x2 — y2)?
n=2,x=(x1,x),y= (1,y2), X # y;

1 1

=yl VO =2+ (= 32) + (13— y3)
n= 37 X = (X17X2,X3), y= ()’1,)’27)’3)a x?éya

L. oup(xg,x) =

In =
lx—y|

2. up(x1,x2,x3)
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where y is a fixed point.

The function u; is called the fundamental solution of the Laplace equation on the plane.
The function u, is called the fundamental solution of the Laplace equation in the space R3.
The importance of the fundamental solution connects with the isotropy of the space when
the physical picture depends only on the distance from the source of energy but not on
the direction. For example, the function u, represents the potential of the gravitational
(electro-statical) field created by a point unit mass (point unit charge). Similar sense has the
fundamental solution of the Laplace equation on the plane: this is the potential of the field
produced by a charge of constant linear density g = 1, distributed uniformly along the line

X1 =1, X2 = Y2-
6.4.2. Find all harmonic functions, defined in a bounded domain D C R2, and having
the following form:

1. u(xy,xy) is a polynomial of the second degree;

2. u(x;) depends only on one variable;

3. u(xy,x2) depends only on the distance p = \/)m ;

4. u(xy,xy) depends only on the angle @ between the x; -axis and the vector connect-
ing the origin and the point x = (x1,x7).

6.4.3. Find all harmonic functions, defined in a bounded domain D C R3, and having
the following form:

1. u(xy,x2,x3) is a polynomial of the second degree;

2. u(xy,x2,x3) depends only on the distance r = 4 /x% er% er% ;

3. u(x1,x2,x3) depends only on the angle 8 between the coordinate x;x; -plane (i.e.
x3 =0) and the vector connecting the origin and the point x = (x,x2,x3).

6.4.4. Find the value of the constant k, for which the following functions are harmonic
in a bounded domain D C R?:

L. u(xy,x) = x% —i—kx]x% ;
2. u(xy,x) = e*i coshkxs ;

3. u(xy,x2) = sin3x; coshkx; .

6.4.5. Let the function u(x;,x2) be harmonic in a bounded domain D C R?. Check
which of these functions are harmonic:

du(x1,2) Qu(x1,x2)

I axl axz ’
2. x| au(xl,xg) X 8u(x1,xQ) :
8x1 axz
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3 X au(xl,xg) —x 8u(x1,xQ)

ax 1

aXZ

6.4.6. Let the function u(xy,x2,x3) be harmonic in a bounded domain D C R3. Check
which of these functions are harmonic:

1. u(ax;,axy,ax3), where a is a constant;
2. u(xy+hy,x3+ ha,x3+h3), where hy,hy,h3 are constants;

Ou(x1,%2,x3) Qu(x1,x2,x3)

3.

ax 1 aX2

6.4.7. Can a non-constant harmonic function in a bounded domain D have a closed
level curve?

Hint. Use the maximum principle for harmonic functions: Let u(x), x € R™ be har-
monic in a domain D C R™ and continuous in D. Then u(x) attains its maximum and
minimum on the boundary of D.

The theory of harmonic functions of two variables has a deep connection with the the-
ory of analytic functions. Let n =2, i.e. x = (x1,x), and let z = x; + ix,. If the function
f(z) = u(x1,x2) +iv(x1,x2) is analytic in D, then by virtue of the Cauchy-Riemann differ-
ential equations

du _ Ov du v
I o’ dx o
the functions u and v are harmonic in D (and they are called conjugate harmonic func-
tions). Conversely, if u(xj,x;) is harmonic in the simply connected domain D, then there
exists a conjugate harmonic function v(xy,x;) such that the function f = u+iv is analytic
in D, and
v(x1,3) = /( ) <—audx1 + a”dx2> el (6.4.1)

y1,y2) ox

where (y1,y2) is a fixed point in D (the integral does not depend on the way of the inte-
gration since under the integral we have the total differential of v).
Another way of recovering of an analytic function from its real part is given by the
Goursat formula:
f(z) = 2u (% 25) —u(0,0)+iC, z=x1+ixs, (0,0)€D. (6.4.2)
i

6.4.8. Let the function u(x;,x;) be harmonic. Show that the function

_ Ou(xi,xz) du(xi,xz) _ ;
f@=—5 TiTa, o iTatm

is analytic.

6.4.9. Let the function u(x;,x;) be harmonic in D with (uy,)?+ (uy,)?> #0 in D.

Show that the function "
X1

()2 + (4, )?
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is also harmonic in D .

6.4.10. Recover function f(z), which is analytic in a simply connected domain D,
from its real part:

1. u(xy,x :x?—3x1x%;

2. u

9]
<
=
ke
[\e)
S—
1
=
=
[\*)
+
=
_|._
=
[\ )

Solution of Problem 2. We construct the conjugate function v(xj,x;) by (6.4.1). As
path of integration we choose the rectilinear segments connecting the points (y1,y2), (x1,y2)
and (x1,y2),(x1,x2) (we suppose that these segments lie in D). Then

X1 X2
v(xp,x2) = —/ e cosy,dt + elsintdt +C
Y1 Y2

=ée’' cosy, — e cosxy +C.

Hence
f(z) = " sinxy — i€ cosxy +i(e” cosy, +C).

6.4.11. Show that if two harmonic functions in D coincide in a domain Dy C D, then
they coincide in the whole domain D.

6.4.12. Let u(xj,x2) be a harmonic function. Calculate the integrals:

1. /u(x%—x%,le,xz)ds, S={(x1,x) 3 +x3 =1}
S

2n
2. / u ((sincos ¢)(coshsin@), (coscos@)(sinh sin(p)) de;
0

2n N N
3. / u Zcosk(p,Zsink(p de.
0 k=1

k=1

Solution of Problem 3. We use the following important property of harmonic functions:
If the function u(xj,x;) is harmonic in D and

z=2g(8) =v(§n) +iu(En)

is an analytic function in a domain A having values in D, then the composite function

M(V(E.nn)ﬂ“l(&vn)) = U(&n)

is harmonic in D with respect to (&,1).



Exercises 261

We introduce the function
u k u k
UEm) =u(RY 3 L), L=E+in
k=1 k=1

Clearly, U is harmonic. Consider this function on the circle £> +n? = 1. Let us introduce
the polar coordinates & = cos®,n = sin@. Then {* = cosk@ +isinko,

N N N N
EKZC/‘: Zcosk(p, SZC"Z Zsink(p.
k=1 k=1 k=1 k=1

Therefore,

27 N

21 N
U(cos@,sin@)de = / u (Z cos k@, sink(p) de.
0 k=1 1

k=
By the mean-value theorem for harmonic functions,
21

U (cos@,sin@)de = 21U (0,0).
0

Ck|C:O =0, we have U(0,0) = u(0,0). Hence the desired integral is equal to

N
Since

k=1
21tu(0,0).

2. Boundary value problems for elliptic equations.
The Green’s function

Let D C R™ be a bounded domain with a piecewise smooth boundary S.

Dirichlet problem. Let a continuous function g(x) be given on S. Find a function u(x)
which is harmonic in D and continuous in D and has on S assigned values:

Au=0 (xeD),
M|S:g.

Neumann problem. Let a continuous function g(x) be given on S. Find a function u(x)

which is harmonic in D and u(x) € C'(D), %‘ ¢ =&, where n is the outer normal to S
Au=0 (xeD),
u|
anls =&

Then the Dirichlet and Neumann problems can be considered also in unbounded do-
mains. In this case we need the additional condition u(e0) =0 (for n =2 the additional
condition has the form u(x) = O(1), |x| — o). For example, let D C R* be a bounded set,
and D; :=R3 \ D. Then the Dirichlet and Neumann problems in the domain D; are called
exterior problems.
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Exterior Dirichlet problem:
Au=0 (xeDy),
ws =g, u(>) =0 (u(x)=0(1),|x| — oo for n=2).
Exterior Neumann problem:
Au=0 (xe€Dy),

du|
mls — 8,
One can consider the Dirichlet and Neumann problems also in other unbounded re-
gions (a sector, a strip, a half-strip, a half-plane, etc.). Analogously one can formulate the
Dirichlet and Neumann problems for the Poisson equation

u(0) =0, (u(x)=0(1), |x| = o for n=2).

The Dirichlet problem has a unique solution. If n > 3 then the exterior Neumann
problem also has a unique solution. The solution of the interior Neumann problem (for
n =2 also of the exterior Neumann problem) is defined up to an additive constant. Note

that
/g(x) ds=0
S

is a necessary condition for the solvability of the Neumann problem.

6.4.13. Find the solution of the Dirichlet problem
Au(x1,x2) =0, x€D,
u(x,x2)[s = g(x1,x2),
where D = {x: |x| <1} C R? is the disc of radius / around the origin, and

. g(xr,x) =

2. g(x1,x2) = ax; + bxy;

3. glx1,x2) = x1x2;

4. g(p,9) =a+bsing;

5. g(p,9) = asin® @+ bcos? Q.

Solution of Problem 4. Let us go on from polar coordinates to cartesian ones. If

(x1,x2) € S then x; =Icos@, x, =Isin@, hence

b
g(xi,x) =a+ 7x2.



Exercises 263

Since the function A + Bx, is harmonic it follows that the solution has the form

u(xy,x) =a+ sz

or
b .
u(p, @) = a+ - psing.

Solution of Problem 2. Let us go on to polar coordinates. Then
g(p,9) =alcos@+blsing.
We seek a solution of the form
u(p,9) =A(p)cosk @+ B(p)sinka@.
Then the functions A(p) and B(p) satisfy the Euler equations
p*A"(p) +pA'(p) —kiA(p) =0,
p’B"(p) +pB'(p) —k3B(p) = 0.
The general solutions of these equations have the form
A(p) = aup~ il Bypll,
B(p) = ap el - Byplel.
In our case we have k; =k, = 1. Since
u(rx) <o, u(l,9)=g(lg), 0<g@<om,

we get
Bi=B=0, oyl"'=al, onl'=bl

Consequently, the solution has the form
u(p,@) = a—lzcos(p+ b—lZ sin@.
p p
6.4.14. Find the solution of the Dirichlet problem
Au(x1,x2) =0, x€D,

u(xi,x2)|s = g(x1,%2),

where D = {x: |x| > [} C R? is the exterior of the disc of radius / around the origin, and
the function g(x;,x) is taken from Problem 6.4.13 (1.-5.)

6.4.15. Find the solution of the Dirichlet problem

Au(xy,x) =0, x€D,
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u(x1,%2)||xj=t, = @, u(x1,%2)| =1, = b,
where D= {x: [; < |x|] <L} C R? is aring.
6.4.16. Find the solution of the Dirichlet problem for the Poisson equation

Au(xy,xp) =1,

u(xi,x2)|s =0,
where D = {x: |x| <} C R? is the disc of radius / around the origin.
6.4.17. Find the solution of the Dirichlet problem

Au(xy,x2,x3) =0, x€D,

u(x1,x2,x3)|s = a,
where D = {x: |x| <1} C R3 is the ball of radius / around the origin.
6.4.18. Find the solution of the Dirichlet problem

Au(xy,x2,x3) =0, x€D,

u(xi,x2,x3)|s = a,
where D = {x: |x| >} C R3 is the exterior of the ball of radius /.
6.4.19. Find the solution of the Neumann problem
Au(xy,x2) =0, x€D,

ou(xy,x7)

on S:g(x17x2)7

where D = {x: |x| <1} C R? is the disc of radius / around the origin, and
1. g(xi,x) =
2. g(x1,x) = axy;
3. g(n,x) =a(xi —x3);
4. g(p,0) =acos@+b;
5. g(p,9) = asin@+ bsin® @.

Solution of Problem 2. First we check the condition
/ g(x)ds=0.
s

21
/axlds:al/ cos@do =0,
s 0

Since
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it follows that the problem is solvable. We seek the solution in the form
u(xy,x2) = oy,
and we define o from the boundary condition. Let us introduce polar coordinates, then
u(p,®) = apcose.

The differentiation with respect to the normal coincides with the differentiation with respect
to p, hence

u
$|S =alcos® =g = acos .
Therefore o = al, and consequently,
u(p,) =alpcos@+C

or
u(xy,xy) =alx; +C.

Let D C R? be a bounded domain with the piecewise smooth boundary S. Fix y € D.
The function G(x,y), x € D is called the Green’s function for D if

1

m +v(x,y),

G(X,y) -

where the function v(x,y) is harmonic for x € D and continuous for x € D, and such that

G(x,y)|res = 0.

If D is unbounded then there is the additional condition v(x,y) — 0 as |x| — co. Using
the Green’s function one can write the solution of the Dirichlet problem

in the form
[ 9G(x,y)

s on

u(x) =

For constructing the Green’s function for some symmetrical domains one can use the so-
called reflection method. In this method we seek the function v(x,y) as a sum of terms

g(y)dy+ A G(x,y)f(y)dy. (6.4.3)

of the form

where the points y' are chosen outside D and such that the Green’s

function satisfies the boundary condition.
For n =2 the Green’s function is defined analogously, namely:
1 1
i) G =—In——0r ;
(11) G(xvy)|x6520; x:(xlax2) EDv y:(yl7y2)€D‘

Note that the Green’s function G(x,y) is symmetrical with respectto x and y:

G(x,y) = G(y,x).
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6.4.20. Construct the Green’s function for the following domains:
1) the ball of radius R around the origin, n =3 ;
2) the disc of radius R around the origin, n = 2.

Solution of Problem 1. Choose the point y' = (y},},5), symmetrically to the point
y = (y1,y2,y3) with respect to the sphere S (i.e. |y|-[y’| = R?). Then

Yzfiy
2
We seek the function v(x,y) in the form
o
v(x,y) = *m-

The Green’s function is defined by the formula

1 o

G = —
09 = o~ amr—y’

where o is a constant.

Figure 6.4.1.

Let x € S (see fig. 6.4.1). Since the triangles Oxy’ and Oxy are similar it follows that

R |x—|
bl =yl
and consequently,
1 LR 1
dmlx =y 4my| -y
Hence, if
R
= b’T’
then the boundary condition for the Green’s function is fulfilled, and consequently,
1 R

G(x,y) = — .
() = G =] ~ amplx—y]
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6.4.21. Find the Green’s function for the following domains:
1) the half-space x3 > 1, n =3, x = (x1,x2,x3) ;
2) the half-plane x, > 1, n=2, x = (x1,x2).

Solution of Problem 2. Choose the point y! symmetrically to y with respect to the line
x, =1 (see fig. 6.4.2).

X2

y=012)

lx—

x:(xl,xz) XQ:l
x|

x —y1]

yh= (1,21 —y,)
Figure 6.4.2.

We seek the function v(x,y) in the form

1 o
where y' = (y,2] —y,). If x€ S, then
1
o=yl =y

Hence, if o = 1, then the boundary condition for the Green’s function is fulfilled, and

consequently,
1 1 1 1

G(x,y) = —1 L P
E) = M e P o

We note that the construction of the point y' in Problems 6.4.20-6.4.21 is called the reflec-
tion of the point y with respect to the ball and the plane, respectively.

6.4.22. Construct the Green’s function for the following domains in R3:
1) the dihedral angle x; >0, x3 >0;
2) the dihedral angle 0 < @ < 7;
3)octant x; >0, xp >0, x3 >0;
4) the half-ball of radius R around the origin, x3 > 0;
5) the quarter of the ball of radius R, x, >0, x3 >0;
6) the part of the ball of radius R, with x; >0, x, >0, x3 >0;



268 G. Freiling and V. Yurko

7) the layer between the two planes x3 =0 and x3 =/;
8) the half of the layer 0 < x3 <[, x; > 0.

Solution of Problem 6. Let us make reflections with respect to the parts of the boundary
of the domain. First we reflect the point y with respect to the sphere, i.e. we construct the
point

, / .

X1
Figure 6.4.3.

The function
1 R

dujx—y| dmly|lx—y|’

Gi(x,y) =

satisfies the boundary condition on the sphere, but G;(x,y) is not equal to zero on the other
parts of the boundary. Let us now reflect the points y and y with respect to the plane
x; =0. Let y; 00 and y,I,0,0 be the symmetrical points to y and y' respectively (see fig.

6.4.3). The function
1 R

GZ(-xay) = -
dnfx—y[ Anly[lx—y|
1 R
— + - i
4nlx —y100|  4nlyi00llx =¥ 00l

is equal to zero on the sphere and on the plane x; = 0. Analogously we make reflections of
the points y, y', ¥1,0,0 » y/1,070 with respect to the plane x, = 0, and then we make reflec-
tions of the obtained points with respect to the plane x3 = 0. Thus, the Green’s function
has the form

Ly ek 1 R
Gley) =gz B (=1 BTl

m,n,k=0 ‘x B ym,n,k| |y| |X ym,n,k|

where
9000 =Y = (31,52,3)s Ymnk = ((=1)"y1, (= 1)"y2, (= 1)*y3),
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2
p _ R
ym,n,k = Ym.nk .
ym,n,k|

6.4.23. Construct the Green’s function for the following domains in R?:
1) the right angle x; >0, x, > 0;
2) the angle 0 < @ < 7 (in the polar coordinates);
3) the half-disc of radius R around the origin, x; > 0;
4) the quarter of the disc of radius R, x; >0, x, > 0;
5) the strip 0 < x, < T;
6) the half-strip 0 <xp </, x; >0.

Solution of Problem 2. Let us make reflections with respect to the parts of the boundary
of the domain. It is convenient to use the polar coordinates x = (p,¢), y = (u,y). First
we reflect the point y with respect to the line @ = 7 (see fig. 6.4.4), i.e. we construct the

point 51 — (.2 — ).

y=7
.)71 = (:u7 2nj - \ll)
\ y= (V)

o

»

* Yo = (‘U, _W)
|
e Yn—1 = (,u» %ﬁl) +\|I)

Figure 6.4.4.
The function | ] 1 ]
G =—1 -

R T T i

T

is equal to zero on the line ¢ = ;.

We reflect now the points y and ¥; with respect to the line ¢ =0, and we obtain the

function | | | |
Gyr(x,y) = —1In ——In—
) = M el M
1 1 1 1

—s-Ih———+—In—,
2n |x—7Jo| 2m  |x—yu_1]

. 2n 2n(n—1)
yO:(:uv_W): Yn—1= #7—74“!’ =\4—FV).

n

where
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. . . . T .
Furthermore, we again make a reflection with respect to the line @ = — . Obviously, we
n

should reflect only the points ¥, and y,_;, since the points y and ¥; lie symmetrically
with respect to this line. We continue this procedure, and after the » -th reflection we obtain
the Green’s function of the form

G =2 ¥ (n ).

In —1In —
=\ =i | — Y|

where

2nk 5 2nk _
Yk = /-177+\|I y Yk — :u?T_W , Yo=Y, kIO,I’l—l.

The construction of the Green’s function for a plane domain D C R? connects with
the problem of the conformal mapping of D onto the unit disc. Let D C R? be a simply
connected domain with a sufficiently smooth boundary S, z=x; +ix; €D, { =y +iy; €
D, and let ®(z,{) be the function realizing the conformal mapping of D onto the unit disc,
and ®(E,£) =0. Then the Green’s function for D has the form

1

1
G(z,0) = %lnm.

6.4.24. Construct the Green’s function for the following domains in R?:
1) the half-plane 3z >0;

s
2) the quarter of the plane 0 < argz < 5 ;

3) the angle 0 < argz < T ;
n
4) the half-disc |z| <R, 3z>0;
5) the quarter of the disc |z| <1, 0 <argz <

6) the strip 0 < Yz < 1;
7) the half-strip 0 < Sz <7, Rz >0.

n.
2?

Solution of Problem 6. Let us find the function realizing the conformal mapping of the
strip into the unit disc. Let { be a fixed point of the strip. Using the function z; = et
we map the strip 0 < 3z < 7 into the upper half-plane. The point { is mapped into the
point {; = ¢5. Then we map the upper half-plane into the unit disc such that the point ;
is mapped into the origin. This is made by the linear-fractional function

(O(Zl) _ ei(x (Z_E) .
(z—C1)
Thus, the desired function has the form
o(z,8) = ot

ez —ef|
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and we construct the Green’s function

€ — ¢
yez_eq'

G(z,6) =

6.4.25. Using the Green’s function find the solution of the Dirichlet problem
Au(xl,xz,xg,) =0, xeD,

M|S :g(xl7x2)x3)7
where D = {x: |x| <R} is the ball of radius R

Solution. The Green’s function for the ball is ():onstructed in Problem 4.20. Let us

X,y
ony
the normal coincides with the differentiation with respect to the radius |y| = r. Therefore,
we introduce spherical coordinates. We get

calculate the normal derivative on the sphere The differentiation with respect to

e —yI* = x> + [y|* + 2/x| [y| cos ¥

R2
=y P = xP+ Y P +20x])y[cosy, |y = ok
JaG(x,y) ii( 1
ony 4mor \\/|x[2 + 12 —2|x|rcosy

: )
VIx[2r2 + R* —2|x|rcosy/ Ir=R

‘X‘Z—Rz |x|2_R2

" 47R(R? + |x|2 — 2R|x|cos7)32  4mR(|x—y[

yeS
Thus, the solution of our Dirichlet problem is given by the formula (the Poisson formula):

1 R? —|x|?
47R Js |x—y|?

u(x) = g(y)dy.

Analogously, for the disc (n = 2) the Poisson formula has the form

/ — ¥
" 2mR |x— y]zg dy.

6.4.26. Using the Poisson formula solve Problems 6.4.13 and 6.4.17.
6.4.27. Using (6.4.3) solve Problems 6.4.15 and 6.4.16.
6.4.28. Find the solution of the Dirichlet problem

Au(xlvx27x3) = —f(X1,XQ,X3), PaS Da

u(xy,x2,x3)|s = g(x1,%2,x3),
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where D is the half-space x3 > 0, and
1) f(x) =0, g(x)=cosxjcosxy,
2) f(x) =e Ssinxjcosxy, g(x)=0.

6.4.29. Find the solution of the Dirichlet problem
Au(x1,x2) =0, x€D,

u(xi,x2)|s = g(x1,%2),

where

1) D is the half-plane x, >0, and g(x,x2) = il

1+x7 ;
2) D isthe strip 0 < x, <7, and g(x;,0) =cosx;, g(x;,m) =0.

3. Potentials and their applications

Let D C R™ (n>2) be a bounded domain with the smooth boundary S. Consider the
Dirichlet problem for the Poisson equation:

AV (x) = — f(x), (6.4.4)

V(X)|res =gx), x=(x1,...,x,), x€DeR" (6.4.5)

If a particular solution of equation (6.4.4) is known, then problem (6.4.4)-(6.4.5) can be
reduced to the Dirichlet problem for the Laplace equation AV (x) = 0, considered above.
As a partial solution of (6.4.4) one can take the function

1 1
- —d >3
o7 /| 1@ gt n23,

Ve =1 | (6.4.6)

1
— In——d =2
2n/£)f(r>n|x_1| T n=2,

where ®, is the area of the unit sphere in R", and

n

’x—’C‘ = Z(xi—’Ci)z.

i=1

The function V(x) is called the volume potential, and the function f(x) is called the
density. For n =2 the function V(x) is called also the logarithmic volume potential. For
example, for n =3 the function V(x) describes the potential of gravitational field created
by the body D with the density f.

If f(x) € C'(D), then the function V(x) satisfies the equation

| =f(x), x €D,
AV(x) = { 0, xé¢D.

6.4.30. Can a harmonic in D function be a volume potential with non-zero density?
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6.4.31. Let n = 3. Find the density f(xj,x,x3) if the volume potential in D has the
form
V(x1,00,23) = (6 25 +23)° — 1.

6.4.32. Show that the function

1
Sl > 1,

1
71, W<t (W=y/8+3)

is a logarithmic volume potential for the disc |x| < 1 with the density f(x;,x2)=1.

6.4.33. Show that the function

V(xl,)Q) =

? ‘X‘Z],

x[®
1= W<t (k= d+3+2)

is a volume potential for the disc |x| < 1 with the density f(x1,x2,x3) = 1.

V(xlax27x3) =

N — W =

6.4.34. Let a domain D C R? contains the square —1 <x; <1, —1<x <1, and let
V(x1,x) = x%x%

be the logarithmic volume potential for D. Determine the mass contained in the square.

6.4.35. The function

X
Vi) =50 (2= 1P), W<t
is the logarithmic volume potential for the disc |x| < 1. Find the density f(xj,x;) and the

value of the potential for |x| > 1.

6.4.36. Find the volume potential V(x) for the ball |x| <R (n=3) with the constant
density fj
1) by the direct calculation of the volume integral;
2) by solving the corresponding boundary value problem.

6.4.37. Find the volume potential in R® for the body distributed in
1) the spherical layer a < |x| < b with the constant density fp ;
2) the ball |x| < a with the constant density f;, and the spherical layer a < b < |x| < ¢
with the constant density f5. .

Consider the function

a3 LY O (s ) o 023

W(x) =
s VO () aste, n=2

(6.4.7)
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where n; is the outer normal to S at the point T € S. The function W(x) is called the
double-layer potential with the density V. For n =2 the function W (x) is also called the
logarithmic double-layer potential.

Physical sense: W (x) is the potential of the field created by the dipole distribution on
S with the density V.

It is convenient to calculate the integral in (6.4.7) by the formula

I/V(T)C()S(p_ds(r), n>3,
n JS

Wi —d © |x—z|*1
(x)— I/V()Cos(pd() s
o s, Vg N S

where @ is the angle between n; and the vector directed from the point x to the point 7.
If V(1) is continuous on S, then W(x) is harmonic in D and D; := R™\ D. Denote

W) = limW(x'), W~ (x)= lim W(x').

x'eD eD;

The function W (x) has a jumpon S:

W) = W)+ 5V (), W () =W - V() x€s. (6.4.8)

6.4.38. Let D= {x € R?: |x| <r}, and let S be the boundary of D. Find the solution

of the Dirichlet problem
AW(x) =0, xeD, (6.4.9)
W(x)|s = g(x). (6.4.10)

Solution. We seek the desired function W (x) in the form of a logarithmic double-layer
potential:

W) = = / V()2 gy (). (6.4.11)

2n Js |x —1|
It follows from (6.4.10) that W (x) = g(x) for x € S. Using (6.4.8) we obtain

1 1 cos
Y+ [V s = (2).
Since
coso 1
x—1| 27
we have
V(T)ds( 6.4.12
4o [V s = 200, (64.12)
Then
V(x) =2g(x)+A (A—const). (6.4.13)

Using (6.4.12) we calculate
1
Ame— / (1) ds(7). (6.4.14)

2nr S



Exercises 275

Relations (6.4.11), (6.4.13) and (6.4.14) give us the solution of the problem (6.4.9)-(6.4.10).
Using (6.4.11), (6.4.13) and (6.4.14) one can obtain the solution of the problem (6.4.9)-
(6.4.10) in the form of a Poisson integral. Indeed, for x € D we have

W) = 5 [ S22 (2000 - o [ s@as(®) asto

s [x—1 - 2mr

— 2 2 eise) - (3, [e@as®) [ asto

2 e smastt) (g fe@s(@)) -2m
1 cos 1
_ %/S <|x_1| - 2r> 2(t)ds(t). (6.4.15)

Here we use the relation

1 cos
w =1 = — d =1 D.
(Ovar = 57 [ g dst =1, xe

Applying the cosine theorem we calculate

cos@ 1 2rcos@—|x—1| 2rcos@Qlx—1|— Ix—1|?
x—1| 2r  2rx—1 B 2r|x—1/?

_ il
N 2r(rr + p% —2rpocos(6—06yp))’

(6.4.16)
where (po,00) are the polar coordinates of the point (x,x;), and 6 is the polar angle

of the point T € S. Substituting (6.4.16) into (6.4.15) and using the polar coordinates we
obtain the Poisson integral:

W (po,60)

_ L /2" (r —p5)s(6)d6
" 2nJo r2+pE—2rpocos(6—6p)

6.4.39. Using the double-layer potential solve the Dirichlet problem:
AW (x)=0, xeD, W(x)|s=g(x)

for the following domains
1) D={xcR?: |x| > r};
2) D={xcR?: x, >0};
3) D={xcR3: x3 >0}.
6.4.40. Find the logarithmic double-layer potential for the circle |x| =1

1) with the constant density Vj,
2) with the density V (x1,x2) = xj.
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The function

1 1
>
mn(n—Z) /SILl(T) ‘X—T|n_2 dS(‘C), I’l_3,

ulx) =94 1
ﬁ/Sy(r)m g, n=2

is called the single-layer potential. For n =2 the function u(x) is also called the logarith-
mic single-layer potential.

Physical sense: u(x) is the potential of the field created by charges distributed on §
with the density u.

If the function u(t) is continuous on S, then u(x) is continuous everywhere in R"
and harmonic for x € R™\ S. Denote

( u >+ i 240 ( u )— )

5N Yl )
al’lx E;ZL))( al’lx al’lx XI‘,IGB/\l al’lx

d
where g,ix) is the direct value of the normal derivative on S. Then
ou\" dux) 1
<anx> = on, + E,u(x), x€es, (6.4.17)
ou  du(x) 1
— = - = ) 4.1
<8nx> . 2 ux), xes (6.4.18)

The single-layer potential is used for the solution of the Neumann problem.

6.4.41. Find the behavior of the single-layer and double-layer potentials as |x| — oo,
n=273.

6.4.42. Find the single-layer potential u(x) (x € R®) for the sphere |x| = 1 with the
constant density g
1) by direct calculation of the integral;
2) by solving the boundary value problem for u(x).

6.4.43. Find the logarithmic single-layer potential u(x) for the circle |x| =R with the
constant density ux) = 1.

6.4.44. The function
X2

2|’
is the logarithmic single-layer potential for the circle |x| = 1. Find u(xj,xz) for |x| < 1.

6.4.45. The function

u(xp,x) =— |x| > 1,

X1 2)62
“<’“’xz>w(”w>’ b <1

is the logarithmic single-layer potential for the circle |x| = 1. Find the density u(x;,x7).
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6.4.46. Using the logarithmic single-layer potential solve the Neumann problem:

6.5.

6.1.1.
2.

Au(x) =0, xeD:={xecR?®: x| <r},

Ju

on xes

Answers and Hints

unn + 21ug +Tuy —3 =0,
E=3x+y, MN=ux
Ugy +ug +3uq +n+1=0,
E=2x+y, MN=ux
Ugq + 6ug — 18uy — 10u+28 =0,
=y, M=x-3y

10
16" 16" 16
=y, m=4x—2

3
Uge + iy +

1
Upn + ——— (ug +un) =0,
ot G et

2 2
&= §x3/2+)’7 n= §x3/2—y (x>0);

1

Uge + Unn + e 0,

2
5(—)6)3/2, n=y (x<O0)

E=x+y, n=x—y (y>0);

Ugy = 0,

E=(1+vV2)x+y, n=(1-V2)x+y (y<O0);

1 1
ugi — unn — gué + ﬁun == 07

E=Vln=Vhl (>0

1 1
Uge -t — gtg — i =0,

E=VIl,m=+vhl (<o)

= g(x).

9 1
+—u+ 6—4(6§+n—8) =0,
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10.

11.

12.

13.

14.

15.

16.

17.

18. u

19.

20.

1
Ugg — Unn + 3z 3& ﬁuﬂ = 07
E=xP2 m=pP? (w>0)

1
Uge + nn + 55 ug—i— un =0,

38
&= |x, n=\y|3/2 (xy <0);

Ugy — iuﬂ =0,

E=x. M=2 (w#0):

Ugg + tnm — g — Un = 0,
E=Inlx[, m zln\yl (xy #0);

1

§
E=y, n=x (Xy#o);
Ugn + 2(1121_&2)(11% —&un) =
=y

uge + g =0,

&=y, m=arctanx;

uge +tnn —2u =0,
E=In(x+VvI+x?), n=In(y+1+»);

2§ li_o
Ugn + ﬂ2u§+ﬂe =0,

y
&Z*a T]:y,
X
28
mm — éz_i_nz”é: )

X
ézytani, n=y

1 1

Uen — m(ugfun)+m(ug+un) =0,

E=y'+e ™, m=y—¢, (#0)

1 1
”én"‘ﬁ”&‘g”ﬂ"‘”zov
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21.

22.

23.

24.

6.1.2.

e

é’;:xyv ﬂ:;, (xy?é()),

Unn — 2ug = 0,
§=2x—y2, n=y;
2n?

g atie — i =0,

E=x+)%, m=x (x#£0)

ugn =0,

§=x+y—cosx, MN=-x+y-—cosx;
”‘iﬁz@l_m(“&—un):&
E=y+2Vx—x, M=y—x—2Vx, (x>0);

1
Ugk + tnn — ﬁ“n =0,

E=y-x, n=2V-x, (x<0);

. V%{;"’Vnn— 11\):0’

X X
4 2
Ven @Wﬁ:O,

2
E=x=3y, M=ty A=-2, u=0;

- Vm +V§:0,

3 1
gzy_x7 n=x, 7":_17 ‘UZ_E’

26 2(§+m62i+4n .

. Vgn—?v+T
E=2x—y, nm=x+y, A=-2, u=4
7
. -_— :0
Ven 48v )

E=y+(V3-2x, n=y-(V3-2x, A=u
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10.

11.

12.

13.

14.

15.

16.

17.

297

Vé}’;‘i_Vnn_TV:O,
7
a:xv n:3x+)’7 7\':_55 /1:_8’
87
vin—av:o,
5 3
E=x—y, Mm=3x+y, g M=%
5
v&l—ZV—O,

1
E_,:X—i-y, n:3x_y7 7\’:27 ”:E’

11 S
Veg + vy + Zv—l—ZTle§ =0,

1

E_,sz—y, n=ux, 7\':_57 /J:O’

9 _gan
veg +vm — yv+(M—be i =0,

1
E=2x—y, n=3x, A=1, H=—5
Vnn_6V&:0,
37 1
&_,—X—I-y, n_xa X__ﬁa ,U—_E,

vgn—2v=0, E=x—y, Mm=x+y, A=-1,

5 1 _log_4
v — gVetg(2n—8e ERELE)

E=x+3y, n=ux, X:—i—g, u:g;
Ven —26v =0,

E=2x—y, Nn=x, A=-2, u=-12;
Ven + 16v+8(E —m)e5™M =0,

C=y—x, N=y, A=p=-2

veg +vn =0,

E=2x—y, m=x+y, A=1, u=2.
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6.1.3.

6.1.4.

Uge =+ i + by = 0,

- B _ 1 +1 )
_y7 n_x ya Y_y 2X 2Z,
ué&“runn‘i‘uwzo,

E=z M=y—x, Y=x-2y+2z
ué&—unn+7u:0,

E=y+z, Mm=-y-2z y=x-3g
uge +Su =0,

(t::y7 ﬂZX—ZYa Y=—Y+2

Uge — tnn + Uy + g =0,
1 1 1
c‘;:Ex, n:§x+y, Y:—Ex—erZ;
uge —2ug =0,

E=z, N=y—-2z Y=x—-3z

ué§+unn +uw+um; = 07

uge + unn + thyy — i = 0,

E_,:X—i-y, N=y+z—t, Y=t, T=y—Xx

Ugg — U + yy = 0,

E=x, N=y—x, Y=2x—y+z, T=x+z+L1

. The change of variables
E=x+y,M=3x+2y

reduces the equation to the canonical form ug, = 0 with the general solution u =

f(&)+g(n), hence

u(x,y) = f(x+y)+8(Bx+2y),
where f and g are arbitrary twice continuously differentiable functions;
u(x,y) = f(y—x) +exp((x—y)/2)g(y — 2x);

u(x,y) = f(x+3y) +g(3x+y)exp((7x+y)/16);
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4. The change of variables
E=y—3x,M=3y—x

reduces the equation to the canonical form

32ugy + ug — un 32 — (35— n)exp<§32n>:0.

The replacement
e =e (551 ) e

yields
32wgn —3E4+M =0.

Integrating the equation we get

() = (Fr=30-+e(3r -0~ =303y )

o (-0,

265+ W2 (f(x) + g(x +2y));

D2 ((2x+y)e™ Y = f(2x+y) + g(4x+));

5. u(x,y
6. u(x,y

F(y+2x 4 sinx) 4 e O+24sinn) /4o (y 2y 4 siny);

(x,y) =
(x,y) =
7. u(x,y)
8. u(x,y)=e"(e¥ —e¥) + f(e' + ") +g(e —e);
9. Denote v = u,. By differentiation we get the following equation with respect to

v(x,y):
Viy +yvy = 0.

The general solution of this equation is

0+ [ " Fm)evan,

where f and g are arbitrary smooth functions. Hence

u(x,y) =380+ (@) [ G=m)smpe v an,

6.2.1.

1. u(x,t) =sinxcost;

A
2. u(x,t) = —sinxsinar;
a
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3. u(x,t) = % [P(x+a(t—19))+Q(x—al(t—1))]

x+a t to

/ 7t

xat [0

4. u(x,t) = (x+1)>+2xt.
In problems 6.2.2-6.2.5 reduce the equations to the canonical forms.

6.2.2. u(x,y) = 3x* +y ;

X+2y
6.2.3. u(x,y) = @o( x— = /
6.2.4. .
( i n ) + (p (x + sinx y) | x—sinx+y
—Sinx —
u(x,y) = ol Y + = / 91 (z)dz;
2 2
X+smx—y

L2V + far2y5): (r<0).

6.2.5. u(x,y) = 5

6.2.6.

Lou(x,t) = (x+2t)%

X
2. u(x,t) =X+~ +sinxsing;

= (1 —cost)sinx;

(x,7)
(%,1)
5. u(x,t) =x(t —sint) +sin(x+1);
(x,t) =sin(x+1) +xt — (1 —cht)e”
(x,7)

=t+e ' —1+sin(x+1).

6.2.7.
1. Extend @(x) and y(x) on the half-line —eo < x < 0 as even functions.

2. u(x,t) =y(x+at)—y(x—at), where

v =, [ e©E.

0, z€[(—oos—20)U(=L1)U2L0)],
0(z) =
vo, z€[(=2L-01)U(L;20)];
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3. The boundary condition causes a wave propagating from x = 0 in the direction of
the x -axis; hence we seek a solution of the problem in the form u(x,7) = f(x —at) ;

X
0 for < —,
a
u(x,t) = : x x
Asmw(t—f) for > -
a a

6.2.9. We use the reflection method and seek the solution in the form (2.1.13), where @
and ¥ should be constructed. The initial conditions define these functions in the interval
(0,7). We extend ® and ¥ as odd functions with respect to the points x =0 and x=1:

o
—~
Na¥

Il

—P(—x), P(x)=—-P(2/—x),

Y(x) = —¥(—x), ¥ =-Y(2-x),
ie.
P(—x) =P2l—x), ¥(—x)=¥(2—x),
hence ®(x) and ¥(x) are 2/ - periodic functions.

6.2.10.

t
1. u(x,t) :Asin¥cosn7a 0<x<l,t>0);

Q(x—at)+@(x+ar)

2. u(x,t)= 7 0<x<lt>0);
where
(2) = Az for —Il<z<l,
PO=V a@i—2) for 1<z<3l,
0(z) =@(z+4l), —oo<z< 0o
6.2.11.
2
2. ln:<?>, yn(x):cos?x, n=0,1,2,...;
2n+1)m\? 2n+1
3 7»,1—<(nz+l)n>, yn(x)—sin(n;_l)nx, n=0,1,2,...;

2n+1)m\? 2n+1
4, }m:<(nz—|—l)n> , yn(x):cos(n;_l)nx, n=0,1,2,...;

5. yu(x) =cosp,x, where p, are roots of the equation psinpl —hcospl =0.
6.2.12.

2
1. kn:(@> +v, yn(x):sin?x, n=12,...;
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nm

2. A, (7)2‘1'% yﬂx)zcos?

x, n=0,1,2,...;

2n+1)m\? 2n+1
n <(nz+l)n> +7, y,,(x):sin(n;l)nx, n=0,1,2,...;

w
>
I

2

2 .
" (?) +y—i—n?, y,,(x):e%sin?x, n=1,2,....

>
I

4.

6.2.13. Apply the method of separation of variables to the equation u,; = a’u,, with the
boundary conditions u(0,¢) = u(l,t) = 0. The corresponding Sturm-Liouville problem is
solved in Problem 6.2.11,1.

6.2.14. Apply the method of separation of variables to the equation u,; = a’u,, with the
boundary conditions u,(0,#) = u,(l,#) = 0. The corresponding Sturm-Liouville problem is
solved in Problem 6.2.11:2.

6.2.15. Solve the equation u,; = a’u,, with the given initial and boundary conditions. The
corresponding Sturm-Liouville problems are solved in Problems 6.2.11: 3-5.

6.2.16.
6.
- -1 x uqat ! £
=Y (1} J - / J \[ dE,
u(x,1) r;( l(lvln)) 0 <‘un\/;> cos 21 Jo ¢(&)Jo (.Un ] €
where J,, are the Bessel function, and uy,u0,u3, ... are the positive roots of the equation
Jo(u) = 0.

6.2.17. The problem is reduced to the solution of the equation u; = au,, +Asinwt with
the boundary conditions u(0,7) = u(l,t) = 0 and with zero initial conditions. A resonance

appears for m:%, n=1,2,....

6.2.18. Solve the equation u; = a’u,, + f(x,t) with the initial conditions u(x,0) =
u;(x,0) = 0 and with the given boundary conditions.

6.2.19. The problem is reduced to the solution of the equation u;, = a*u,, with the bound-
ary conditions u(0,7) =0, u(l,t) = Asinox and with zero initial conditions.

6.2.20. Solve the equation u,, = a’u,, + f(x,t) with the given conditions.

6.2.21. Solve the problem u, +20uy; = @’uy, (00> 0), u(x,0) = @(x), u(x,0) = y(x),
u(0,1) =u(l,t) =0.

6.2.22.
3. By the replacement

u(x,t) =e 2(v(x,1)+ (1 —x)),

Problem 3 is reduced to the following problem for the function v(x,?) :

1 :
Vit = Vxx+ ZV+ (x— 1)8_5,
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v(0,2) =v,(0,£) =0, v(x,t) =v(l,¢)=0.

We seek the solution in the form
V(XJ) = Z Tn(t)yn(x)v
n=1
where the functions y,(x) are the eigenfunctions of problem:
/! 1
74 (4 3 )y =050 =3 =0,

and the functions T,,(¢) are the solutions of the Cauchy problem

1
T +MT,=—e 2, T,(0)=T,0)=0.
Tn
Solving the spectral problem we get:
: , 1
yu(x) =sinmnx, A, = (nn)-— 1 " > 1.

Solving the Cauchy problem we obtain

T, (1) ! )(2sin \/7Tnt+4\/7»7ne*% —4\/7»7,,005 \/7Tnt)

T /A (1 — 40,

Then the solution of Problem 3 has the form:

ulx,t) =e? ( i ! (2 sin /At

= /A (1 —4N,)

+4\/7T,,e_% —4\/Ecos mt) sinmtnx + (1 —x)t).

6.2.23.

3
. t
2. u=sinxcost+x* + 37 tz;

2
3. u=xcht+(t+1)sht — EeX;

Hint. Make the substitution u(x,t) = e *v(x,t).

4, y=eé x—xt—ﬁ .
2

Hint. Make the substitution u(x,1) = e *v(x,1).
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6.2.24. | era
u(r.) = (p(x—at)+(p(x+at) L v(2)dz
2a Jx-at
x+a(t—1)
Za/ d’E/ dz.
6.2.25. /B () \/» £ w(2)
v 9z Xy [y Yz
uley) = g00y) +3000)+ X2 [" 850 T [" ¥
6.3.1.
2x—x+t
~1/2 XX
1. (1+71) exp< 1 >,

4% +1
2 (14 -12gin—— —— )
(1+1) Sin 7= exp )

2
3. x(1441)732exp (— ) —|—4t>'

6.3.3.

1
L 1+e +-1%
+e +2
2. 3 +e'sinx;
3. (1+4t)e "cosx;

4. chtsinx;

b

2
1 —cost+ (1+4r)~2exp <_1j—4t> .

6.3.4. Apply the method of separation of variables to the equation u, = a’u,, with the
boundary conditions u(0,#) = u(l,¢) = 0 and with the given initial conditions. The corre-
sponding Sturm-Liouville problem is solved in Problem 6.2.11:1.

6.3.5. Solve the equation u, = a*u,, with the boundary conditions u,(0,t) = u,(l,t) =0
and with the given initial conditions.

6.3.7. Solve the equation u; = a%uy, with the given conditions.
6.3.8. Solve the equation u; = a’uy, — b*u with the given conditions.
In Problems 6.4.2: 2-4 and 6.4.3: 2-3 the Laplace equation is reduced to an ordinary

differential equation, if we use the cartesian coordinates in 6.4.2: 1-2 and 6.4.3: 1, the polar
coordinates in 6.4.2: 3-4, and the spherical coordinates in 6.4.3: 2-3.
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6.4.2.
L. ou(xy,x)= a(x% —x%) + bx1x2 + cx1 +dxy + e, where a,b,c,d,e are constants.

2. u(x)=ax; +b;

1 1
3. u(p) :alna +b or u(xi,x2) :aan + b;

4. u(@) =ag+b or u(xy,x) = aarctan 2 + b,
xi

6.4.3.

1. u(x1,x2,x3) = ax? + bx3 + cx3 + p(x1,%2,%3), where a,b,c are constants such
that a+b+c¢ =0, and p(x;,x2,x3) is a linear combination of xyxz,xx3,x],

x27x371;

b;

a a
2. u(r)=—+4>b or u(xy,x,x3) = +
() r (x1,%2,%3) (X} +x3 +x3)1/2

0
3. u(®) = alntani +b or

(5+:3)""

+<x%+x%+x%)”2> +b.
X3

u(xy,x2,x3) = alntan (

6.4.4.
1. k=-3;
2. k= 42i, and chky = cos2y;

3. k=43.

6.4.5.
1. yes;
2. no;

3. yes.

6.4.6.
1. yes;
2. yes;

3. no.
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6.4.8. Use the Cauchy-Riemann differential equations.
6.4.9. Calculate Ref(lz), where f(z) is defined in 6.4.8.
6.4.10.

1. f(z) =x} —3x103 +i(3x3x2 — x3) +i(=3y3y2 +y3 +C);

3. f(z) = sinxjchx; +icosxjshx, +i(—cosyishy, +C);

4. f(z) =7%
2
5. f(2) = % + (1 —i)z+iC.
For solving Problems 4 and 5 the Goursat formula (6.4.2) is used.
6.4.12.

1. 2mu(0,0), use Problem 6.4.10: 4;

2. 2mu(0,0), use Problem 6.4.10: 3.

6.4.13.
) u(xy,x)=a;
2) u(xy,x2) = ax; + bxy;

3) u(xi,x2) =x1x2;

a+b+b—a

2 5 2 )
a b

u(p,9) = > (1 —Fl)zcos2(p> —1—5 <1—|—Fl)zcos2(p> .

2

5) u(xi,x2) = (x] —x3) or

6.4.14.

D u(p,9)=a;
AR
3) M(P#P)ZEESHQ(P;

bl
4) u(p.9)=a+ o sin@;

atb a—bl?
- TECOSZ([).

5) u(p,9) =



290 G. Freiling and V. Yurko

Inp/I
6.4.15. u(p) =a+(b—a) 12:3?1;

condition does not depend on ¢.

6.4.16. u(p) = %(pZ—ﬂ).
6.4.17. u(x;,x2,x3) =a.
6.4.18. u(xi,x2,x3) = la
6.4.19.
1) The problem has no solutions;

l l
3) u(x;,x) = %(x%—x%) +C or u(p,p) = %pZCOSZ(p+C;

4) The problem has no solutions;

3 . b .
5) u(p,9)= <a+4b> sm(p—?psm&pqt(] or

3 b
u(xy,x) = (a + 4b> Xy — m(?)(x% +x§)X2 —4x§) +C.

6.4.20.
1 1 R 1 R?
2) G . . oyl =y—.
) O = e T T m W e Y e
6.4.21. | L
G - 21 —y3).
) (X y) 47'5 |X y| 475 |x_y1|7 y (ylvyZa YB)
6.4.22.
1 1 1k+n
) G(x,y) = 47: - )

Yoo =y = (1,52,53)s Yuk = 01, (= 1)"y2, (= 1)¥y3);

1 1
2) G()C,y):4n2< - ~ )7 x:(Pa(PaZ)’

e—yil =3kl

k=0
21tk
Yo=Y= (;uvq!vz)v Yk = ‘11,7 +v,z ],
2nk
yk IV? ’
3) G 1 i m+n+k 1
x [
y 471: mn, k:0 ‘)C ymnk’

. The function u depends only on p since the boundary
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4) G(xvy)=4lnzl‘,< : K ,>,

=3 [l =y

. _ R?
Jo=y=(y1,y2,53), Ji (y17)’2>)’3)a)’;<:ykb77§

1
5) G(x,y) = ﬁ ZO(_I)n+k< 1 _ R / ) ,

=kl [ynglle =y 4l

Y00 =¥ = (31,52,53), Yuk = 01, (= 1)"y2, (= 1)*y3),

Ynk =¥ kiRz ;
n.k n, |yn,k|2’

7) for the construction of the Green’s function make the reflections with respect to the
planes x3 =0 and x3 =/;

O e W (e I

e —oo X —=yal  x—Fnl

o= (V1,52,20l +y3), Iu = (¥1,¥2,2nl — y3);

I & 1
B Gly)= 4nnzw2<|x S >

k=0 ’x_yn,k|

Ynk = ((_l)ky17y272n1+y3)7 yn,k = ((_l)ky17y272nl_y3)'

6.4.23
1 ¢ ‘ 1
D Glxy) =5 Y (—1)"**In
n,k=0
Yk = ((=1)"y1,(=1)"2)
3) G(x,y) t(ln LR P )
T A S

k / R2
vk =1, (=1)"2), ¥k = k3
|)’k

1 ¢ 1 R
4) Glxy)=5- ), (-1 "““(1“ —In )
)= 5 L I e Bl =]
R2

Yk = ((=1)"y1, (=1)*yn), Ynk = ynk|y |
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5) G(x,y):% i (ln ! —1In 1~ ),

e —oo X — Yl |x_yn’

yn = (V1,27n+y2), p = (y1,27n—y2);

6) G(x,y)= ZZ( —In 1~ ),

T e |x ynk| |x_)’n,k|

Yk = (= D)fy1, 210+ 32), Fux = ((—1)ky1,2mn — 3,).

6.4.24.
i C\
=2
IZ —6 1
the functlon o(z, C) is a superposition of the function z> and a linear-fractional
function;
-G
) 60 = g2 E]
|z CJIR* —<{|
9 660 = 5 g
1 1
the function w(z €) is a combination of the functions: z; = —% , 22 E(Z +—),
21
_ a2 %
2-G
2 -TIR ~ (L)
5) G(z,0) = 1 ;
|22 = C[|R* — (20)?|
Ichz —ch{]|
D Gl = G et

6.4.28.
L. ou(xp,x,x3) = e~V COSX] COSX7;

2. u(xy,x2,x3) = (e7V¥ — eV¥) cos x| cOSXy;

6.4.29.
X1
Loulx,n)= -1 .
u(xy,x2) 2t (mr1)
h(m—
5 M(XI’xz):cosx]s (m xz).

sht
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6.4.30. No.
6.4.31. f(x1,x2,x3) = —20(x% +x3 +3).

6.4.32. Show that in polar coordinates the function V (xj,x2) is a solution of the problem

I, p=1,

AV(p):{O’ o1 VIH0)=V(I-0), Vo(1+0) =Vp(1-0).

6.4.33. Show that in spherical coordinates the function V(x,x;,x3) is a solution of the
problem

_17 S 17
AV(p):{ . p‘;l V(1—0)=V(1+0), Vo(1—0) = V(1 +0).
16
6.4.34. -3

Tx
6.4.35. f(x1,x2) =2mx;, V(x1,x) = rx]lz For solving the exterior Dirichlet problem

introduce polar coordinates and then apply the method of separation of variables.

6.4.36.
foR

YR >R7
3|x’ |x| —

V= <P

1
Ef() (Rz — 3) s |x’ < R,

1. In spherical coordinates the problem is reduced to calculating the integral

/R /fE {%sin0d0dC

0 Jo \/C2+p2 —ZCpCOSG’
which can be computed by the change of the variable

W =/C2+p2—2Cpcosh; (instead of O).

2. Using the spherical symmetry of the potential, write the Laplace operator in the form

10 e\
W01~ (755 )

Integrating the corresponding equations inside and outside the domain one gets

g"i_CZ? p2R7
V=g P,
— P G p<R.

The constants C; (i = 1,3) are found by using the continuity of the function V(p)
and its normal derivatives and lim V(p) =0.
p~>oo
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6.4.37
1
—Efo(bz—az), x| < a,
1 3
1. V()C) = Efobz fO (’ ’—F’) , a< ‘X‘ < b;
L —cﬁ)i | > b
{ 3 0 |x|a .
(1 LR \2
5 fl a +f( ) ’ |X| <a,
2 V() = ff (—b2) + J;‘ M), a<|x| <b;
3 3
H(C-b) +a fl, |x| > c.
\ 3|x|
6.4.39.
Lo (pP—r)g(Q)de N
1. W(p,0)= 2n/ 20— 2rpeos(C—0)’ where p,0 are polar coordinates;
1~ xg(f)dg
2. W =— — =
(v1,x2) T /—oo (x1 —3)2+x3

ng (&n)dCdn
3. W .
(xl>x2aX3 m / / x] (Xz—n) +X§}3/2

6.4.40.
Vo, |)C| < 17
1
I W(x) = SVo. ll=1,
0, [|x[>1.

It follows from (6.4.8) that W (x) = vy, W~ (x) = 0. The solution of the interior

Dirichlet problem
N AW
pap \"op ) T2 a0

(p,06 are polar coordinates) is found with the help of the method of separation of
variables:
X1
— <1
2 ) ‘x| b
2. W(xl,xQ) = O’ ‘X‘ = 17
X1
—W, |X| > 1.

Taking (6.4.8) into account solve the interior and exterior Dirichlet problems:
10 ( 8W) 1 *°W

1
B% pg ?W—O, W|p:1—§COSG,
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p op "ap p2 02 7 ) ’
by the method of separation of variables.
6.4.42.
Ho, ]x] < 1,
u(xy,x2,X%3) = Ho
M7 ’ ’ > 1,

1. Introduce spherical coordinates and instead of 0 (0 has the range 0 <0 <7 ) use a
new variable y = /p2+ 1 —2pcos®.

2. Using the spherical symmetry of the potential write the Laplace equation in the form

1 0 [ ,ou
PEETS <" ap) =0

For finding the constants use (6.4.20), (6.4.21), the continuity properties for u(p)
and
lim u(p) = 0.

p—o0

6.4.43.

( —RInR, |x| <R,
—RIn|x|, |x|>R.

The problem is reduced to finding the constants appearing in the integration of the equation

pop \ dp '

1
6.4.44. u(x;,x;) = 5% Introduce polar coordinates and use the method of separation of
variables.
6.4.45. u(x;,xp) =2x; 4 8x1x2. Use the relations (4.17)-(4.18).
6.4.46.
Y : dy+C
u(p, ) = EA g(W)In o 2rpeosio— g YT

Determine the solution of the problem

19 1 %u ou

B$+EW: ) %p:r:g(e)
in the form
rof2n 1
u(p,(p) = ﬁ/(; :u(ll!)ln r2—|-p2—2rpCOS(9—l|I)d\|I+C7
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hence

ou
ap

1 /2n ( )
=—— u(t)dr.
p=r 4r Jo
2n

Using (6.4.17) and the condition / f(t)dt =0 for the solvability of the interior Neu-

0
mann problem one has u(t) = 2g(1).
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